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This book is a rigorous, self-contained exposition of the mathematical theory for
wave propagation in layered media with arbitrary amounts of intrinsic absorption.
The theory, previously not published in a book, provides solutions for fundamental
wave-propagation problems in the general context of any media with a linear
response (elastic or anelastic). It reveals physical characteristics for two- and
three-dimensional anelastic body and surface waves, not predicted by commonly
used models based on elasticity or one-dimensional anelasticity. It explains
observed wave characteristics not explained by previous theories.
This book may be used as a textbook for graduate-level courses and as a research

reference in a variety of fields such as solid mechanics, seismology, civil and
mechanical engineering, exploration geophysics, and acoustics. The theory and
numerical results allow the classic subject of fundamental elastic wave propagation
to be taught in the broader context of waves in any media with a linear response,
without undue complications in the mathematics. They provide the basis to improve
a variety of anelastic wave-propagation models, including those for the Earth’s
interior, metal impurities, petroleum reserves, polymers, soils, and ocean acoustics.
The numerical examples and problems facilitate understanding by emphasizing
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Preface

This book provides a self-contained mathematical exposition of the theory of
monochromatic wave propagation in layered viscoelastic media. It provides analytic
solutions and numerical results for fundamental wave-propagation problems in
arbitrary linear viscoelastic media not published previously in a book. As a text
bookwith numerical examples and problem sets, it provides the opportunity to teach
the theory of monochromatic wave propagation as usually taught for elastic media
in the broader context of wave propagation in any media with a linear response
without undue complications in the mathematics. Formulations of the expressions
for the waves and the constitutive relation for the media afford considerable general-
ity and simplification in the mathematics required to derive analytic solutions valid
for any viscoelastic solid including an elastic medium. The book is intended for the
beginning student of wave propagation with prerequisites being knowledge of
differential equations and complex variables.
As a reference text, this book provides the theory of monochromatic wave

propagation in more than one dimension developed in the last three to four decades.
As such, it provides a compendium of recent advances that show that physical
characteristics of two- and three-dimensional anelastic body and surface waves are
not predictable from the theory for one-dimensional waves. It provides the basis for
the derivation of results beyond the scope of the present text book. The theory is of
interest in the broad field of solid mechanics and of special interest in seismology,
engineering, exploration geophysics, and acoustics for consideration of wave pro-
pagation in layered media with arbitrary amounts of intrinsic absorption, ranging
from low-loss models of the deep Earth to moderate-loss models for soils and
weathered rock.
The phenomenological constitutive theory of linear viscoelasticity dates to the

nineteenth century with the application of the superposition principle in 1874 by
Boltzmann. He proposed a general mathematical formulation that characterizes
linear anelastic as well as elastic material behavior. Subsequent developments in
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the theory did not occur until interest increased in the response of polymers and
other synthetic materials during the middle of the twentieth century. During this
time considerable simplification of the mathematical aspects of the theory occurred
with developments in the theory of linear functionals (Volterra 1860–1940) and the
introduction of integral transform techniques. Definitive accounts and contributions
to the mathematical theory of viscoelasticity include the works of Volterra (2005),
Gross (1953), Bland (1960), Fung (1965), and Flugge (1967), and the rigorous
account by Gurtin and Sternberg (1962). Gross (1953) suggested that “The theory of
viscoelasticity is approaching completion. Further progress is likely to be made in
applications rather than on fundamental principles.” Hunter (1960) indicated that
the application of the general theory of linear viscoelasticity to other than one-
dimensional wave-propagation problems was incomplete. Subsequent to Hunter’s
review, significant advances occurred in the 1970s and 1980s concerning applica-
tion of viscoelasticity to wave propagation in layered two- and three-dimensional
media. This exposition provides a self-contained mathematical account of these
developments as well as recent solutions derived herein. It provides closed-form
analytic solutions and numerical results for fundamental monochromatic wave-
propagation problems in arbitrary layered viscoelastic media.
Recent theoretical developments show that the physical characteristics of the

predominant types of body waves that propagate in layered anelastic media are
distinctly different from the predominant type in elastic media or one-dimensional
anelastic media. For example, two types of shear waves propagate, each with
different amounts of attenuation. Physical characteristics of anelastic waves
refracted across anelastic boundaries, such as particle motion, phase and energy
velocities, energy loss, and direction of energy flux, vary with angle of incidence.
Hence, the physical characteristics of the waves propagating through a stack of
layers are no longer unique in each layer as they are in elastic media, but instead
depend on the angle at which the wave entered the stack. These fundamental
differences explain laboratory observations not explained by elasticity or one-
dimensional viscoelastic wave-propagation theory. They have important implica-
tions for some forward-modeling and inverse problems. These differences lend
justification to the need for a book with a rigorous mathematical treatment of the
fundamental aspects of viscoelastic wave propagation in layered media.
Viscoelastic material behavior is characterized herein using Boltzmann’s formu-

lation of the constitutive law. Analytic solutions derived for various problems are
valid for both elastic and linear anelastic media as might be modeled by an infinite
number of possible configurations of elastic springs and viscous dashpots. The
general analytic solutions are valid for viscoelastic media with an arbitrary amount
of intrinsic absorption. The theory, based on the assumption of linear strain, is valid
for media with a nonlinear response to the extent that linear approximations are
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valid for sufficiently small increments in time. Wave-propagation results in this
book are based on those of the author as previously published and explicitly derived
herein including recent results for multilayered media and Love-Type surface
waves.
The book is intended for use in a graduate or upper-division course and as a

reference text for those interested in wave propagation in layered media. The book
provides a self-contained treatment of energy propagation and dissipation and other
physical characteristics of general P, Type-I S, and Type-II S waves in viscoelastic
media with arbitrary amounts of absorption. It provides analytic and numerical
results for fundamental reflection–refraction and surface-wave problems. The solu-
tions and resultant expressions are derived from first principles. The book offers
students the opportunity to understand classic elastic results in the broader context
of wave propagation in any material with a linear response.
Chapter 1 provides an introduction for new students to basic concepts of a linear

stress–strain law, energy dissipation, and wave propagation for one-dimensional
linear viscoelastic media. It provides examples of specific models derivable from
various configurations of springs and dashpots as special cases of the general
formulation.
Chapter 2 extends the basic concepts for viscoelastic media to three dimensions.

It provides the general linear stress–strain law, notation for components of stress and
strain, the equation of motion, and a rigorous account of energy balance as the basis
needed for a self-contained treatment of viscoelastic wave propagation in more than
one dimension.
Chapter 3 provides a thorough account of the physical characteristics of harmonic

waves in three-dimensional viscoelastic media. It provides closed-form expressions
and corresponding quantitative estimates for characteristics of general (homogeneous
or inhomogeneous) P, Type-I S, and Type-II S waves in viscoelastic media with
both arbitrary and small amounts of intrinsic absorption. It includes expressions for
the physical displacement and volumetric strain associated with various wave types.
This chapter is a prerequisite for analytic solutions derived for reflection–refraction
and surface-wave problems in subsequent chapters.
Chapter 4 specifies the expressions for monochromatic P, Type-I S, and Type-II S

wave solutions needed in subsequent chapters to solve reflection–refraction and
surface-wave problems in layered viscoelastic media. The solutions are expressed in
terms of the propagation and attenuation vectors and in terms of the components of
the complex wave numbers.
Chapter 5 provides analytic closed-form solutions for the problems of general

(homogeneous or inhomogeneous) P, Type-I S, and Type-II S waves incident on a
plane boundary between viscoelastic media. Conditions for homogeneity and inho-
mogeneity of the reflected and refracted waves and the characteristics of energy
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flow at the boundary are derived. Careful study of results for the problems of
an incident Type-I S and Type-II S wave is useful for understanding reflection–
refraction phenomena and energy flow due to an inhomogeneous wave incident on a
viscoelastic boundary.
Chapter 6 provides numerical results for various single-boundary reflection–

refraction problems using the analytic solutions derived in the previous chapter.
Examples are chosen to provide quantitative estimates of the physical characteristics
for materials with moderate and small amounts of intrinsic material absorption as
well as a comparison with laboratory measurements in support of theoretical pre-
dictions. Study of these examples, especially the first three, is recommended for
developing an improved understanding of the physical characteristics of waves
reflected and refracted at viscoelastic boundaries.
Chapter 7 provides theoretical solutions and quantitative results for problems of a

general Type-I S, P, or Type-II S wave incident on the free surface of a viscoelastic
half space. Results are included to facilitate understanding and interpretation of
measurements as might be detected on seismometers and volumetric strain meters at
or near the free surface of a viscoelastic half space.
Chapter 8 presents the analytic solution and corresponding numerical results for a

Rayleigh-Type surface wave on a viscoelastic half space. Analytic and numerical
results illustrate fundamental differences in the physical characteristics of visco-
elastic surface waves versus those for elastic surface waves as originally derived by
Lord Rayleigh.
Chapter 9 provides the analytic solution for the response of multilayered visco-

elastic media to an incident general Type-II S wave. It provides numerical results for
elastic, low-loss, and moderate-loss viscoelastic media useful in understanding
variations in response of a single layer due to inhomogeneity and angle of incidence
of the incident wave.
Chapter 10 provides the analytic solution and corresponding numerical results for

a Love-Type surface wave on multilayered viscoelastic media. It derives roots of the
resultant complex period equation for a single layer needed to provide curves
showing the dependencies of wave speed, absorption coefficient, and amplitude
distribution on frequency, intrinsic absorption, and other material parameters for the
fundamental and first higher mode.
New students desiring a basic understanding of Rayleigh-Type surface waves,

the response of a stack of viscoelastic layers to incident inhomogeneous waves,
and Love-Type surface waves will benefit from a thorough reading of Chapters 8, 9,
and 10.
Chapter 11 provides appendices that augment material presented in preceding

chapters. They include various integral and vector identities and lengthy derivations
relegated to the appendices to facilitate readability of the main text.
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1

One-Dimensional Viscoelasticity

The behavior of many materials under an applied load may be approximated by
specifying a relationship between the applied load or stress and the resultant
deformation or strain. In the case of elastic materials this relationship, identified
as Hooke’s Law, states that the strain is proportional to the applied stress, with
the resultant strain occurring instantaneously. In the case of viscous materials,
the relationship states that the stress is proportional to the strain rate, with the
resultant displacement dependent on the entire past history of loading. Boltzmann
(1874) proposed a general relationship between stress and strain that could be
used to characterize elastic as well as viscous material behavior. He proposed
a general constitutive law that could be used to describe an infinite number of
elastic and linear anelastic material behaviors derivable from various configura-
tions of elastic and viscous elements. His formulation, as later rigorously formu-
lated in terms of an integral equation between stress and strain, characterizes all
linear material behavior. The formulation, termed linear viscoelasticity, is used
herein as a general framework for the derivation of solutions for various wave-
propagation problems valid for elastic as well as for an infinite number of linear
anelastic media.
Consideration of material behavior in one dimension in this chapter, as

might occur when a tensile force is applied at one end of a rod, will provide an
introduction to some of the well-known concepts associated with linear viscoe-
lastic behavior. It will provide a general stress–strain relation from which stored
and dissipated energies associated with harmonic behavior can be inferred as well
as the response of an infinite number of viscoelastic models. It will permit the
derivation of solutions for one-dimensional viscoelastic waves as a basis for
comparison with those for two- and three-dimensional waves to be derived in
subsequent chapters.
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1.1 Constitutive Law

A general linear viscoelastic response in one spatial dimension is defined mathe-
matically as one for which a function r (t) of time exists such that the constitutive
equation relating strain to stress is given by

pðtÞ ¼
ðt

�1
rðt� τÞdeðτÞ; (1:1:1)

where p(t) denotes stress or force per unit area as a function of time, e(t) denotes
strain or displacement per unit displacement as a function of time, and r(t), termed a
relaxation function, is causal and does not depend on the spatial coordinate.
The physical principle of causality imposed on the relaxation function r(t) implies

the function is zero for negative time, hence the constitutive relation may be written
using a Riemann–Stieltjes integral as

pðtÞ ¼
ð1

�1
rðt� τÞdeðτÞ (1:1:2)

or more compactly in terms of a convolution operator as

p ¼ r � de: (1:1:3)

Properties of the convolution operator are summarized in Appendix 1.
A corresponding constitutive equation relating stress to strain is one defined

mathematically for which a causal spatially independent function c(t), termed a
creep function, exists such that the corresponding strain time history may be inferred
from the following convolution integral

eðtÞ ¼
ð1

�1
cðt� τÞdpðτÞ; (1:1:4)

which may be written compactly in terms of the convolution operator as

e ¼ c � dp: (1:1:5)

Linear material behavior is behavior in which a linear superposition of stresses
leads to a corresponding linear superposition of strains and vice versa. Such a
material response is often referred to as one which obeys Boltzmann’s super-
position principle. Boltzmann’s formulation of the constitutive relation between
stress and strain as expressed by the convolution integrals (1.1.2) and (1.1.4)
is general in the sense that all linear behavior may be characterized by such a
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relation. Conversely, if the material response is characterized by one of the
convolution integrals then Boltzmann’s superposition principle is valid. To
show this result explicitly, consider the following arbitrary linear superposition
of strains

eðtÞ ¼
Xn
i¼1

bi eiðtÞ; (1:1:6)

where bi corresponds to an arbitrary but fixed constant independent of time.
Substitution of this expression into (1.1.3) and using the distributive property of
the convolution operator, which immediately follows from the corresponding prop-
erty for the Riemann–Stieltjes integral (see Appendix 1), readily implies the desired
result that the resultant stress is a linear superposition of the stresses corresponding
to the given linear superposition of strains, namely

p ¼
Xn
i¼1

bi pi ¼
Xn
i¼1

biðr � deiÞ ¼ r � d
Xn
i¼1

bi ei

 !
: (1:1:7)

Similarly, (1.1.4) implies that a linear superposition of stresses leads to a linear
superposition of strains.
The term relaxation function used for the function r (t) derives from physical

observations of the stress response of a linear system to a constant applied strain. To
show that this physical definition of a relaxation function is consistent with that
defined mathematically, consider the stress response to a unit strain applied at some
time, say t = 0, to a material characterized by (1.1.3). Specifically, replace e(t) in
(1.1.3) with the Heaviside function

h tð Þ � 0 for t50
1 for t � 0

� �
: (1:1:8)

The fifth property of the Riemann–Stieltjes convolution operator stated in Appendix 1
implies that (1.1.3) simplifies to

p tð Þ ¼ e 0þð Þr tð Þ þ
ðt
0þ

r t� τð Þ @h τð Þ
@τ

dτ; (1:1:9)

hence,

p tð Þ ¼ r tð Þ: (1:1:10)

Similarly, the creep function c(t) defined mathematically may be shown to represent
the strain response of a linear system to a unit stress applied at t= 0.

1.1 Constitutive Law 3



To consider harmonic behavior of a linear viscoelastic material, assume sufficient
time has elapsed for the effect of initial conditions to be negligible. Using the
complex representation for harmonic functions let

p tð Þ ¼ Peiωt (1:1:11)

and

e tð Þ ¼ Ee iωt; (1:1:12)

where P and E are complex constants independent of time with the physical stress
and strain functions determined by the real parts of the corresponding complex
numbers. Substitution of (1.1.11) and (1.1.12) into (1.1.2) and (1.1.4), respectively,
shows that the corresponding constitutive relations may be written as

P ¼ iωR ωð ÞE (1:1:13)

and

E ¼ iωC ωð ÞP; (1:1:14)

where R(ω) and C(ω) are given by the Fourier transforms

R ωð Þ ¼
ð1

�1
r τð Þe�iωτ dτ (1:1:15)

and

C ωð Þ ¼
ð1

�1
c τð Þe�iωτ dτ: (1:1:16)

In analogy with the definitions given for elastic media the complex modulus M is
defined as

M ωð Þ � P

E
¼ iωR ωð Þ: (1:1:17)

The complex compliance is defined as

J ωð Þ � E

P
¼ iωC ωð Þ; (1:1:18)

from which it follows that the complex modulus is the reciprocal of the complex
compliance, that is

M ωð Þ ¼ 1

J ωð Þ (1:1:19)

4 One-dimensional viscoelasticity



and the product of the Fourier transforms of the relaxation function and the
creep function is given by the negative reciprocal of the circular frequency squared,
that is

R ωð ÞC ωð Þ ¼ iωð Þ�2: (1:1:20)

A parameter useful for quantifying the anelasticity of a viscoelastic material is
the phase angle δ by which the strain lags the stress. This phase angle is given
from (1.1.17) by

tan δ ¼ MI

MR

; (1:1:21)

where the subscripts “I ” and “R” denote imaginary and real parts of the complex
modulus.

1.2 Stored and Dissipated Energy

Energy in a linear viscoelastic system under a cycle of forced harmonic oscillation is
partially dissipated and partially alternately twice stored and returned. To account
for the energy in a linear viscoelastic system under a harmonic stress excitation as
characterized by a general constitutive relation of the form (1.1.13), consider the
complex strain given by

e ¼ Jp: (1:2:1)

The time rate of change of energy in the system is given by the product of the
physical stress and the physical strain rate, namely,

pR _eR; (1:2:2)

where the dot on _eR denotes the derivative with respect to time and the subscript R
denotes the real part of the strain rate. Solving (1.2.1) for p, then taking real parts of
the resulting equation implies that the physical stress can be expressed as

pR ¼ JR eR þ JI eI

Jj j2 : (1:2:3)

For harmonic excitation

eI ¼ � _eR
ω
: (1:2:4)

Substitution of (1.2.3) and (1.2.4) into (1.2.2) shows that the desired expression for
the time rate of change of energy in the one-dimensional system is given by

1.2 Stored and dissipated energy 5



pR _eR ¼ @

@t

1

2

JR

Jj j2 e
2
R

 !
� 1

ω
JI

Jj j2 _e
2
R

 !
: (1:2:5)

Integrating (1.2.5) over one cycle shows that the total rate of change of energy over
one cycle equals the integral of the second term on the right-hand side of the
equation. Hence, the second term of (1.2.5) represents the rate at which energy is
dissipated and the first term represents the time rate of change of the potential energy
in the system, that is, the rate at which energy is alternately stored and returned. The
second law of thermodynamics requires that the total amount of energy dissipated
increase with time, hence the second term in (1.2.5) implies that

JI � 0: (1:2:6)

A dimensionless parameter, which is useful for describing the amount of energy
dissipated, is the fractional energy loss per cycle of forced oscillation or the ratio of
the energy dissipated to the peak energy stored during the cycle. Integrating (1.2.5)
over one cycle shows that the energy dissipated per cycle as denoted by ΔE /cycle is
given by

ΔE
cycle

¼ �π Pj j2JI: (1:2:7)

The first term on the right-hand side of (1.2.5) shows that the peak energy stored
during a cycle or the maximum potential energy during a cycle as denoted bymax[P ]
is given by

max P½ � ¼ 1

2
Pj j2JR; (1:2:8)

where JR ≥ 0. Hence, the fractional energy loss for a general linear system may be
expressed in terms of the ratio of the imaginary and real parts of the complex
compliance or the complex modulus. as

ΔE
cycle

.
max P½ � ¼ 2π

�JI
JR

¼ 2π
MI

MR

: (1:2:9)

Normalization of the fractional energy loss by 2π yields another parameter often
used to characterize anelastic behavior, namely the reciprocal of the quality factor,
which may be formally defined as

Q�1 � 1

2π
ΔE cycle=

max P½ � : (1:2:10)

Q− 1 for a one-dimensional linear system under forced oscillation is, from (1.2.9),
given by

6 One-dimensional viscoelasticity



Q�1 ¼ �JI
JR

¼ MI

MR

: (1:2:11)

Examination of (1.1.21) shows thatQ−1 also represents the tangent of the angle by
which the strain lags the stress, that is

Q�1 ¼ tan δ: (1:2:12)

Another parameter often used to characterize anelastic response is damping
ratio ζ, which may be specified in terms of Q−1 as

ζ ¼ Q�1

2
: (1:2:13)

For the special case of an elastic system JI =MI = 0, hence Q
−1 = tan δ= ζ= 0.

1.3 Physical Models

The characterization of one-dimensional linear material behavior as defined math-
ematically and presented in the previous sections is general. The considerations
apply to any linear behavior for which a relaxation function exists such that the
material behavior may be characterized by a convolution integral of the form
(1.1.1). Alternatively, the considerations apply to any linear material behavior for
which a complex modulus exists such that (1.1.17) is a valid for characterization of
harmonic behavior. Specification of the complex modulus for a particular physical
model of viscoelastic behavior allows each model to be treated as a special case of
the general linear formulation.
The basic physical elements used to represent viscoelastic behavior are an elastic

spring and a viscous dashpot. Schematics illustrating springs and dashpots in
various series and parallel configurations are shown in Figures (1.3.3)a through
(1.3.3)h. In order to derive the viscoelastic response of each configuration one end is
assumed anchored with a force applied as a function of time at the other end. Forces
are assumed to be applied to a unit cross-sectional area with the resultant elongation
represented per unit length, so that force and extensionmay be used interchangeably
with stress and strain.
The elongation of an elastic spring element is assumed to be instantaneous and

proportional to the applied load. Upon elimination of the load the spring is assumed
to return to its initial state. The constitutive equation for an elastic spring as first
proposed by Hooke in 1660 is specified by

p ¼ μe; (1:3:1)

1.3 Physical models 7



where μ is a constant independent of time. The assumption that the response of an
elastic spring is instantaneous implies that for an initial load applied at time t=0 the
strain at time t=0 is e(0) = p(0)/μ. Hence, the creep and relaxation functions for the
special case of an elastic model are h(t)/μ and μh(t). For harmonic behavior substitu-
tion of (1.1.11) and (1.1.12) into (1.3.1) implies the complex compliance andmodulus
as specified by (1.1.18) and (1.1.17) are given by 1/μ and μ, where the imaginary parts
of each are zero. Hence, Q−1 as specified by (1.2.11) for an elastic model is zero.

The rate at which a viscous dashpot element is assumed to elongate is assumed to be
proportional to the applied force, with the resultant elongation dependent on the entire
past history of loading. The constitutive equation for a viscous element is given by

p ¼ η _e; (1:3:2)

(a) Elastic
μ

μ

μ

μ 2

μ2

μ1

μn

η

η

η

η1

η1

η1

η2

ηn

η2 ηn

μ1

μ1

μ2

μn

η2

(b) Viscous

(c) Maxwell

(d) Voight

(e) Standard
      Linear

(f) Standard
      Linear

(g) Generalized
      Voight

(h) Generalized
      Maxwell

μ1′

μ2′
μ2′′

Figure (1.3.3). Schematics showing elastic spring and viscous dashpot elements in
series and parallel configurations for various models of linear viscoelasticity.
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where _e denotes the derivative of strain with respect to time or the velocity of the
elongation with respect to unit length. The viscous element is assumed not to
respond instantaneously, hence its elongation due to an instantaneous load applied
at time t = 0 is e (0) = 0. Integration of (1.3.2) implies the creep and relaxation
functions for the special case of a viscous element are given by

c tð Þ ¼ t h tð Þ=η (1:3:4)

and
r tð Þ ¼ η δ tð Þ; (1:3:5)

where δ(t) denotes the Dirac-delta function, whose integral is unity and whose
non-zero values are zero. Substitution of (1.1.11) and (1.1.12) into (1.3.2) implies
the complex compliance and modulus for a viscous element are J ωð Þ ¼ 1=ðiωηÞ
and M(ω) = iωη. Equation (1.2.11) implies Q−1 is infinite, because no energy is
alternately stored and returned in a viscous element.
An infinite number of viscoelastic models may be derived from various serial

and parallel configurations of elastic springs and viscous dashpots. Schematics
for common models are shown in Figure (1.3.3). Three fundamental viscoelastic
models are the Maxwell model, which assumes the basic elements are in series, the
Voight model, which assumes the basic elements are in parallel, and a Standard
Linear model, which assumes a spring in series with a Voight element or a spring in
parallel with aMaxwell element. Generalizations of these models are the Generalized
Voight model and the Generalized Maxwell model. The Generalized Voight model
includes aMaxwell model in series with a sequence of Voight elements in series. The
Generalized Maxwell model includes a Voight element in parallel with a sequence
of Maxwell elements in parallel. A Standard Linear model may be considered as a
special case of a Generalized Voight model with n= 2 and η1

−1 = 0.
The two configurations shown for a Standard Linear model (Figures (1.3.3)e and f)

are equivalent in that the parameters of the elements may be adjusted to give the
same response. Similarly, the configuration of springs and dashpots for any model
involving more than two of these elements is not unique, in that other configurations
of springs and dashpots in series and parallel will yield the same response.
For the Maxwell model the strain resulting from an applied load is the sum of the

strains associated with the individual elements in series. Hence, the resultant strain
rate is given by

_e ¼ _e1 þ _e2 ¼ _p

μ
þ p

η
; (1:3:6)

where the initial strain, as implied by the assumed instantaneous response of the
spring, is eð0Þ ¼ pð0Þ=μ. Integration of (1.3.6) and substitution of a unit stress
implies that the creep function for a Maxwell model is

1.3 Physical models 9



c tð Þ ¼ 1

μ
þ 1

η
t

� �
h tð Þ: (1:3:7)

Similarly, integration and substitution of a unit strain implies the relaxation function
for a Maxwell model is

rðtÞ ¼ μ exp½�ðμ=ηÞt� h tð Þ: (1:3:8)

Substitution of (1.1.11) and (1.1.12) into (1.3.6) together with (1.1.17) and (1.1.18)
implies the complex compliance and complex modulus for a Maxwell model
are given by JðωÞ ¼ 1=μ� i=ðωηÞ and MðωÞ ¼ ð1=μ� i=ðωηÞÞ�1, from which
(1.2.11) implies Q�1 ¼ μ=ðωηÞ.
For a Voight model the applied stress is the sum of the stress associated with each

of the elements in parallel. Hence the applied stress is given by

p ¼ μeþ η _e; (1:3:9)

where the initial strain is e(0) = 0. The creep and relaxation functions inferred from
(1.3.9) for the Voight model are

c tð Þ ¼ 1

μ
1� exp½�ðμ=ηÞt�ð Þh tð Þ (1:3:10)

and

r tð Þ ¼ ηδ tð Þ þ μh tð Þ: (1:3:11)

Substitution of (1.1.11) and (1.1.12) into (1.3.9) implies the complex compliance
and modulus for a Voight model are JðωÞ ¼ 1=ðμþ iωηÞ and M(ω) = μ+ iωη.
Hence, (1.2.11) implies Q�1 ¼ ωη=μ.
For a Standard Linear model with an applied load, the resultant strain is the sum

of the strains associated with the spring in series with the Voight element, while the
applied stress is the same for the spring and Voight elements in series. The resulting
equations for configuration “e” shown in Figure (1.3.3) are

p ¼ μ1e1 þ η1 _e1 ¼ μ2e2 (1:3:12)

and

e ¼ e1 þ e2; (1:3:13)

which upon simplification may be written as

pþ τp _p ¼ Mr eþ τe _eð Þ; (1:3:14)

where τp is the stress relaxation time under constant strain defined by

τp � η1
μ1 þ μ2

; (1:3:15)
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τe is the strain relaxation time under constant stress defined by

τe � η1
μ1

; (1:3:16)

and Mr is known as the relaxed elastic modulus defined by

Mr � μ1μ2
μ1 þ μ2

(1:3:17)

with the initial instantaneous response being eð0Þ ¼ pð0Þ=μ2. The creep and relaxa-
tion functions for a Standard Linear model inferable from (1.3.14) are

c tð Þ ¼ 1

Mr

1� 1� τp
τe

� �
exp½�t τe= �

� �
h tð Þ (1:3:18)

and

r tð Þ ¼ Mr 1� 1� τe
τp

� �
exp½�t τp

� �
� �

h tð Þ: (1:3:19)

Substitution of (1.1.11) and (1.1.12) into (1.3.14) implies the corresponding com-
plex compliance is

J ωð Þ ¼ 1

Mr

1þ iωτp
1þ iωτe

(1:3:20)

and the complex modulus is

M ωð Þ ¼ Mr

1þ iωτe
1þ iωτp

: (1:3:21)

Hence, (1.2.11) implies Q−1 for a Standard Linear model is

Q�1 ¼ ω τe � τp
� �

1þ ω2τpτe
: (1:3:22)

For a Generalized Voight model the strain resulting from an applied stress is the
sum of the strains associated with the Maxwell and Voight elements in series.
Hence, the creep function for the model can be readily inferred as the sum of
those associated with the elements in series as

c tð Þ ¼ 1

μ1
þ 1

η1
t

� �
h tð Þ þ

Xn
k¼2

1

μk
1� exp½� μk ηk=ð Þt�ð Þh tð Þ: (1:3:23)
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Similarly, the compliance for the elements in series for a Generalized Voight model
is the sum of the compliances of the individual elements, namely

J ωð Þ ¼ 1

μ1
þ 1

iωη1
þ
Xn
k¼2

1

μk þ iωηk
: (1:3:24)

Hence,Q−1 for a Generalized Voight model may be readily inferred from (1.2.11) as

Q�1 ¼ � JI
JR

¼ 1

ωη1
þ
Xn
k¼2

ωηk
μk þ iωηkj j2

 !,
1

μ1
þ
Xn
k¼2

μk
μk þ iωηkj j2

 !
: (1:3:25)

For a Generalized Maxwell model the applied stress is the sum of the stresses
associated with each of the Voight and Maxwell elements in parallel. Hence, the
relaxation function for the model can be readily inferred as the sum of those for each
of the elements in parallel as

r tð Þ ¼ η1δ tð Þ þ μ1h tð Þ þ
Xn
k¼2

μk exp ½� μk ηk=ð Þt�h tð Þ: (1:3:26)

Similarly, the modulus for the GeneralizedMaxwell model is given as the sum of the
moduli for each of the elements, namely

M ωð Þ ¼ μ1 þ iωη1 þ
Xn
k¼2

1

μk
þ 1

iωηk
: (1:3:27)

Hence,Q−1 for a GeneralizedMaxwell model may be readily inferred from (1.2.11) as

Q�1 ¼ MI

MR

¼ ωη1 �
Xn
k¼2

1

ωηk

 !,
μ1 þ

Xn
k¼2

1

μk

 !
: (1:3:28)

Differential equations, creep functions, relaxation functions, complex com-
pliances, complex moduli, and Q−1 for the physical models are tabulated in Tables
(1.3.29) and (1.3.30). An infinite number of additional physical models can be
derived from various configurations of springs and viscous elements in series and
parallel. As a converse of this result, Bland (1960) has shown that for any model of
material behavior that can be represented by a general linear convolution integral
of the form (1.1.2) the mechanical properties and the stored and dissipated energies
of the model can be represented by a set of Voight elements in series or a set of
Maxwell elements in parallel.
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1.4 Equation of Motion

To derive an equation of motion that governs the propagation of one-dimensional
waves in a general linear viscoelastic medium consider an infinitely long rod
constrained to deform only in one direction along the length of the rod (see Figure
(1.4.3)). Position along the rod shall be denoted by the coordinate, x, with the
displacement of a cross-sectional element as a function of time and position with
respect to an equilibrium position denoted by u(x,t).
The stress p(t) and strain e(t) are assumed to vary sinusoidally with time, so in

terms of complex notation p(t) =Peiωt, e(t) =Eeiωt, and u(x,t) =U(x)e iωt with angu-
lar frequency ω= 2πf and the corresponding physical components given by the real
parts of the corresponding quantities. The problem is linearized by assuming the
displacement of cross-sectional elements is infinitesimal, so that the strain at any
time is given by

e ¼ @u

@x
: (1:4:1)

In terms of the complex notation the general relation between stress and strain is
from (1.1.17), given by

P ¼ iωR ωð Þ ¼ M ωð ÞE; (1:4:2)

whereM is the complex modulus specified as a function of ω= 2πf appropriate for
any chosen viscoelastic model.

The law of conservation of linear momentum implies the equation of motion for a
cross-sectional element of the rod of density ρ is

@p

@x
¼ ρ

@ 2u

@t2
: (1:4:4)

For harmonic motions, this equation of motion may also be written as

@P

@x
¼ ρ iωð Þ2U: (1:4:5)

A

x

uR (x,t)

p
R
 (x,t)

ρ

M

Figure (1.4.3). Cross-sectional element for an infinitely long rod constrained to
deform longitudinally, uR (x,t) with respect to an equilibrium position, to a sinusoidal
physical stress pR (x,t) acting uniformly on a cross-sectional element of area A.
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The constitutive relation (1.4.2) implies

@P

@x
¼ M

@E

@x
: (1:4:6)

The assumption of infinitesimal strains (1.4.1) implies

@E

@x
¼ @ 2U

@x2
: (1:4:7)

Hence, (1.4.6) may be written as

@P

@x
¼ M

@ 2U

@x2
; (1:4:8)

which upon substitution into (1.4.5) yields the desired equation of motion, namely

@ 2U xð Þ
@x2

þ k2U xð Þ ¼ 0; (1:4:9)

where k is termed the complex wave number and defined by

k2 � ρω2

M
: (1:4:10)

For steady-state harmonic motion, an equivalent form of (1.4.9) in terms of the
complex displacement u(x,t) is

@ 2u x;tð Þ
@x2

� 1

v 2

@2u x;tð Þ
@t2

¼ 0; (1:4:11)

where v is termed the complex velocity and defined by

v 2 � ω2

k2
¼ M

ρ
: (1:4:12)

A steady state solution of (1.4.11) in complex notation is

u x;tð Þ ¼ U xð Þe iωt ¼ Ce�ikxe iωt ¼ Cei ωt�kxð Þ; (1:4:13)

which may be written in terms of the real and imaginary parts of the complex wave
number as

u x;tð Þ ¼ CekIxe i ωt�kRxð Þ: (1:4:14)

Hence, the physical displacement of a cross section in the rod corresponding to this
steady state solution is given by the real part of (1.4.14) as

uR x;tð Þ ¼ CekIx cos ωt� kRxð Þ; (1:4:15)
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where C is without loss of generality assumed to be real.
The steady-state physical displacement described by this solution describes a

harmonic wave propagating in the positive x direction with phase speed

vphase ¼ ω
kR

: (1:4:16)

The wave decreases in amplitude in the direction of propagation due to the attenua-
tion factor e kIx, where −kI is often termed the absorption coefficient and sometimes
denoted by α≡−kI.
For elastic media the modulus M is a real number, hence (1.4.10) implies kI= 0,

so there is no attenuation of the wave in the direction of propagation. For a linear
anelastic model, M is a complex number and kI ≠ 0, so (1.4.15) describes a wave
attenuating in amplitude in the direction of propagation. The dependence of the
attenuation on the frequency of vibration is determined by the frequency depen-
dence of the modulus M implied by the anelastic viscoelastic model of interest.
The only permissible form of a steady-state solution of the one-dimensional wave

equation given by (1.4.11) for anelastic viscoelastic media is one for which the maxi-
mum attenuation of the wave must necessarily be in the direction of propagation. This
constraint does not apply to wave fields propagating in two or three dimensions. It will
be shown in subsequent chapters that solutions of the corresponding wave equation in
two and three dimensions describe waves for which the direction of phase propagation
is not necessarily the same as that of maximum attenuation. This important result will
be shown to be the basis for fundamental differences in the nature of one-dimensional
anelastic wave-propagation problems and two- and three-dimensional problems.
The physical characteristics of waves in one dimension in which the direction of

propagation coincides with the direction of maximum attenuation are analogous to
those for waves in two and three dimensions in which the two directions coincide.
Hence, for brevity further derivation of the characteristics of one-dimensional
waves will be presented in later chapters.

1.5 Problems

(1) For the Standard Linear model shown in Figure (1.3.3)f derive the
corresponding
(a) differential equation,
(b) creep function,
(c) relaxation function,
(d) compliance,
(e) modulus, and
(f) Q−1.
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(2) Explain why the configurations of elastic and viscous elements shown in Figures
(1.3.3)g and (1.3.3)f for a Standard Linear solid yield equivalent responses to an
applied force.

(3) Consider the infinitely long rod shown in Figure (1.4.3) with arbitrary, but
fixed, viscoelastic material parameters of density ρ and modulusM constrained
to deform longitudinally with harmonic displacements of frequency f and
maximum amplitude C. For the one-dimensional waves propagating along the
rod find
(a) the rate at which energy is stored per unit length per unit time,
(b) the rate at which energy is dissipated per unit length per unit time,
(c) the maximum potential energy per unit length per cycle (max[P ]),
(d) the energy dissipated per unit length per cycle (ΔE =cycle),
(e) the reciprocal quality factor (Q−1), and
(f) the damping ratio (ζ).
(Hint: Substitute solution (1.4.15) into appropriate expressions in (1.2.5) through
(1.2.10)).

(4) Use the expressions derived in problems 3(a) through 3(f) to find the corre-
sponding expressions for a viscoelastic rod that responds as
(a) an elastic solid
(b) a Maxwell solid, and
(c) a Voight solid.
(Hint: Use appropriate expressions for the modulus as specified in terms of specific
material parameters and frequency in Table (1.3.30).)
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2

Three-Dimensional Viscoelasticity

Consideration of viscoelastic behavior in three dimensions allows consideration of
stress distributions whose amplitude varies spatially over the surface to which it is
applied. As a result energy flow and resultant displacements may occur in directions
other than those of the maximum applied stress as they do for problems involving
only one spatial dimension. These differences in physical phenomena will be shown
to imply physical characteristics for radiation fields in three-dimensional viscoelas-
tic media that do not occur in one dimension.

2.1 Constitutive Law

A homogeneous linear viscoelastic continuum is defined mathematically as one for
which a causal fourth-order tensorial relaxation function rijkl exists independent of
the spatial coordinates such that the constitutive equation relating stress and strain
may be expressed as

pijðtÞ ¼
ðt

�1
rijklðt� τÞdeklðτÞ; (2:1:1)

where pij and eij denote the second-order time-dependent stress and strain tensors,
respectively (Gurtin and Sternberg, 1962). Spatial independence of the tensorial
relaxation function rijkl characterizes the continuum and corresponding medium as
homogeneous.
The physical principle of causality requires that the relaxation function is zero for

negative time, hence the constitutive relation may be written in the form

pijðtÞ ¼
ð1

�1
rijklðt� τÞdeklðτÞ (2:1:2)
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or more compactly with the definition of a Riemann–Stieltjes convolution operator as

pij ¼ rijkl � dekl: (2:1:3)

Another function often used to characterize the behavior of a linear viscoelastic (LV)
continuum or material is the so-called tensorial creep function cijkl(t), which relates
stress to strain by the following relation,

eij ¼ cijkl � dpkl: (2:1:4)

A Homogeneous Isotropic Linear Viscoelastic (HILV) continuum is defined to be
one for which the tensorial relaxation function rijkl (t) is invariant with respect to the
rotation of Cartesian coordinates. For such a material, scalar functions rS and rK
exist, such that

rijkl ¼ 1

3
ðrK � rSÞδij δkl þ 1

2
rSðδik δjl þ δil δjkÞ; (2:1:5)

where the Kronecker delta δij is defined as

δij � 1 if i ¼ j
0 if i 6¼ j

� �
: (2:1:6)

For HILV materials, the constitutive relation simplifies to

pij
0 ¼ rS � deij0 for i 6¼ j (2:1:7)

and

pkk ¼ rK � dekk; (2:1:8)

where rS and rK are the spatially independent relaxation functions characteristic of
the shear and bulk behaviors of the material, a repeated index kk indicates summa-
tion over index values 1, 2, and 3, and the prime denotes the deviatoric components
of stress and strain defined by

pij
0 � pij � 1

3
δij pkk (2:1:9)

and

eij
0 � eij � 1

3
δij ekk: (2:1:10)

2.2 Stress–Strain Notation

Interpretation of the notation for components of the stress and strain tensors as
presented in the previous sections for viscoelastic media is similar to that for elastic
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media, if the tensors are interpreted at an arbitrary, but fixed time t. Diagrams
illustrating the notation are shown here to aid the student not familiar with the
notation. Formal derivations of the stress and strain tensors for elastic media are
available in several texts on classical continuum mechanics.
Notation for components of the stress tensor can be visualized by considering

an elemental cube located at the origin of a rectangular coordinate system (x1, x2, x3)
of dimension dx1 by dx2 by dx3 (Figure (2.2.1)). Designating the plane perpendicular
to a coordinate axis by the corresponding subscript, the stress acting on the i th plane
in the direction of the j th coordinate axis at a fixed, but arbitrary, time t is designated
as pij for i = 1, 2, 3 and j= 1, 2, 3. This notation is illustrated for the components
of the stress tensor acting on faces of an elemental cube (Figure (2.2.1)). Stress
components with the same subscripts, pii for i = 1, 2, 3, represent stresses normal to
the indicated plane. Stress components with subscripts that are not the same, pij for
i ≠ j, represent shear stresses on the indicated plane.
Notation for components of the strain tensor may be visualized by considering

undeformed and deformed states of the continuum. Deformation at a fixed but
arbitrary time in the solid is described by a displacement vector ~u ¼ u1; u2; u3ð Þ,
which specifies the position of each point in the continuum in the deformed state
with respect to its position in an undeformed state. Uniaxial extension or strain at a
point in the continuum as illustrated along the x1 axis normal to the x1 plane in
Figure (2.2.2) is denoted by e11 ¼ @u1=@x1. Uniaxial extensions or compressions
are denoted by components of the strain tensor with the same subscripts, namely

x1

p
11

p
13

p
12

p
31

p
33

p
32

p
23

p
21

p
22

dx
3

dx
2

dx
1

x3

x2

Figure (2.2.1). Notation for components of the stress tensor pij as illustrated at a
fixed but arbitrary time t on the faces of an elemental cube.
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eii ¼ @ui=@xi for i = 1, 2, 3. These components of the strain tensor represent strains
normal to the i th plane in the direction of the i th coordinate axis.
Shearing strains at a point in the continuum are illustrated by considering a

planar elemental square deformed in one of the coordinate planes as illustrated for
the x1x3 plane in Figure (2.2.3). The deformed square shows translation, shearing,
and rotation specified with respect to the reference square by~u ¼ u1; u2; u3ð Þ, where
u2 = 0 for the illustration considered. For small amounts of shear the tangents of the

∂u1

∂x1 x1

=e11

x2

x3

dx1
dx1

∂u1

∂x1

Figure (2.2.2). Notation for strain component e11 that designates uniaxial extension
normal to the plane perpendicular to the x1 axis at a fixed but arbitrary time t

dx1

dx1

dx3

u3

x2

x3

x1

u1

∂u3

∂x1

≈θ1

∂u1

∂u1

∂x3

∂x1

dx3

∂u3

∂u3

≈θ3

∂u1

∂x3

∂u3

∂x1

+
1
2

e13 =

Figure (2.2.3). Notation for strain component e13 corresponding to average shear
strain of a plane square in the x1x3 plane.
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angles θ1 and θ3 are approximately equal to the angles and hence the average shear
strain of the deformed square is given approximately by

e13 ¼ 1

2

@u1
@x3

þ @u3
@x1

� �
:

Similarly, each of the components of the strain tensor for which the subscripts are
not the same, that is

eij ¼ 1

2

@ui
@xj

þ @uj
@xi

� �
;

can be visualized as the average shear strain in the xi xj plane for i ≠ j.

2.3 Equation of Motion

The motion of a material continuum with a specified set of boundary conditions
is governed by the conservation laws of mass and momentum together with a
constitutive relation characteristic of the material. The law of conservation of linear
momentum implies the following equation of motion,

pij; j þ fi ¼ ρ€ui; (2:3:1)

where fi ≡ body force per unit volume, ρ ≡ mass density, and ui≡ i
th Cartesian

component of the displacement vector.
To linearize the relation between the components of the stress tensor and the

components of the displacement it is necessary to assume the displacements are
infinitesimal. This assumption yields the following linear relation for the strain

eij ¼ 1

2
ðui; j þ uj; iÞ; (2:3:2)

where the notation ui, j denotes the partial derivative of the “i ” component of
displacement with respect to the “j” variable.
The equation of motion (2.3.1) together with the linearized strain displacement

relation (2.3.2) and the constitutive relations (2.1.7) through (2.1.10) are sufficient
to describe the infinitesimal motion of a homogeneous isotropic linear viscoelastic
(HILV) continuum.
To find steady-state solutions of these equations, assume sufficient time has

elapsed for the effect of initial conditions to be negligible. Employing the usual
convention for steady state exhibited by

ui � Ui e
iωt; (2:3:3)

where Ui is a complex function of the spatial coordinates and the physical displace-
ment is given by the real part of ui denoted by uiR, the equations governing the steady
state motion of a HILV continuum in the absence of body forces are
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Pij; j þ ρω2Ui ¼ 0; (2:3:4)

Eij ¼ 1

2
Ui; j þUj; i

� �
; (2:3:5)

P 0
ij ¼ iωRSE

0
ij; (2:3:6)

Pkk ¼ iωRKEkk; (2:3:7)

where RS and RK denote the Fourier transforms of the relaxation functions rS and rK,
respectively. When the complex shear modulus is defined by

M � 1

2
iωRS (2:3:8)

and the complex bulk modulus is defined by

K � 1

3
iωRK (2:3:9)

the constitutive relations (2.3.6) and (2.3.7) may be written as

P 0
ij ¼ 2ME 0

ij for i 6¼ j (2:3:10)

and

Pkk ¼ 3KEkk (2:3:11)

or as

Pij ¼ δij K� 2

3
M

� �
Ekk þ 2MEij: (2:3:12)

Other parameters familiar from elasticity theory are Lamé’s parameters Λ and
M, Young’s modulus E, and Poisson’s ratio N. Definitions of these parameters
extended to viscoelastic media are

Λ � K� 2

3
M; (2:3:13)

E � M
3Λþ 2M

ΛþM
(2:3:14)

N � Λ
2ðΛþMÞ ; (2:3:15)

where each of the parameters is in general a complex function of frequency.
In terms of Lamé’s parameters the constitutive relation (2.3.12) becomes

Pij ¼ δij ΛEkk þ 2MEij: (2:3:16)
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The equation of motion (2.3.4) may be written entirely in terms ofUi by substituting
(2.3.16) into (2.3.4) and simplifying with (2.3.5). The resulting desired equation of
motion in vector notation is

KþM

3

� �

Δ

θ þM

Δ2~u ¼ ρ€~u; (2:3:17)

where

~u � ukx̂k (2:3:18)

and

θ � Δ

.~u; (2:3:19)

with the divergence of~u defined by

Δ

.~u � @

@x1
x̂1 þ @

@x2

x̂2 þ @

@x3
x̂3

� �
. u1x̂1 þ u2x̂2 þ u3x̂3ð Þ � ui; i: (2:3:20)

2.4 Correspondence Principle

Three sets of fundamental equations are needed to derive the equation of motion
for a HILV medium (2.3.17) under steady-state motion. The first set of equa-
tions is that implied by the conservation of momentum, namely (2.3.1) with
body forces included or (2.3.4) in the absence of body forces. The second set is
that which specifies that the problem is linear. It specifies, to first order, the
components of strain in terms of the spatial derivatives of the displacement
components, namely (2.3.2) or (2.3.5). The third set is the constitutive relations
which specify the relationship between the components of stress and strain,
namely (2.1.7) through (2.1.10) or (2.3.12). These equations are similar to those
for elastic media, except that the parameters used to characterize the response of
viscoelastic media are complex numbers instead of real numbers. This corre-
spondence between equations for some problems in linear viscoelastic media
and the equations for elastic problems has given rise to the term correspondence
principle.
The concept of the correspondence principle is that solutions to certain steady-

state problems in viscoelasticity can be inferred from the solutions to correspond-
ing problems in elastic media upon replacement of real material parameters by
complex parameters. This replacement of material parameters yields valid results
for some problems, but for other problems the solution cannot be found using the
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correspondence principle. Some problems in viscoelastic behavior do not have a
counterpart in elastic behavior.
Bland (1960, p. 67) states that the correspondence principle can only be used to

obtain a solution for a steady-state problem in viscoelasticity if (1) a solution for a
corresponding problem in elastic media exists, (2) no operation in obtaining the
elastic solution would have a corresponding operation in the viscoelastic solution
which would involve separating the complex modulus into real and imaginary parts,
and (3) the boundary conditions for the two problems are identical. Bland defines a
“corresponding problem” as an identical problem except that the body concerned is
viscoelastic instead of elastic.
One of the previously mentioned examples for which the replacement of real

material parameters with complex ones yields a correct equation is the equation of
motion for HILV media as specified in one dimension by (1.4.9). This equation for
viscoelastic media is similar to that for elastic media except that the material
modulus (M) is in general a complex number instead of a real number.
Examples of problems for which the correspondence principle as stated by Bland

(1960) cannot be used to derive solutions concern the dissipation and storage of
energy in HILV media. These problems require separation of material moduli into
their real and imaginary parts (see, for example, (1.2.7) through (1.2.11)). Energy
balance equations that account for the dissipation and attenuation of energy due to
intrinsic absorption in viscoelastic media have no corresponding counterpart in
elastic media.
Problems and solutions derived herein are formulated from first principles for

general linear viscoelastic media with the classic results for elastic media being
readily implied upon specification of material parameters that are real numbers. This
approach provides a rigorous framework from which the results for elastic media
and an infinite number of linear anelastic models are readily deduced as special
cases. This approach is needed to rigorously account for energy propagation and
dissipation in viscoelastic media. It provides a framework for solution of reflection–
refraction and surface-wave problems for general viscoelastic media some aspects
of which have no counterpart in elastic media, especially those aspects pertaining to
the physical characteristics of reflected, refracted, and surface waves required to
satisfy the boundary conditions.

2.5 Energy Balance

Expressions for the various energy characteristics of harmonic displacement fields
governed by the equation of motion provide the basis for understanding the nature
of wave propagation in three-dimensional HILVmedia. Explicit energy expressions
together with their physical interpretation are derived in this section.
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Energy characteristics of viscoelastic radiation fields can be determined from an
equation of mechanical energy balance which states that

rate of mechanical work ¼ rate of change of internal energies

þ rate of energy dissipated:
(2:5:1)

Considering the internal energies per unit volume as the sum of the kinetic energy,
K , and stored strain, P , energies per unit volume and denoting the rate of energy
dissipated per unit volume byD , and the energy intensity by~I, equation (2.5.1) can
be written as

�
ð
V

Δ

.~Idv ¼
ð
V

@

@t
ðK þ P Þ þD

� �
dV: (2:5:2)

Amechanical energy-balance equation of the form (2.5.2) is derived by forming the
dot product of the physical velocity field, _~uR, with the steady-state equation of
motion, where the i th component is given by

KR � 2

3
MR

� �
uR j; ji þMRðuR i; jj þ uRj; jj

Þ þ 1

ω
KI � 2

3
MI

� ��
_uR j; ji

þMIð _uR i; jj þ _uR j; jjÞ
�

¼ ρ€uRi:

(2:5:3)

Upon applying the chain rule for differentiation, integrating over an arbitrary
volume V, and rearranging terms, an equation of the form (2.5.2) as initially derived
by Borcherdt (1971, 1973) and extended with physical interpretation of the terms by
Borcherdt and Wennerberg (1985) is obtained, where

K ¼ 1

2
ρ _u 2

Ri; (2:5:4)

P ¼ 1

2
KR � 2

3
MR

� �
u 2
R j; j þMRðu 2

R i; j þ uR i; j uR j; iÞ
� �

; (2:5:5)

D ¼ 1

ω
KI � 2

3
MI

� �
_u 2
R j; j þ

MI

ω
ð _u 2

R i; j þ _uR i; j _uR j; iÞ; (2:5:6)

and

I j ¼� KR � 2

3
MR

� �
uR i; i _uR j þMRðuR i; j þ uR j; iÞ _uR i

� �

þ 1

ω
KI � 2

3
MI

� �
_uR i; i _uR j þMI

ω
ð _uR i; j þ _uR j; iÞ _uR i: ð2:5:7Þ
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In terms of the physical displacement field, uR, the various terms (2.5.4) through
(2.5.7) in the mechanical energy balance equation (2.5.2) also may be written in
vector notation as

K ¼ 1

2
ρ _~u

2

R; (2:5:8)

P ¼ 1

2
KR � 2

3
MR

� �
θ 2
R þMRð Δ

.

Δ

~uR . ~uR � Δ2~uR . ~uRÞ; (2:5:9)

D ¼ 1

ω
KI � 2

3
MI

� �
_θ 2
R þMI

ω
ð Δ

.

Δ_~uR . _~uR � Δ2 _~uR . _~uRÞ; (2:5:10)

~I ¼ KR � 2

3
MR

� �
θR _~uR þMRð Δ

~uR . _~uR þ _~uR .

Δ

~uRÞ

þ 1

ω
KI � 2

3
MI

� �
_θR _~uR þMI

ω
ð Δ_~uR . _~uR þ _~uR .

Δ_~uRÞ;
(2:5:11)

where θR ¼ Δ

. ~uR.
To physically interpret the terms given in (2.5.4) through (2.5.7), the rate

of working of the stresses or the mechanical work on an arbitrary volume, V,
with surface element d~s ¼ n̂ ds is defined by (Aki and Richards, 1980; Hudson,
1980)

�
ð
S

pR ij _uRi n̂ds: (2:5:12)

Neglecting body forces and using the real components of (2.3.1) to represent the
physical equation of motion, where the i th component is

pR ij; j ¼ ρ€uR i ; (2:5:13)

then forming the dot product of (2.5.13) with the velocity field _~uR yields

pR ij; j _uR i ¼ ρ €uR i _uR i: (2:5:14)

The chain rule for differentiation implies

pR ij; j _uR i ¼ pR ij _uR i

� �
; j
�pR ij _uR i; j ; (2:5:15)

so upon substitution of (2.5.15) into (2.5.14) the resulting equation can be written in
terms of the components of the strain tensor as
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pR ij _uR i

� �
; j
¼ 1

2

@

@t
ρ _u 2

R i

� �þ pR ij _eR ij: (2:5:16)

Integration of both sides of (2.5.16) over an arbitrary but fixed volume V with
outward surface element n̂ ds yields

ð
V

pR ij _uR i

� �
; j
dV ¼

ð
V

1

2

@

@t
ρ _u 2

R i

� �þ pR ij _eR ij

� �
dV; (2:5:17)

which upon application of Gauss’ theorem becomes

�
ð
S

pR ij _uR i n̂ds ¼
ð
V

1

2

@

@t
ðρ _u 2

R iÞ þ pR ij _eR jj

� �
dV: (2:5:18)

Substituting the constitutive equations for steady state and rewriting with Gauss’
theorem (2.5.18) becomes

�
ð
V

Δ

.ðpR ij _uR iÞdV ¼ @

@t

1

2

ð
V

ðρ _u 2
R iÞ þ KR � 2

3
MR

� �
e 2
R jj þ 2MRe

2
R ij dV

þ 1

ω

ð
V

KI � 2

3
MI

� �
_e 2
R jj þ 2MI _e

2
R ij

� �
dV:

(2:5:19)

Substitution of definitions (2.3.2) permits the right-hand side of (2.5.19) to be easily
expressed in terms of the physical displacement field with the resultant equation
being composed of terms of the form (2.5.4) through (2.5.7).
To physically interpret the terms on the right-side side of (2.5.19), the average

over one cycle implies that the average rate of mechanical work over one cycle
equals the average rate of energy dissipated; hence, the second term on the right-
hand side can be physically interpreted as the rate of energy dissipated; hence, the
rate of energy dissipated per unit volume, D is as given by (2.5.6). Physically
interpreting the kinetic energy per unit volume, K as 1

2
ρ _~u

2

R indicates that the
remaining integrand in (2.5.19) can be interpreted as the stored (strain) energy per
unit volume, P , which is given by (2.5.5). Simplification of the integrand on the
left-hand side of (2.5.19) with the constitutive law for viscoelastic media yields the
desired expression for the components of the energy flux vector ~I as given by
(2.5.7). Hence, the desired physical interpretation and corresponding explicit
description have been derived for each of the various energy characteristics
(K ;P ;D ; and~I ) as specified in terms of the components of a harmonic displace-
ment by (2.5.4) through (2.5.11).
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2.6 Problems

(1) Derive the steady-state equation of motion (2.3.17) for a viscoelastic medium
with complex shear and bulk moduli M and K and density ρ.

(2) Provide examples of equations that can and cannot be derived using the
Correspondence Principle.

(3) Using the steady-state equation of motion (2.5.3) as expressed in terms of the
components of the displacement field, derive expressions for the
(a) kinetic energy density K ,
(b) potential energy density P ,
(c) dissipated energy density D , and
(d) energy flux ~I .

4) Show several energy conservation relations of the formð
V

Δ

.ð ÞdV ¼
ð
V

@

@t
ð Þ þ ð Þ
� �

dV (2:6:1)

can be derived from the steady-state equation of motion (2.5.3) with the
desired relation being that chosen based on physical interpretation of each
of the terms. Hint: For illustration purposes consider (2.5.3) for elastic media,
in which case three different identities can be derived by interchanging the
order of partial differentiation, namely

KR þMR

3

� �
uR j; ji þMR uR i; jj ¼ ρ €uR i ; (2:6:2)

KR þMR

3

� �
uR i; ij þMR uR i; jj ¼ ρ €uR i ; (2:6:3)

and

KR � 2

3
MR

� �
uR j; ji þMRðuR i; jj þ uR j; ijÞ ¼ ρ€uRi: (2:6:4)

The dot product of the vectors for which these identities specify the i th compo-
nent with the velocity field yields three additional energy-conservation relations,
the first of which is implied by

KR þMR

3

� �
uR i; i _uR j þMRuR i; j _uR i

� �
; j

¼ 1

2

@

@t
ρ _u 2

R i þ KR þMR

3

� �
u 2
R j; j þMR uR i; j uR i; j

� �
:

(2:6:5)
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Similarly, sixteen energy-conservation relations may be derived for an arbitrary
viscoelastic solid. The preferred conservation relation as defined by the terms
in (2.5.4) through (2.5.11) and the subsequent physical interpretation of the
terms may be obtained from that implied by (2.6.5) upon subtracting the
following identity from each side, where MI = 0 for elastic media,

ð
V

MR uR i; j _uR i � uR j; j _uR i

� �þMI

ω
_uR i; j _uR i � _uR j; i _uR i

� �� �
; j

 !
dV

¼ @

@t

MR

2

ð
V

uR i; j uR j; i � uR j; j uR i; i

� �
dVþMI

ω

ð
V

_uR i; j _uR j; i � _uR j; j _uR i; i

� �
dV:

ð2:6:6Þ
As a final note, the fact that different energy-conservation relations can be
derived from equations of the form (2.5.3) has led to confusion in the literature
as to the proper expressions for the various energy characteristics. For example,
for elastic media the energy characteristics defined by (2.5.4) through (2.5.11)
for elastic media with MI = 0 correspond to those derived for elastic media by
Morse and Feshback (1953, p. 151), while (2.6.5) corresponds to that derived
by Lindsay (1960, p. 154). Physical interpretation of the terms for the energy
characteristics as given following (2.5.12) and specialized for elastic media
implies the expressions derived by Morse and Feshback for elastic media are
preferable.
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3

Viscoelastic P, SI, and SII Waves

The equation of motion (2.3.17) governs wave propagation in a HILV continuum.
Solutions of the wave equation and physical characteristics of the corresponding
wave fields are presented in this chapter.

3.1 Solutions of Equation of Motion

A theorem due to Helmholtz implies that there exists a scalar potential f and a
vector potential ~ψ such that the displacement field may be expressed as

~u ¼ Δ
fþ Δ�~ψ; (3:1:1)

where

Δ

. ~ψ ¼ 0: (3:1:2)

Employing the notational convention (2.3.3) for steady-state considerations and
substituting (3.1.1) into (2.3.17) shows that the equation of motion (2.3.17) is
satisfied if

Δ2Φþ kP
2 ¼ 0 (3:1:3)

and or

Δ2~Cþ kS
2 ¼ 0; (3:1:4)

where the complex wave numbers are defined in terms of the material parameters by

kP � ω
α

(3:1:5)

and

kS � ω
β

(3:1:6)

32



with complex velocities defined by

α �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kþ 4

3
M

ρ

s
(3:1:7)

and

β �
ffiffiffiffiffi
M

ρ

s
: (3:1:8)

One solution of the equation of motion (2.3.17) is given by the solution of (3.1.3)
with

Δ� ~C ¼ 0. For such a solution (3.1.1) implies that the corresponding dis-
placement field is irrotational. This solution of the equation of motion states that
irrotational or P waves may propagate independently in a HILV continuum. Another
solution of the equation of motion (2.3.17) is given by the solution of (3.1.4) with

Δ

Φ= 0. For such a solution (3.1.1) implies that

Δ

. ~u ¼ Δ

.

Δ�~ψð Þ ¼ 0 (3:1:9)

and hence the volumetric strain as denoted by Δ or θ, namely

Δ � θ � Δ

. ~u ¼ 0; (3:1:10)

vanishes and the corresponding displacement field is termed equivoluminal. This
solution states that an equivoluminal or S wave may propagate independently in a
HILV continuum.
To consider general characteristics of the P and S wave solutions specified by

(3.1.3) and (3.1.4), it is sufficient to consider general solutions to a general
Helmholtz equation of the form

Δ2~Gþ k2~G ¼ 0; (3:1:11)

where for P solutions k= kP and ~G is interpreted as the complex scalar potential Φ
and for S solutions k= kS and ~G is interpreted as the complex vector potential ~C.
Consideration of solutions of this general equation allows common characteristics
of any wave (P, S, or surface wave) as governed by a Helmholtz equation of the form
(3.1.11) to be derived.
A general solution of (3.1.11) for an assumed steady-state condition is given by a

general expression of the form

~G ¼ ~G0 exp �~A .~r
h i

exp �i~P .~r
h i

; (3:1:12)

where (1) ~P represents the propagation vector, which is perpendicular to surfaces of
constant phase defined by ~P .~r ¼ constant, (2) ~A represents the attenuation vector,
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which is perpendicular to surfaces of constant amplitude defined by
~A .~r ¼ constant, and (3) ~P and ~Amust be related to thematerial parameters through
the wave number k by identities,

~P . ~P� ~A . ~A ¼ Re½k2� (3:1:13)

and

~P . ~A ¼ ~P
�� ����~A�� cosðγÞ ¼ � 1

2
Im½k2�; (3:1:14)

where γ represents the angle between ~P and ~A and “Re[z]” and “Im[z]” denote the
real and imaginary parts of a complex number “z”. The physical requirement that the
amplitude of the wave not increase in the direction of propagation is satisfied by
requiring that the angle between the propagation vector ~P and the attenuation vector
~A not exceed π/2, that is 0 ≤ γ ≤ π/2.
Expression (3.1.12) is readily shown to be a solution of the Helmholtz equation

(3.1.11) if conditions (3.1.13) and (3.1.14) are satisfied by substituting the solution
(3.1.12) into (3.1.11) and simplifying with the vector identities in Appendix 2.
Solutions of this general form also may be derived from first principles using
separation of variables as shown in Appendix 3.
An inhomogeneous wave is defined as a wave for which surfaces of constant

phase are not parallel to surfaces of constant amplitude, that is, ~A is not parallel to ~P.
If ~A is parallel to ~P, then the wave is defined to be homogeneous. The term general
will often be used to describe a wave that can be considered either homogeneous or
inhomogeneous in the context of the problem under consideration.
The velocity of surfaces of constant phase for the general solution (3.1.12) is

given by

~v ¼ ω
~P

~P
�� ��2 (3:1:15)

with maximum attenuation for the general solution given by��~A��: (3:1:16)

Equations (3.1.13) and (3.1.14) provide considerable insight into the nature
of wave fields that can be solutions of the general Helmholtz equation (3.1.11)
and hence the equation of motion (2.3.17) for a HILV medium. It will be shown
that they imply that the type of inhomogeneous waves that propagate in elastic
media cannot propagate in anelastic HILV media and vice versa. This important
result will be shown to imply that the characteristics of P, S, and surface waves in
layered anelastic media are distinctly different from those in elastic media. The
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results specifying the types of inhomogeneous waves that may propagate in elastic
and anelastic media are stated formally in the following theorems (Borcherdt, 1971,
1973a).

Theorem (3.1.17). A wave governed by the Helmholtz equation (3.1.11) for HILV
media may propagate in non-dissipative or elastic media if and only if

(1) j~Aj ¼ 0 and the wave is homogeneous

or

(2) j~Aj 6¼ 0 and the direction of maximum attenuation for the inhomogeneous
wave is perpendicular to the direction of phase propagation.

To prove the first part of this theorem assume the medium is elastic. Interpreting
k as kP for P wave solutions as specified by (3.1.5) or as kS for S wave solutions
as specified by (3.1.8) in terms of the material parameters, the assumption of
elastic media implies Im½k2� ¼ Im½kP2� ¼ Im½kS2� ¼ 0, which upon substitution
into (3.1.14) implies that either (1) j~Aj ¼ 0 and the wave is homogeneous or
(2) γ= π/2 and the direction of maximum attenuation, ~A=j~Aj, is perpendicular to
the direction of phase propagation, ~P=j~Pj. Conversely, (3.1.14) shows that if
j~Aj ¼ 0 or γ= π/2, then Im[k 2] = 0, which depending upon whether one is con-
sidering a P or S solution implies Im[k2P] = 0 or Im[kS

2] =0, which together with
(3.1.5) through (3.1.8) implies the medium is elastic.
This theorem establishes that the only type of inhomogeneous P and S solutions

for elastic media of the Helmholtz equations (3.1.3) and (3.1.4) as generalized to
(3.1.12) is one for which the direction of propagation is perpendicular to the
direction of maximum attenuation. It also establishes that the only type of homo-
geneous wave in elastic media is one for which there is no attenuation.
The corresponding result for dissipative or anelastic HILV media is stated

formally in the following theorem.

Theorem (3.1.18). A wave governed by the Helmholtz equation (3.1.11) for HILV
media propagates in dissipative or anelastic HILV media if and only if

(1) the maximum attenuation of the wave is non-zero, that is, j~Aj 6¼ 0,

and

(2) the direction of maximum attenuation of the wave is not perpendicular to the
direction of phase propagation, that is, γ ≠ π/2.

The proof of this theorem is entirely analogous to Theorem (3.1.17). If the
medium is assumed to be anelastic, then (3.1.5) through (3.1.8) imply Im[k2] ≠ 0,
hence, (3.1.14) implies j~Aj 6¼ 0, that is, the maximum attenuation is non-zero and
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γ ≠ π/2, that is the direction of maximum attenuation is not perpendicular to the
direction of phase propagation. Conversely, if j~Aj 6¼ 0 and γ ≠ π/2, then (3.1.14)
implies Im[k 2] ≠ 0, from which it follows the medium is anelastic.
This theorem establishes that the only type of inhomogeneous P and S solutions for

anelastic HILV media of the Helmholtz equations (3.1.3) and (3.1.4) as generalized to
(3.1.12) is one for which the direction of propagation is not perpendicular to the
direction ofmaximumattenuation. It also establishes that the only type of homogeneous
wave in anelastic media is one for which the maximum attenuation does not vanish.
The results pertaining to inhomogeneous waves as proved for Theorems (3.1.17)

and (3.1.18) also may be stated as

Theorem (3.1.19). For HILV media the only type of inhomogeneous wave that
propagates in anelastic media, namely a wave for which γ ≠ π/2, cannot propagate
in elastic media and vice versa.

These results emphasize an important difference in the nature of inhomogeneous
wave fields in elastic versus anelastic media. This difference is the basis for
significant differences in the physical characteristics of two- and three-dimensional
wave fields in layered anelastic media versus those in layered elastic media. These
differences and the characteristics of the wave fields will be fully explored in
subsequent sections and chapters.
For γ ≠ π/2 (3.1.13) and (3.1.14) when solved simultaneously yield

~P
�� �� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
Re½k 2� þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðRe½k 2�Þ2 þ ðIm½k 2�Þ2

cos2 γ

s0
@

1
A

vuuut (3:1:20)

and

j~Aj ¼ � 1

2

Im½k 2�
~P
�� �� cos γ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
�Re½k 2� þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðRe½k 2�Þ2 þ ðIm½k 2�Þ2

cos2 γ

s0
@

1
A

vuuut : (3:1:21)

Equations (3.1.20) and (3.1.21) show that for a specified angle γ ≠ π/2, the
magnitudes of the propagation and attenuation vectors are uniquely determined in
terms of the complex wave number k. Equations (3.1.5) through (3.1.8) show that
the complex wave number is uniquely determined in terms of the parameters of the
material. These results indicate that, once the angle between the propagation and
attenuation vectors is specified for an inhomogeneous wave in anelastic media, the
velocity (3.1.15) and maximum attenuation (3.1.16) of the wave are uniquely
determined in terms of the wave number k and in turn the parameters of the material.
This is not true, however, for elastic media or non-dissipative media.
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For an inhomogeneous wave in elastic media with γ= π/2, (3.1.13) and (3.1.14)
imply that a unique solution does not exist for the propagation and attenuation vectors.
In other words, for elastic media with the only type of permissible inhomogeneous
solution being γ= π/2, the solution for the attenuation and propagation vectors is not
unique in terms of the parameters of the material. For those familiar with elastic
reflection–refraction problems, examples of this non-uniqueness for elastic media are
the solutions for inhomogeneous P waves generated by SVwaves incident on a plane
boundary at angles beyond critical. The speed of the reflected solutions is the apparent
phase speed along the boundary of the incident wave field, and hence must vary with
the angle of incidence and is not uniquely determined once γ= π/2 is specified.
For a homogeneous wave with γ= 0, the magnitude of the phase velocity

expressed in terms of the real part of the wave number, which in turn can be
expressed in terms of the parameters of the material, is given by

~vHj j ¼ ω
kR

(3:1:22)

and the magnitude of the attenuation vector by

j~AHj ¼ �kI: (3:1:23)

Equations (3.1.13), (3.1.14), (3.1.20), and (3.1.21) imply that for all γ the magnitude
of the phase velocity for an inhomogeneous wave, denoted here by ~viHj j, is less than
that for a corresponding homogeneous wave in the same medium, that is,

~viHj j5~vHj j: (3:1:24)

Similarly, the maximum attenuation for an inhomogeneous wave, denoted by
j~AiHj, can be shown to be greater than that for a corresponding homogeneous wave
in the same material, that is,

j~AHj5j~AiHj: (3:1:25)

3.2 Particle Motion for P Waves

The solution of the equation of motion corresponding to the Helmholtz equation,
(3.1.3) or (3.1.11), and in turn the equation of motion (2.3.17) for a general
(homogeneous or inhomogeneous) P wave, is given by

f ¼ G0 exp �~AP .~r
h i

exp i ωt� ~PP .~r
� �h i

(3:2:1)

with

Δ�~ψ ¼ 0; (3:2:2)
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where ~PP and ~AP are given by (3.1.20) and (3.1.21) with k= kP. Introduction of a
complex wave vector, ~KP, defined in terms of the propagation and attenuation
vectors as

~KP � ~PP � i~AP (3:2:3)

permits the solution for a general P wave to be written in a slightly more compact
form as

f ¼ G0 exp½iðωt� ~KP .~r Þ�; (3:2:4)

where the condition for propagation, namely (3.1.13) and (3.1.14) rewritten in terms
of ~KP; is

~KP . ~KP ¼ ~PP . ~PP � ~AP . ~AP

� �
� i 2~PP . ~AP ¼ k2P¼

ω
α

� �2
¼ ω 2ρ

Kþ 4
3
M

: (3:2:5)

The complex displacement field for the P wave solution (3.2.1) is, from (3.1.1)
and identity (11.2.6), given by

~u ¼ Δ

f ¼ �ið~PP � i~APÞf ¼ �i~KP f; (3:2:6)

from which it follows that the complex velocity field for a P wave is given by

_~u ¼ ωð~PP � i~APÞf ¼ ω~KP f: (3:2:7)

The complex volumetric strain, Δ ¼ θ ¼ Δ

. ~u associated with the displacement
field~u may be written in terms of the complex scalar potential f for P waves using
(11.2.7) as

Δ ¼ Δ2f ¼ �~KP . ~KP f ¼ �k 2
P f (3:2:8)

or in terms of the complex displacement field as

Δ ¼ �ið~PP � i~APÞ . ~u ¼ �i~KP . ~u: (3:2:9)

The actual particle motion for a wave field is specified by the real part of the
displacement field. The real part of the displacement field for a P wave is

~uR ¼ Re½ Δ

f� ¼ exp½�~AP .~r �Re½�ð~AP þ i~PPÞG0 exp½iðωt� ~PP .~r Þ��: (3:2:10)

Simplification of (3.2.10) allows the physical displacement field describing the
particle motion for a general P wave (Borcherdt, 1973a) to be written as

~uR ¼ G0j j kPj j exp½�~AP .~r � ~�1P cos ζ PðtÞ þ~�2P sin ζPðtÞ
� �

(3:2:11)
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where

~�1P � kPR
~PP � kPI

~AP

kPj j2 ; (3:2:12)

~�2P � kPI
~PP þ kPR

~AP

kPj j2 ; (3:2:13)

and

ζPðtÞ � ωt� ~PP .~rþ arg½G0kP� � π=2: (3:2:14)

The identities required for propagation, namely (3.1.13) and (3.1.14), imply that

~�1P . ~�2P ¼ 0 (3:2:15)

and

~�1P . ~�1P �~�2P . ~�2P ¼ 1: (3:2:16)

Equations (3.2.11) through (3.2.16) indicate that the particle motion for a general P
wave is elliptical. To see this result more clearly, consider the transformation defined by

u 0
1 �

~uR . ~�1P

Cj~�1Pj
(3:2:17)

and

u 0
2 �

~uR . ~�2P

C j~�2Pj
; (3:2:18)

where

C � kPj j G0j j exp �~AP .~r
h i

: (3:2:19)

Substitution of (3.2.11) for ~uR into (3.2.17) and (3.2.18) for the transformation
shows that

cos ζPðtÞ ¼
u 0
1

j~�1Pj
(3:2:20)

and

sin ζ PðtÞ ¼
u 0
2

j~�2Pj
: (3:2:21)

Substitution of these expressions into the trigonometric identity

sin2 ζ PðtÞ þ cos2 ζ PðtÞ ¼ 1 (3:2:22)
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yields the desired equation of an ellipse, namely

u 0 2
1

j~�1Pj2
þ u 0 2

2

j~�2Pj2
¼ 1; (3:2:23)

with major axis j~�1Pj, minor axis j~�2Pj, and eccentricity e ¼ 1=j~�1Pj. The direction of
motion is from ~PP to ~AP with the angle between the major axis of the ellipse and the
direction of propagation given by

cos ηP ¼
~�1P . ~PP

j~�1Pj ~PP

�� �� ¼ kPR

kPj j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ kPI

2

~PP

�� ��2
vuut : (3:2:24)

For a homogeneous P wave,

~PPH

�� �� ¼ kPR
(3:2:25)

and

j~APHj ¼ �kPI
(3:2:26)

so (3.2.13) implies ~�2P ¼ 0 and (3.2.24) implies ηP= 0; hence the elliptical motion
for an inhomogeneous P wave degenerates to linear motion parallel to the direction
of propagation for a homogeneous wave.
The parameters describing the elliptical particle motion for a general P wave are

illustrated in Figure (3.2.27).

3.3 Particle Motion For Elliptical and Linear S Waves

The solution of the equation of motion corresponding to the Helmholtz equation,
(3.1.3) or (3.1.12), and in turn the equation of motion (2.3.17) for a general
(homogeneous or inhomogeneous) S wave, is given by

uR
→

u ′

γP

ηP

→
ξ2P

→
ξ1P

1

u ′2

PP

→

kP

AP
→

kP

Figure (3.2.27). Diagram illustrating the parameters describing the elliptical
particle motion orbit of a P wave in HILV media. If the wave is homogeneous,
then the elliptical particle motion degenerates to linear motion parallel to the
direction of phase propagation.
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~ψ ¼ ~G0 exp �~AS .~r
h i

exp i ωt� ~PS .~r
� �h i

(3:3:1)

with

Δ

f ¼ 0 (3:3:2)

and

Δ

. ~ψ ¼ 0; (3:3:3)

where ~PS and ~AS are given by (3.1.20) and (3.1.21) with k= kS. The most general
form of the solution for an S wave is given by (3.3.1) with ~G0 being a complex
vector of the form

~G0 ¼ z1x̂1 þ z2x̂2 þ z3x̂3; (3:3:4)

where z1, z2, and z3 are arbitrary, but fixed, complex numbers and x̂1, x̂2, and x̂3 are
orthogonal real unit vectors for a Cartesian coordinate system. The form of the
complex vector ~G0 and its relation to the plane defined by the directions of
propagation and maximum attenuation determines the type and corresponding
characteristics of the S wave solution as initially shown by Borcherdt (1973a, 1977).
Introduction of a complex wave vector, ~KS, defined in terms of the propagation

and attenuation vectors as

~KS � ~PS � i~AS (3:3:5)

permits the solution for a general S wave to be written in a slightly more compact
form as

~ψ ¼ ~G0 exp i ωt� ~KS .~r
� �h i

; (3:3:6)

where the condition for propagation, namely (3.1.13) and (3.1.14) rewritten in terms
of ~KS, is

~KS . ~KS ¼ ~PS . ~PS � ~AS . ~AS

� �
� i 2~PS . ~AS ¼ k 2

S ¼ ω
β

� �
2

¼ ω 2ρ
M

: (3:3:7)

Condition (3.3.3) and identity (11.2.9) imply

Δ

. ~ψ ¼ �i ~PS � i~AS

� �
. ~G0 ¼ �i~KS . ~G0 ¼ 0: (3:3:8)

The complex displacement field for the S wave solution (3.3.1) is, from (3.1.1) and
(11.3.10), given by

~u ¼ Δ�~ψ ¼ �i ~PS � i~AS

� �
�~ψ ¼ �i~KS �~ψ (3:3:9)
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and the complex velocity field by

_~u ¼ ω ~PS � i~AS

� �
�~ψ ¼ ω~KS �~ψ: (3:3:10)

Introduction of a complex vector displacement coefficient ~D, defined as

~D � �i~KS � ~G0; (3:3:11)

allows the complex displacement field to be written conveniently as

~u ¼ ~D exp i ωt� ~KS .~r
� �h i

: (3:3:12)

The vector identity for a quadruple vector product, (11.2.4), implies that

~D . ~D ¼ � ~KS � ~G0

� �
. ~KS � ~G0

� �
¼ �~KS

2 ~G0
2 þ ~KS . ~G0

� �2
; (3:3:13)

hence conditions (3.3.8) and (3.3.7) show that the dot product of the vector
displacement coefficient with itself, i.e. ~D . ~D, is related to the corresponding dot
product of the vector displacement potential coefficient for S waves by

~D . ~D ¼ �~K 2
S
~G0 . ~G0 ¼ �kS

2 ~G0 . ~G0: (3:3:14)

Substitution of (3.3.12) into (2.3.17) shows that the equation of motion for a
general S wave reduces to

Δ2~u ¼ ρ
M

€~u; (3:3:15)

with solutions of the form (3.3.12), where

Δ

. ~u ¼ 0 and the corresponding
Helmholtz equation is

Δ2~Uþ kS
2 ~U ¼ 0: (3:3:16)

3.3.1 Type-I or Elliptical S (SI) Wave

If the complex vector ~G0 in the general solution (3.3.1) for the displacement
potential for an S wave is a simple vector multiplied by an arbitrary, but fixed
complex number, that is, if

~G0 ¼ zn̂; (3:3:17)

then the corresponding S wave is defined as a Type-I S wave (Borcherdt, 1973a).
For brevity, this type of S wave often will be referred to as an SI wave. It sometimes
will be called an Elliptical S wave, because it will be shown that the particle motion
for an inhomogeneous SI wave is elliptical as opposed to linear for an inhomoge-
neous Type-II S wave, to be defined in the next section.
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For S wave solutions of the form (3.3.17), the equivoluminal property of the wave
as specified by (3.3.8) implies that

~PS . n̂ ¼ 0 (3:3:18)

and

~AS . n̂ ¼ 0: (3:3:19)

For an inhomogeneous SI wave solution in elastic or anelastic media
(3.1.17) and (3.1.18) imply ~AS 6¼ 0 and ~PS 6¼ 0, so the equivoluminal prop-
erty of the solution implies that n̂ must be perpendicular to the plane defined
by ~PS and ~AS, in order that (3.3.1) represent a solution of the equation of
motion.
For solutions with complex vector amplitude of the form (3.3.17), the complex

vector displacement (3.3.11) may be written as

~DSI ¼ �i~KS � ~G0 ¼ �iz ~PS � n̂� i~AS � n̂
� �

; (3:3:20)

where ~DSI . ~DSI is given from (3.3.14) by

~DSI . ~DSI ¼ �kS
2 ~G0 . ~G0 ¼ �kS

2 z2: (3:3:21)

The particle motion for a Type-I S wave is specified by the real part of the
displacement field, namely

~uR ¼ Re

Δ�~ψ½ �
¼ exp �~AS .~r

h i
Re �i ~PS � i~AS

� �
� ~G0 exp i ωt� ~PS .~r

� �h ih i
:

(3:3:22)

Simplification of (3.3.22) allows the physical displacement field for a Type-I S wave
(Borcherdt, 1973a) to be written as

~uR ¼ j~G0j kSj j exp �~AS .~r
h i

ð�1Þ ~�1SI cos ζ SIðtÞ þ~�2SI sin ζ SIðtÞ
� �

; (3:3:23)

where

~�1SI � kSR
~PS � kSI

~AS

kSj j2 � n̂; (3:3:24)

~�2SI �
kSI

~PS þ kSR
~AS

kSj j2 � n̂; (3:3:25)

with n̂ ¼ ~PS � ~AS

� �.
~PS � ~AS

��� ��� and
ζ SIðtÞ � ωt� ~PS .~rþ arg½ð~G0 . n̂ÞkS� þ π 2= : (3:3:26)
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The identities required for propagation, namely (3.1.13) and (3.1.14), imply that

~�1SI . ~�2SI ¼ 0 (3:3:27)

and

~�1SI . ~�1SI �~�2SI . ~�2SI ¼ 1: (3:3:28)

Analogous to the derivation for a P wave, equations (3.3.23) through (3.3.28)
indicate that the particle motion for a general inhomogeneous Type-I S wave is
elliptical in the plane of the propagation and attenuation vectors, ~PS and ~AS. The
plane of the elliptical particle motion is perpendicular to ~G0 ¼ zn̂. The major axis of
the particle motion ellipse is j~�1SIj. Its minor axis is j~�2SIj and its eccentricity is
e ¼ 1=j~�1SIj. The direction of motion is from ~PS to ~AS with the angle between the
major axis of the ellipse and the direction of propagation given by

cos ηSI ¼
~PS � n̂
� �

. ~�1SI

~PS � n̂
�� ����~�1SI�� ¼ kSR

kSj j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2SI

~PS

�� ��2
vuut : (3:3:29)

The parameters describing the elliptical particle motion of a general Type-I S wave
are illustrated in Figure (3.3.30).

For a homogeneous Type-I S wave,

~PSH

�� �� ¼ kSR (3:3:31)

AS
→

PS

→

uR
→

u ′

γ
SI

→
ξ1SI

→
ξ2SI

η
SI

1

u ′2n̂

ˆPS × n
→

kS

Figure (3.3.30). Diagram illustrating the parameters describing the elliptical
particle motion orbit of a Type-I S (SI) wave in HILV media. If the wave is
homogeneous, then the elliptical particle motion degenerates to linear motion
perpendicular to the direction of phase propagation.
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and

j~ASHj ¼ �kSI ; (3:3:32)

so (3.3.25) implies~�2SI ¼ 0 and (3.3.29) implies ηSI = 0. Hence, the elliptical motion
for an inhomogeneous Type-I S wave degenerates to linear motion in the plane of ~PS

and ~AS perpendicular to the direction of propagation if the wave is homogeneous.

3.3.2 Type-II or Linear S (SII) Wave

If the complex vector ~G0 in the general solution (3.3.1) for an S wave is not a simple
vector, ~G0 ¼ zn̂, but a more general complex vector, which upon introduction of a
rectangular Cartesian coordinate system may be written as

~G0 ¼ z1x̂1 þ z2x̂2 þ z3x̂3; (3:3:33)

where z1, z2, and z3 are arbitrary, but fixed, complex numbers and x̂1, x̂2, and x̂3 are
orthogonal real unit vectors for a Cartesian coordinate system, then a special case of
interest is that for which z2 = 0 and the propagation and attenuation vectors are in the
x1x3 plane. This type of S wave is defined as a Type-II S wave (Borcherdt, 1977).
For brevity, it shall be referred to as an SII wave and sometimes called a Linear S
wave, because the particle motion for both inhomogeneous and homogeneous Type-
II S waves will be shown to be linear.
For expression (3.3.1) to represent a solution of the equation of motion with

~G0 ¼ z1x̂1 þ z3x̂3; (3:3:34)

condition (3.3.8) implies that the complex constants z1 and z3 for the wave must be
chosen in relation to the directions of propagation such that

~KS . ~G0 ¼ 0: (3:3:35)

For S wave solutions of the form (3.3.34), the definition of the cross product of
two vectors implies that the complex displacement coefficient, ~D, for a Type-II S
wave is given from (3.3.11) by

~DSII ¼ DSIIx̂2 ¼ i~KS . z3x̂1 � z1x̂3ð Þx̂2: (3:3:36)

Expression (3.3.36) implies that the complex displacement field is given by

~u ¼ i ~KS

� �
. z3x̂1 � z1x̂3ð Þ exp i ωt� ~KS .~r

� �h i
x̂2 (3:3:37)

and the corresponding physical displacement field by

~uR ¼ ~DSII

�� �� exp �~AS .~r
h i

cos ωt� ~PS .~rþ arg½DSII�
h i

x̂2: (3:3:38)
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Equation (3.3.38) shows that the particle motion for a Type-II S wave is not
elliptical as it is for a Type-I S wave, but that it is linear perpendicular to the directions
of propagation and attenuation. The particle motion for a Type-II S wave is linear
parallel to the x2 axis for both homogeneous and inhomogeneous waves. Parameters
for the particle motion of a Type-II S wave are illustrated in Figure (3.3.39). This
important difference in the nature of the particle motions for the two types of S waves,
which may propagate independently in a HILV medium, has significant implications
for interpretation and measurement of S waves in a HILV medium.

3.4 Energy Characteristics of P, SI, and SII Waves

Energy characteristics of a viscoelastic radiation field are expressed in terms of the
corresponding physical displacement field by the scalar equations (2.5.4) through
(2.5.7) or by the vector equations (2.5.8) through (2.5.11). Substitution of the
expressions for the physical displacement fields for P, SI, and SII waves into these
expressions provides explicit expressions for the energy characteristics of each
wave type in terms of the wave’s basic parameters, namely amplitude, propagation
vector, attenuation vector, frequency, and the material parameters These energy
expressions for each wave type are derived in subsequent sections (Borcherdt,
1973a, 1977; Borcherdt and Wennerberg, 1985).

3.4.1 Mean Energy Flux (Mean Intensity)

The energy flux or intensity for a steady-state wave field is specified in terms of the
physical displacement field for the wave by (2.5.7) or (2.5.11). Substitution of

AS

PS

uR

γ
SII

x1

x3

x2

→

→

→

Figure (3.3.39). Diagram illustrating the parameters describing the linear particle
motion orbit of a Type-II S wave in HILV media. The particle motion is linear for
both homogeneous and inhomogeneous Type-II S waves in contrast to elliptical
particle motion for inhomogeneous Type-I S waves.
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expressions (3.2.11) and (3.3.22) for the physical displacement fields for P and
Type-I S waves, respectively, into (2.5.7) or (2.5.11) yields after some algebra
the following expressions for the energy flux time averaged over one cycle for a P
wave as

~I P

D E
¼ j~G0j2 exp �2~AP .~r

h iω
2

ρω2~PP þ 4 ~PP � ~AP

� �
� MI

~PP �MR
~AP

� �� �
(3:4:1)

and for a Type-I S wave as

~I SI

D E
¼ j~G0j2 exp �2~AS .~r

h iω
2

ρω2~PS þ 4 ~PS � ~AS

� �
� MI

~PS �MR
~AS

� �� �
;

(3:4:2)

where the time average of a function f (t) over one cycle of period T ¼ 2π ω= is
denoted by “h i” and defined by

f tð Þh i � 1

T

ðT
0

f tð Þ dt: (3:4:3)

Equations (3.4.1) and (3.4.2) express the time-averaged energy flux for P and
Type-I S waves in terms of the propagation and attenuation vectors for the
respective waves. The expressions for P and Type-I S waves are of the same
form with the expression for one wave derivable from that for the other by
substitution of the correct propagation and attenuation vector and the appropriate
interpretation of ~G0.
Similarly, substitution of expression (3.3.38) for the physical displacement field

of a Type-II S wave into (2.5.7) or (2.5.11) yields the expression for the mean energy
flux of a Type-II S wave, namely

~I SII

D E
¼

~DSII

�� ��2
hS

exp �2~AS .~r
h iω

2
ρω2~PS þ 2 ~PS � ~AS

� �
� MI

~PS �MR
~AS

� �� �
;

(3:4:4)

where

hS � ��~PS

��2 þ ��~AS

��2: (3:4:5)

This expression for a Type-II S wave may be rewritten as

~I SII

D E
¼ ~DSII

�� ��2 exp �2~AS .~r
h iω

2
MR

~PS þMI
~AS

� �
: (3:4:6)

Comparison of equations (3.4.2) and (3.4.4) shows that the mean energy flux for
an inhomogeneous Type-I S wave is not equal to that of a corresponding
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inhomogeneous Type-II S wave. For inhomogeneous waves, examination of the
expressions for the mean energy flux shows that the direction of maximum energy
flow does not coincide with the direction of phase propagation or the direction of
maximum attenuation, but instead is at some intermediate direction between those
of phase propagation and maximum attenuation for each wave type.
For homogeneous waves, ~P� ~A ¼ 0, so the expressions for the mean energy

flux simplify for
a P wave,

~IHP

D E
¼ G0j j2 exp �2~AP .~r

h iω
2

ρω2~PP

� �
; (3:4:7)

an SI wave,

~IHSI

D E
¼ j~G0j2 exp �2~AS .~r

h iω
2

ρω2~PS

� �
; (3:4:8)

and an SII wave,

~IHSII

D E
¼

~DSII

�� ��2
hS

exp �2~AS .~r
h iω

2
ρω2~PS

� �
: (3:4:9)

For homogeneous waves equations (3.4.7) through (3.4.9) show that the direction
of mean energy flux coincides with the direction of phase propagation.
For homogeneous S waves

hHS ¼ ~PS

�� ��2þ j~ASj2 ¼ kSR
2 þ kSI

2 ¼ kSj j2: (3:4:10)

Hence, (3.3.14) implies for homogeneous SII waves that

~DSII

�� ��2
hHS

¼ j~G0j2 (3:4:11)

showing that the mean energy flux of a homogeneous Type-II S wave equals that of
a corresponding homogeneous Type-I S wave as expected. The equations for the
mean energy flux in terms of the propagation and attenuation vectors for each of the
respective homogeneous wave types are of the same form.
The simple linear particle motion of an SII wave allows some simple expressions

for the energy characteristics of the wave to be readily derived. The steady-state
displacement field for a Type-II S wave as specified by (3.3.38) may be expressed
simply as

~uR ¼ uR x̂2; (3:4:12)
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where
@uR
@x2

¼ uR;2 ¼ 0: (3:4:13)

The general expressions, which describe the energy characteristics of steady-state
viscoelastic radiation fields (2.5.4) through (2.5.7), simplify for a Type-II S wave as
specified by (3.4.12) to

K SII ¼ 1

2
ρ _u 2

R; (3:4:14)

P SII ¼ 1

2
MR u 2

R;1 þ u 2
R;3

� �
; (3:4:15)

D SII ¼ 1

ω
MI _u 2

R;1 þ _u 2
R;3

� �
; (3:4:16)

and

I SII ¼ � _uR MR uR;1 x̂1 þ uR;3 x̂3

� 	þ 1

ω
MI _uR;1 x̂1 þ _uR;3 x̂3

� 	� �
: (3:4:17)

Components of the physical stress tensor for a displacement field of the form
(3.4.12) are given from (2.3.5) and (2.3.12) by

pR 12 ¼ MR uR;1 þ 1

ω
MI _uR;1 (3:4:18)

and

pR 32 ¼ MR uR;3 þ 1

ω
MI _uR;3; (3:4:19)

where the physical stress tensor is given by the real part denoted by pRij.
Hence, the mean energy flux for a Type-II S wave may be written in terms of the

velocity field and the components of the stress tensor as

I SIIh i ¼ � _uR pR12h ix̂1 þ _uR pR32h ix̂3ð Þ: (3:4:20)

Substitution of the physical displacement field as specified by (3.3.38) into (3.4.18)
and (3.4.19) implies that the components of the physical stress tensor may be written
in terms of the parameters of an SII wave as

pR 12 ¼ DSIIj j exp �~AS .~r
h i

G~PS . x̂1 þH~AS . x̂1

� �
(3:4:21)

and

pR 32 ¼ DSIIj j exp �~AS .~r
h i

G~PS . x̂3 þH~AS . x̂3

� �
; (3:4:22)
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where

G � MR sinΩþMI cosΩ; (3:4:23)

H � �MR cosΩþMI sinΩ; (3:4:24)

and

Ω � ωt� ~PS .~rþ arg DSII½ �: (3:4:25)

Substitution of (3.4.21) through (3.4.25) and (3.3.38) into (3.4.20) and taking time
averages over a cycle yields (3.4.6). This independent derivation of the expression
for the mean energy flux of a SII wave provides explicit expressions for the
components of the physical stress tensor for a SII wave. These equations will be
useful in later derivations concerning the nature of energy flow at viscoelastic
boundaries.

3.4.2 Mean Energy Densities

The kinetic and potential energy densities per unit time for a steady-state visco-
elastic radiation field are given by (2.5.4) and (2.5.5) or by (2.5.8) and (2.5.9).
Substitution of expressions (3.2.11), (3.3.22), and (3.3.38) for the physical displace-
ment fields for P, Type-I S, and Type-II S waves, respectively yields after some
algebra the expression for the kinetic energy density time averaged over one cycle
for a
P wave,

hK Pi ¼ G0j j2 exp �2~AP .~r
h i ρω2

4

 ��~PP

��2 þ ��~AP

��2! !
; (3:4:26)

SI wave,

hK SIi ¼ j~G0j2 exp½�2~AS .~r � ρω2

4

 ��~PS

��2 þ ��~AS

��2! !
; (3:4:27)

and SII wave

hK SIIi ¼
~DSII

�� ��2
hS

exp �2~AS .~r
h i ρω2

4

 ��~PS

��2 þ ��~AS

��2! !
: (3:4:28)

Similarly, substitution of the physical displacement fields for each wave into the
expressions for the potential energy density per unit time for a steady-state wave
field yields the expression for the time-averaged potential energy density for a
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P wave,

P Ph i ¼ G0j j2 exp �2~AP .~r
h i 1

4
ρω2

��~PP

��2 � ��~AP

��2� �
þ 8MR

��~PP � ~AP

��2� �
;

(3:4:29)

SI wave,

P SIh i ¼ ��~G0

��2 exp �2~AS .~r
h i 1

4
ρω2

��~PS

��2 � ��~AS

��2� �
þ 8MR

��~PS � ~AS

��2� �
;

(3:4:30)

and SII wave,

P SIIh i ¼
��~DSII

��2
hS

exp �2~AS .~r
h i 1

4
ρω2 ~PS

�� ��2 � ��~AS

��2� �
þ 4MR

��~PS � ~AS

��2� �
:

(3:4:31)

For inhomogeneous waves in elastic and anelastic media and homogeneous
waves in anelastic media,

��~A�� 6¼ 0, so comparison of expressions (3.4.26) through
(3.4.28) with corresponding expressions (3.4.29) through (3.4.31) shows that for
such waves themean kinetic energy density is not equal to themean potential energy
density. For homogeneous waves in elastic media, however,

��~A�� ¼ 0, so the above
expressions do imply the familiar result that for elastic homogeneous waves the
mean kinetic energy density equals the mean potential energy density.
Expressions (3.4.30) and (3.4.31) show that the mean potential energy density for

an inhomogeneous Type-I S wave is not equal to that of a corresponding Type-II S
wave.
For homogeneous waves ~P� ~A ¼ 0, so these expressions for each wave type

simplify to

PHPh i ¼ G0j j2 exp �2~AP .~r
h i 1

4
ρω2

��~PP

��2 � ��~AP

��2� �� �
; (3:4:32)

PHSIh i ¼ ��~G0

��2 exp �2~AS .~r
h i 1

4
ρω2

��~PS

��2 � ��~AS

��2� �� �
; (3:4:33)

and

PHSIIh i ¼ ��~G0

��2 exp �2~AS .~r
h i 1

4
ρω2

��~PS

��2 � ��~AS

��2� �� �
; (3:4:34)

where (3.4.34) follows from (3.4.10) and (3.4.11). Expressions (3.4.33) and (3.4.34)
show that the mean potential energy density for a homogeneous Type-I S wave is
equal to that of a corresponding homogeneous Type-II S wave.
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The mean total energy density for a wave field, denoted by Eh i, is defined as the
sum of the mean kinetic and potential energy densities, that is,

Eh i � Kh i þ Ph i: (3:4:35)

Substitution of the corresponding expressions for the mean kinetic and potential
energy densities for each wave type into (3.4.35) yields for a
P wave,

E Ph i ¼ jG0j2 exp �2~AP .~r
h i 1

2
ρω2
��~PP��2 þ 4MR

��~PP � ~AP

��2� �
; (3:4:36)

SI wave,

E SIh i ¼ ��~G0

��2 exp �2~AS .~r
h i 1

2
ρω2

��~PS��2 þ 4MR

��~PS � ~AS

��2� �
; (3:4:37)

and SII wave

E SIIh i ¼
~DSII

�� ��2
hS

exp �2~AS .~r
h i 1

2
ρω2
��~PS��2 þ 2MR

��~PS � ~AS

��2� �
: (3:4:38)

Comparison of the equations for the mean energy flux (3.4.1) through (3.4.4) with
those for the mean total energy density (3.4.36) through (3.4.38) shows that for each
wave type

Eh i ¼
~P . ~I
D E
ω

: (3:4:39)

Hence, the total energy density for each wave type depends on the component of the
mean energy flux in the direction of phase propagation.
The corresponding expressions for homogeneous waves with ~P� ~A ¼ 0 are

for a
P wave,

EHPh i ¼ G0j j2 exp �2~AP .~r
h i 1

2
ρω2 ~PP

�� ��2� �
; (3:4:40)

SI wave,

EHSIh i ¼ ��~G0

��2 exp �2~AS .~r
h i 1

2
ρω2 ~PS

�� ��2� �
; (3:4:41)

and SII wave,

EHSIIh i ¼ ��~G0

��2 exp �2~AS .~r
h i 1

2
ρω2 ~PS

�� ��2� �
: (3:4:42)

52 Viscoelastic P, SI, and SII Waves



The expressions for the total energy density for homogeneous waves are of the
same form for each wave type. They show that the total energy density of a
homogeneous Type-I S wave is equal to that of a homogeneous Type-II S wave.

3.4.3 Energy Velocity

Energy velocity, denoted by ~vE, for a viscoelastic radiation field is defined as the
ratio of the mean energy flux to the mean total energy density, that is,

~vE �
~I
D E
Eh i : (3:4:43)

Substitution of the corresponding expressions for the mean energy flux (3.4.1)
through (3.4.4) and mean total energy density (3.4.36) through (3.4.38) yields the
energy velocity for a
P wave,

~vEP ¼
ω ρω2~PP þ 4 ~PP � ~AP

� �
� MI

~PP �MR
~AP

� �� �
ρω2 ~PP

�� ��2þ 4MR

��~PP � ~AP

��2� � ; (3:4:44)

SI wave,

~vESI ¼
ω ρω2~PS þ 4 ~PS � ~AS

� �
� MI

~PS �MR
~AS

� �� �
ρω2 ~PS

�� ��2 þ 4MR

��~PS � ~AS

��2� � ; (3:4:45)

and SII wave,

~vESII ¼
ω ρω2~PS þ 2 ~PS � ~AS

� �
� MI

~PS �MR
~AS

� �� �
ρω2

��~PS

��2 þ 2MR

��~PS � ~AS

��2� � : (3:4:46)

Comparison of these expressions for the energy velocity with the corresponding
expressions for phase velocity indicated by (3.1.15) shows that the energy velocity
is not equal to the phase velocity in either direction or amplitude for inhomogeneous
anelastic waves. In addition, equations (3.4.45) and (3.4.46) show that the energy
velocity for an inhomogeneous anelastic Type-I S wave is not equal to that of a
corresponding Type-II S wave.
For homogeneous waves, ~P � ~A ¼ 0 and the expression for energy velocity for

each wave type reduces to
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~vEP ¼ ω~PP

~PP

�� ��2 ¼~vP; (3:4:47)

~vESI ¼ ω~PS

~PS
�� ��2 ¼~vS; (3:4:48)

and

~vESII ¼ ω~PS

~PS
�� ��2 ¼~vS; (3:4:49)

showing that for each type of homogeneous wave the energy velocity equals the
phase velocity.

3.4.4 Mean Rate of Energy Dissipation

The rate of energy dissipation for a harmonic radiation field is given by (2.5.6) or
(2.5.10). Substitution of the expression for the physical displacement field for each
wave type into these expressions and taking time averages yields the following
expressions for the time-averaged rate of energy dissipation for a

P wave,

DPh i ¼ ��G0

��2 exp �2~AP .~r
h i

ω ρω2~PP . ~AP þ 4MI

��~PP � ~AP

��2� �
; (3:4:50)

SI wave,

D SIh i ¼ ��~G0

��2 exp �2~AS .~r
h i

ω ρω2~PS . ~AS þ 4MI

��~PS � ~AS

��2� �
; (3:4:51)

and SII wave,

D SIIh i ¼
~DSII

�� ��2
hS

exp �2~AS .~r
h i

ω ρω2~PS . ~AS þ 2MI

��~PS � ~AS

��2� �
: (3:4:52)

Comparison of the equations for the mean energy flux (3.4.1) through (3.4.4)
with those for the mean rate of energy dissipation (3.4.50) through (3.4.52) shows
that for each wave type

Dh i ¼ � Δ

. h~I i ¼ 2~A . h~I i: (3:4:53)

Hence, the mean rate of energy dissipation for each wave type depends on the
component of the mean intensity in the direction of maximum attenuation.
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Equations (3.4.51) and (3.4.52) show that the mean rate of energy dissipation of
inhomogeneous Type-I S waves in anelastic media is not equal to that of a corre-
sponding Type-II S wave.
For homogeneous waves with ~P� ~A ¼ 0 the expressions simplify to

DHPh i ¼ G0j j2 exp �2~AP .~r
h i

ρω3 ~PP

�� ����~AP

��; (3:4:54)

DHSIh i ¼ ��~G0

��2 exp �2~AS .~r
h i

ρω3 ~PS

�� ����~AS

��; (3:4:55)

and

DHSIIh i ¼ ��~G0

��2 exp �2~AS .~r
h i

ρω3 ~PS

�� ����~AS

��: (3:4:56)

Equations (3.4.55) and (3.4.56) show that the mean rates of energy dissipation for
the two types of S wave are equal if the waves are homogeneous.

3.4.5 Reciprocal Quality Factor, Q−1

Adimensionless parameter useful for describing energy loss is the reciprocal quality
factor denoted byQ−1. It is defined here as the ratio of the loss in energy density per
cycle of forced oscillation to the peak energy density stored during the cycle with the
ratio normalized by 2π. Substitution of the expression for the physical displacement
field for each wave type into (2.5.6) or (2.5.10) shows that the energy loss per cycle
of forced oscillation for each wave type is

ΔE P

cycle
¼ 4π~AP .



~I P

�
ω

; (3:4:57)

ΔE SI

cycle
¼ 4π~AS .



~I SI

�
ω

; (3:4:58)

and

ΔE SII

cycle
¼ 4π~AS .



~I SII

�
ω

: (3:4:59)

The peak energy density stored during a cycle is given by the maximum of the
potential energy density during the cycle. Substitution of the physical displacement
field for each wave type into (2.5.5) or (2.5.9) yields the following expressions for
the peak energy density stored during a cycle for each wave type:
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max P P½ � ¼ 1

2
G0j j2 exp �2~AP .~r

h i
gP; (3:4:60)

max P SI½ � ¼ 1

2
~G0

��� ���2 exp �2~AS .~r
h i

gSI; (3:4:61)

and

max P SII½ � ¼
~DSII

�� ��2
4hS

exp �2~AS .~r
h i

gSII þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gSII ρω2 ~PS

�� ��2 � ��~AS

��2� �r� �
;

(3:4:62)

where

gP � ρω2
��~PP

��2 � APj j2 þ 4MR

��~PP � ~AP

��2� �
; (3:4:63)

gSI � ρω2
��~PS

��2 � ASj j2 þ 4MR

��~PS � ~AS

��2� �
; (3:4:64)

and

gSII � ρω2
��~PS

��2 � ASj j2þ 2MR

��~PS � ~AS

��2� �
: (3:4:65)

Using the definition for the reciprocal quality factor, namely

Q�1 � 1

2π
ΔE cycle=

max P½ � ; (3:4:66)

the corresponding expressions for the reciprocal quality factor for each wave type
are

Q�1
P ¼ 1

gP
ρω22~PP . ~AP þ 8MI

��~PP � ~AP

��2� �
; (3:4:67)

Q�1
SI ¼ 1

gSI
ρω22~PS . ~AS þ 8MI

��~PS � ~AS

��2� �
; (3:4:68)

and

Q�1
SII ¼

4 ρω2~PS . ~AS þ 2MI

��~PS � ~AS

��2� �
gSII þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gSII ρω2 ~PS

�� ��2 � ��~AS

��2� �r : (3:4:69)
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For inhomogeneous waves in anelastic media expressions (3.4.68) and (3.4.69)
show that the reciprocal quality factors for the two types of S waves are not equal,
that is

Q�1
SI 6¼ Q�1

SII: (3:4:70)

For homogeneous wave fields with ~P� ~A ¼ 0 the expressions for the reciprocal
quality factor reduce to

Q�1
HP ¼ 2 ~PP

�� ����~AP

��
~PP

�� ��2 � ��~AP

��2 ; (3:4:71)

Q�1
HSI ¼

2 ~PS

�� ����~AS

��
~PS

�� ��2 � ��~AS

��2 ; (3:4:72)

and

Q�1
HSII ¼

2 ~PS

�� ����~AS

��
~PS

�� ��2 � ��~AS

��2 : (3:4:73)

Equations (3.4.72) and (3.4.73) show that the reciprocal quality factors for
homogeneous Type-I and Type-II S waves are equal and hence the subscript
distinguishing the quantities for the two types of homogeneous S waves can be
dropped. Henceforth the reciprocal quality factor for homogeneous S waves shall be
denoted by Q�1

HS.
Expressions (3.1.11) though (3.4.73) provide a through description of the physi-

cal characteristics of harmonic P, Type-I S, and Type-II S waves in a general HILV
medium in terms of their respective propagation and attenuation vectors whose
characteristics are determined by properties of the material as characterized by
complex bulk and shear moduli. These expressions will be used in subsequent
sections to consider alternative characterizations of material response in terms of
characteristics of homogeneous waves, to derive expressions for the physical
characteristics of inhomogeneous waves in terms of those for homogeneous
waves, and to derive explicit expressions for the physical characteristics of general
waves in HILV media with small amounts of intrinsic absorption.

3.5 Viscoelasticity Characterized by Parameters for Homogeneous
P and S Waves

Physical characteristics of P, SI, and SII waves as derived in previous sections are
based on characterization of the material response using complex bulk and shear
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moduli, K and M. Additional insight is provided by deriving here the expressions
showing that the phase speeds and reciprocal quality factors for homogeneous P and
S waves also can be used to characterize the response of the material (Borcherdt and
Wennerberg, 1985).
The reciprocal quality factors for homogeneous P and S waves as given

by (3.4.71) through (3.4.73) may be expressed in terms of the real and
imaginary parts of the complex moduli using (3.1.13), (3.1.14), and (3.1.5) through
(3.1.8) as

Q�1
HP ¼ �Im

�
kP
2


Re
�
kP
2
 ¼ KI þ 4

3
MI

KR þ 4
3
MR

(3:5:1)

and

Q�1
HS ¼ �Im

�
kS
2


Re
�
kS
2
 ¼ MI

MR

: (3:5:2)

The phase speed for a homogeneous P wave as specified from (3.1.15) and
(3.1.20) is

vHP ¼ ω
~PP

�� �� ¼ 2ω=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Re
�
kP
2
 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Im

�
kP
2


Re
�
kP
2


vuut
0
@

1
A

vuuut : (3:5:3)

Using the definition (3.1.5) of kP and substitution of (3.5.1) the wave speed for a
homogeneous P wave may be written as

vHP ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KR þ 4

3
MR

ρ

� �
2 1þQ�2

HPð Þ
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HP

q
vuut : (3:5:4)

Similarly, the wave speed for a homogeneous S wave may be written as

vHS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MR

ρ

� �
2 1þQ�2

HS

� 	
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HS

q
vuut : (3:5:5)

For elastic media, KI ¼ MI ¼ Q�1
HP ¼ Q�1

HS ¼ 0, the expressions for the wave
speeds reduce to the familiar expressions for the wave speeds of elastic P and S
waves, namely

vHPe �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KR þ 4

3
MR

ρ

s
(3:5:6)
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and

vHSe �
ffiffiffiffiffiffiffi
MR

ρ

s
: (3:5:7)

The complex wave number for P and S waves defined in terms of the complex
bulk and shear moduli by (3.1.5) through (3.1.8) may be written in terms of wave
speed and reciprocal quality factor for the corresponding homogeneous wave using
expressions (3.5.1) through (3.5.5) as

k2P ¼ 2ω2

v 2
HP

1� iQ�1
HP

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HP

q (3:5:8)

and

k2S ¼ 2ω2

vHS
2

1� iQ�1
HS

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HS

q : (3:5:9)

With the complex bulk and shear moduli expressed in terms of the complex wave
number for homogeneous P and S waves using (3.1.13), (3.1.14), and (3.1.5)
through (3.1.8) by

Kþ 4

3
M ¼ ρω2

kP
2

(3:5:10)

and

M ¼ ρω2

kS
2

(3:5:11)

(3.5.8) and (3.5.9) imply that specification of vHP, vHS, Q�1
HP, and Q�1

HS specify the
real and imaginary parts of the complex moduli. Hence, specification of these
parameters for homogeneous P and S waves together with density specifies the
steady-state response of a HILV medium for a given circular frequency ω.
Specification of the response of HILV media in terms of these parameters for
homogeneous P and S waves will be shown in subsequent sections to afford a
number of analytic simplifications for problems regarding wave propagation in
layered viscoelastic media.

3.6 Characteristics of Inhomogeneous Waves in Terms of Characteristics
of Homogeneous Waves

The predominant type of P, SI, and SII waves that propagate through a stack of
linear anelastic layers will be shown in later chapters to be inhomogeneous.
Hence, to better understand the nature of body waves in layered anelastic
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media, it is of interest to describe the physical characteristics of inhomogeneous
waves in more detail. This section will use the characterization of material
response in terms of the parameters for homogeneous P and S waves as just
presented to express the physical characteristics of inhomogeneous waves in terms
of those for corresponding homogeneous waves. These expressions will afford
simplifications in formulae and prove convenient for solution of subsequent
problems. They will be used to derive closed-form expressions herein for the
physical characteristics of inhomogeneous P, SI, and SII waves in media with
small amounts of intrinsic absorption (Borcherdt and Wennerberg, 1985). The
results will be shown to be of interest for wave-propagation problems in layered
low-loss anelastic Earth materials.

3.6.1 Wave Speed and Maximum Attenuation

The wave speed for a general P wave as implied by (3.1.15) may be written in terms
of the wave speed, the reciprocal quality factor for a homogeneous P wave, and the
angle between the directions of propagation and attenuation, γ, as

~vPj j ¼ vHP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HP

q Þ
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HP sec
2 γ

q :

vuuut
(3:6:1)

Similarly, the wave speed for a general Type-I or Type-II S wave may be written in
terms of the wave speed, reciprocal quality factor for a homogeneous S wave, and γ as

~vSj j ¼ vHS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HS

q Þ
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HS sec
2 γ

q
;

vuuut (3:6:2)

where (3.6.2) shows that for equivalent degrees of inhomogeneity, γ, for SI and SII
waves the wave speed of an SI wave equals that of an SII wave. Hence, with this
understanding the introduction of subscripts to distinguish the wave speeds for the
two types of S waves is not necessary. This convention simplifies the notation and is
applied to other characteristics for which equivalency of inhomogeneity implies the
characteristics for SI and SII waves are equal.
The maximum attenuation for P and both types of S waves may be written in

terms of that for corresponding homogeneous P and S waves as

��~AP

�� ¼ ��~AHP

��
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð � 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HP sec
2 γ

q
Þ

�1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HP

q
vuuut (3:6:3)
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and

��~AS

�� ¼ ��~AHS

��
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HS sec
2 γ

q� �
�1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HS

q
vuuuut ; (3:6:4)

where the corresponding maximum attenuation for homogeneous waves is given by

��~AHP

�� ¼ ω
vHP

Q�1
HP

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HP

q (3:6:5)

and

��~AHS

�� ¼ ω
vHS

Q�1
HS

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HS

q : (3:6:6)

Expressions (3.6.1) through (3.6.6) express the phase speed and maximum
attenuation of inhomogeneous anelastic P and S waves in terms of the correspond-
ing quantities for homogeneous waves. They show that as the degree of inhomo-
geneity, γ, approaches its physical limit of π=2, the phase speed decreases to zero
and the maximum attenuation becomes infinite. As the amount of absorption
becomes small, the phase speed of a P wave is given approximately by

~vPj j � vHPe

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HP sec
2 γ

q
vuut ; (3:6:7)

showing that the phase speed for an inhomogeneous wave field may differ sig-
nificantly from that of a homogeneous wave in materials with small amounts of
absorption provided that the inhomogeneity of the wave field is sufficiently close to
π 2= . A similar expression may be readily derived for S waves.

The term
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

H sec2 γ
q

which appears in the preceding equations is a function
of the amount of inhomogeneity γ and QH

�1 for the respective homogeneous wave
field. Its magnitude plays a central role in determining the magnitude of the phase
speed and maximum attenuation of P, SI and SII waves as specified by (3.6.1)
through (3.6.4). The term plays a similar role for other characteristics of the waves.
Hence, it is expedient to introduce the definitions

χP �
p
1þQ�2

HP sec
2 γ (3:6:8)

and

χS �
p
1þQ�2

HS sec
2 γ
: (3:6:9)
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Corresponding definitions for homogeneous P and S wave solutions are

χHP �
p
1þQ�2

HP
(3:6:10)

and

χHS �
p
1þQ�2

HS: (3:6:11)

The above definitions show that for each wave type χ increases as either the
inhomogeneity γ increases or the intrinsic material absorption increases. For elastic
media, χHP= χHS= 1. For media with small amounts of absorption, which are often
referred to as low-loss media, Q�1

HP and Q�1
HS are assumed to be much less than

unity, that is, Q�1
HP � 1 and Q�1

HS � 1. For such materials χHP ≈ χHS ≈ 1 for both P
and S wave solutions.
Identities for P, SI, and SII waves, involving vHP; vHS; Q

�1
HP;Q

�1
HS; χHP; and

χHS, that are useful for subsequent derivations are

kP ¼ ω
vHP

1� i
Q�1

HP

1þ χHP

� �
; kS ¼ ω

vHS

1� i
Q�1

HS

1þ χHS

� �
; (3:6:12)

Re kP½ � ¼ kPR
¼ ω

vHP

; Re kS½ � ¼ kSR ¼ ω
vHS

; (3:6:13)

Im kP½ � ¼ kPI
¼ �ω

vHP

Q�1
HP

1þ χHP

; Im kS½ � ¼ kSI ¼
�ω
vHS

Q�1
HS

1þ χHS

; (3:6:14)

kP
2 ¼ 2ω 2

v 2HP

1� iQ�1
HP

1þ χHP

; kS
2 ¼ 2ω 2

v 2HS

1� iQ�1
HS

1þ χHS

(3:6:15)

kP
2

��� ��� ¼ 2ω 2

v 2HP

χHP

1þ χHP

; kS
2

��� ��� ¼ 2ω 2

v 2HS

χHS

1þ χHS

; (3:6:16)

~PP

�� ��2 ¼ ω 2

v 2
HP

1þ χP
1þ χHP

; ~PS

�� ��2 ¼ ω 2

v 2HS

1þ χS
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; (3:6:17)
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��~AS

��2 ¼ ω 2

v 2
HS
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; (3:6:18)

~PP . ~AP ¼ ω 2

v 2HP

Q�1
HP

1þ χHP

; ~PS . ~AS ¼ ω 2

v 2HS

Q�1
HS

1þ χHS

; (3:6:19)

��~PP � ~AP

�� ¼ ω 2

v 2
HP

Q�1
HP

1þ χHP

tan γPj j; ��~PS � ~AS

�� ¼ ω 2

v 2HS

Q�1
HS

1þ χHS

tan γSj j;

(3:6:20)
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~vPj j � vP ¼ vHP

p
1þ χHP

1þ χP
; ~vSj j � vS ¼ vHS

p
1þ χHS

1þ χS
; (3:6:21)
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Q�1
HP
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�� ¼ ω
vHS

Q�1
HS

1þ χHS

; (3:6:22)

��~AP

�� ¼ ��~AHP

��p �1þ χP
�1þ χHP

¼ ��~AHP

�� vP
vHP

sec γ for Q�1
HP 6¼ 0;

��~AS

�� ¼ ��~AHS

��p �1þ χS
�1þ χHS

¼ ��~AHS

�� vS
vHS

sec γ for Q�1
HS 6¼ 0;

(3:6:23)

and

KR þ 4

3
MR ¼ ρv 2

HP

2

1þ χHP

χ 2
HP

1þ iQ�1
HP

� 	
; MR ¼ ρv 2

HS

2

1þ χHS

χ 2
HS

1þ iQ�1
HS

� 	
:

(3:6:24)

Proofs of these useful identities are left to the reader. Equations (3.6.12) through
(3.6.14) show the following additional relations useful for later reference

Re k 2
P

� 
 ¼ k 2
PR

� k 2
PI

� 0; Re k 2
S

� 
 ¼ k 2
SR

� k 2
SI

� 0; (3:6:25)

kPR
� 0; kSR � 0; (3:6:26)

and

kPI
	 0; kSI 	 0: (3:6:27)

The expressions describing the physical characteristics of P and S waves in terms
of those for homogeneous waves readily permit insight into the quantitative depen-
dence of the characteristics on inhomogeneity and the intrinsic material absorption
of the media. The phase speed and attenuation coefficient in the direction of phase
propagation,j~Aj cos γ, as normalized by the corresponding quantity for a homoge-
neous P, SI, or SII wave are plotted as a function of the degree of inhomogeneity, γ,
and various values of intrinsic material absorption as measured by QH

�1 for the
corresponding homogeneous wave in Figure (3.6.28). The curves show that the
wave speed and attenuation coefficient in the direction of phase propagation of an
inhomogeneous P, SI, or SII wave in anelastic media decreases to zero as the
inhomogeneity of the wave increases toward its physical limit of π=2 regardless
of the amount of intrinsic material absorption. They also show that the phase speed
and attenuation coefficient of an inhomogeneous wave differ most significantly
from those for homogeneous waves for materials with significant amounts of
intrinsic absorption (QH

�140:1) or for materials with small amounts of absorption,
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sayQH
�140:1, and larger degrees of inhomogeneity, say γ>
75°. The curves show

that for fixed amount of inhomogeneity the phase speed and attenuation coefficient
in the direction of phase propagation decrease with increasing amounts of intrinsic
material absorption.

3.6.2 Particle Motion for P and SI Waves

The particle motions for P and Type-I S waves are explicitly described by (3.2.11)
and (3.3.23). The parameters describing the elliptical particle motion for inhomo-
geneous P and SI waves may be readily expressed in terms of χ and the velocity and
intrinsic absorption for homogeneous waves using identities (3.6.12) through
(3.6.19) together with expressions (3.2.12), (3.2.13), and (3.2.24) for P waves and
expressions (3.3.24), (3.3.25), and (3.3.29) for SI waves.
The parameters describing the elliptical particle motion of a P wave may be

rewritten for the
major axis,

~�1P

��� ���2¼ 1

2

χP
χHP

þ 1

� �
; (3:6:29)
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Figure (3.6.28). Phase speed and absorption coefficient in direction of phase
propagation of an inhomogeneous P or S wave normalized by the corresponding
quantity for a homogeneous P or S wave.
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minor axis,

~�2P

��� ���2¼ 1

2

χP
χHP

� 1

� �
; (3:6:30)

tilt ηP,

cos2 ηP ¼ 1

2

χHP þ 1

χHP

� �
1þ χHP � 1

χP þ 1

� �
; (3:6:31)

and eccentricity,

eP ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 χHP

χP þ χHP

s
: (3:6:32)

Similarly, the parameters describing the elliptical particle motion of an SI wave may
be rewritten for the
major axis,

~�1SI

��� ���2¼ 1

2

χSI
χHS

þ 1

� �
; (3:6:33)

minor axis,

~�2SI

��� ���2¼ 1

2

χSI
χHS

� 1

� �
; (3:6:34)

tilt ηSI,

cos2 ηSI ¼
1

2

χHS þ 1

χHS

� �
1þ χHS � 1

χSI þ 1

� �
; (3:6:35)

and eccentricity,

eSI ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 χHS

χSI þ χHS

s
: (3:6:36)

Equations (3.6.29) through (3.6.36) show that the eccentricity and tilt of the particle
motion ellipse for P and Type-I S waves vary with χ and hence are dependent only on
the amount of intrinsic material absorption and the amount of inhomogeneity of the
wave field. These equations and the corresponding calculations shown in Figures
(3.6.37) and (3.6.38) show that as the amount of inhomogeneity, γ, approaches its
physical limit of π/2, χ becomes infinite and the eccentricity approaches zero,
indicating that the particle motion for P and SI waves becomes circular. As the
amount of inhomogeneity, γ, approaches zero, χ approaches χH, indicating that the
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elliptical motion for both wave types becomes linear with the eccentricity e approach-
ing unity and the tilt η approaching zero. The figures show that the eccentricity and tilt
of the particle motion ellipse deviate most significantly from those for corresponding
homogeneous waves for materials with large amounts of intrinsic absorption
(QH

�14 0:1) or for waves in materials with smaller amounts of absorption (say
QH

�1 5 0:1) with larger degrees of inhomogeneity, say γ>
75°.

3.6.3 Energy Characteristics for P, SI, and SII Waves

Towards developing expressions for the energy characteristics of P, SI, and SII
waves in terms of corresponding expressions for homogeneous waves, the expres-
sions for homogeneous waves as derived in preceding sections may be easily
rewritten in terms of χ. The resulting expressions for homogeneous P and S waves
are, respectively,
magnitude of mean intensity,

~IHP

D E��� ���¼ G0j j2 exp �2~AHP .~r
h i ρω4

2vHP

;

~IHS

D E��� ���¼ ��~G0

��2exp �2~AHS .~r
h i ρω4

2vHS

;

(3:6:39)

mean kinetic energy density,

KHPh i ¼ χHP

vHP 1þ χHPð Þ
� �

~IHP

D E
; KHSh i ¼ χHS

vHS 1þ χHSð Þ
� �

~IHS

D E
;

(3:6:40)

mean potential energy density,

PHPh i ¼ 1

χHP

� �
KHPh i; PHSh i ¼ 1

χHS

� �
KHSh i; (3:6:41)

mean total energy density,

EHPh i ¼ 1þ χHP

χHP

� �
KHPh i; EHSh i ¼ 1þ χHS

χHS

� �
KHSh i; (3:6:42)

mean energy density dissipated,

DHPh i ¼ 2ωQ�1
HP

1þ χHP

� �
EHPh i ¼ 2ωQ�1

HP

χHP

� �
KHPh i;

DHSh i ¼ 2ωQ�1
HS

1þ χHS

� �
EHSh i ¼ 2ωQ�1

HS

χHS

� �
KHSh i;

(3:6:43)
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maximum potential energy density,

max PHP½ � ¼ 2 PHPh i; max PHS½ � ¼ 2 PHSh i; (3:6:44)

and energy speed,

~vEHPj j ¼ vHP; ~vEHSj j ¼ vHS; (3:6:45)

where with the exception of the solution amplitudes (j~F0j2 is interpreted as j~G0j2
for SI waves and as

��~DSII

��2=hS for SII waves) the characteristics indicated for
homogeneous SI waves equal those for homogeneous SII waves. Hence, subscripts
distinguishing these characteristics for the two types of homogeneous S waves are
not necessary.
Equations (3.6.39) through (3.6.45) provide explicit relations between the var-

ious energy characteristics of homogeneous waves in general viscoelastic media. As
a check, they can be used to readily derive the familiar expressions for elastic media.
Introducing the subscript “e” to designate terms for elastic media, the result that

χHPe ¼ χHSe ¼ 1 (3:6:46)

implies for P and S waves in elastic media that��~IHPe

�� ¼ 2vHPe KHPeh i; ��~IHSe

�� ¼ 2vHSe KHSeh i; (3:6:47)

PHPeh i ¼ KHPeh i; PHSeh i ¼ KHSeh i; (3:6:48)

EHPeh i ¼ 2 KHPeh i; EHSeh i ¼ 2 KHSeh i; (3:6:49)

DHPeh i ¼ DHSeh i ¼ 0; (3:6:50)

and

~vHEPej j ¼ vHPe; ~vHESej j ¼ vHSe: (3:6:51)

These expressions imply the familiar results for homogeneous P and S waves
in elastic media, namely, the mean intensity of the wave equals twice the product
of the wave speed and the mean kinetic energy density (3.6.47), the mean
potential energy density is equal to the mean kinetic energy density (3.6.48), the
total energy density is equal to twice the mean kinetic or potential energy density
(3.6.49), the mean rate of energy dissipated per unit volume vanishes (3.6.50),
and the energy speed is equal to the phase speed for both homogeneous P and S
waves (3.6.51).
Energy characteristics for general P, SI, and SII waves as specified by equations

(3.4.1) through (3.4.69) can be readily written in terms of those for homogeneous
waves as specified by (3.6.39) through (3.6.45). The expressions for the magnitude
of the mean energy flux for general P, SI, and SII waves are
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~I P

��� ¼ YP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χP þ 4FPHP

1þ χHP

s ��
~IHP

���; (3:6:52)

��
~I SI

��� ¼ YSI

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χSI þ 4FSIHSI

1þ χHS

s ��
~IHS

���; (3:6:53)

and

��
~I SII

��� ¼ YSII

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χSII þ 2FSIIHSII

1þ χHS

s ��
~IHS

���; (3:6:54)

where Y, H, and F are defined as

YP � exp �2 ~AP � ~AHP

� �
. ~r

h i
; (3:6:55)

YSI � exp �2 ~ASI � ~AHS

� �
. ~r

h i
; (3:6:56)

YSII � exp �2 ~ASII � ~AHS

� �
. ~r

h i
; (3:6:57)

HP � Q�2
HP

χ 2
HS

v 2
HS

v 2
HP

1þ χHS

1þ χHP

tan2 γ; (3:6:58)

HS � HSI ¼ HSII ¼ Q�2
HS

χ 2
HS

tan2 γ; (3:6:59)

FP � 1þ 1

χ 2
HS

v 2
HS

v 2HP

1þ χHS

1þ χHP

χ 2
HS χP � 2Q�1

HS Q
�1
HP �Q�2

HP þ 1
� 	� 	

; (3:6:60)

FSI � 1þ 1

χ 2
HS

v 2HS

v 2HS

1þ χHS

1þ χHS

χ 2
HS χSI � 2Q�1

HS Q
�1
HS �Q�2

HS þ 1
� 	� 	

¼ χSI;

(3:6:61)

FSII�1þ 1

2χ 2
HS

v 2HS

v 2HS

1þ χHS

1þ χHS

χ 2
HS χSII� 2Q�1

HS Q
�1
HS�Q�2

HS þ 1
� 	� 	

¼1

2
χSII þ 1ð Þ:

(3:6:62)

Expressions for the other energy characteristics written respectively, for general P,
SI, and SII waves in terms of corresponding expressions for homogeneous waves are
mean kinetic energy density,

K Ph i ¼ YP

χP
χHP

KHPh i; (3:6:63)

K SIh i ¼ YSI

χSI
χHS

KHSh i; (3:6:64)
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K SIIh i ¼ YSII
χSII
χHS

KHSh i; (3:6:65)

mean potential energy density,

P Ph i ¼ YP 1þ 2HPð Þ PHPh i; (3:6:66)

P SIh i ¼ YSI 1þ 2HSð Þ PHSh i; (3:6:67)

P SIIh i ¼ YSII 1þHSð Þ PHSh i; (3:6:68)

mean total energy density,

E Ph i ¼ YP
1þ χP þ 2HP

1þ χHP

� �
EHPh i; (3:6:69)

E SIh i ¼ YSI

1þ χSI þ 2HS

1þ χHS

� �
EHSh i; (3:6:70)

E SIIh i ¼ YSII
1þ χSII þHS

1þ χHS

� �
EHSh i; (3:6:71)

mean rate of energy dissipation per unit volume,

DPh i ¼ YP 1þ 2
Q�1

HS

Q�1
HP

HP

� �
DHPh i; (3:6:72)

D SIh i ¼ YSI 1þ 2
Q�1

HS

Q�1
HS

HS

� �
DHSh i ¼ YSI 1þ 2HSð Þ DHSh i; (3:6:73)

D SIIh i ¼ YSII 1þQ�1
HS

Q�1
HS

HS

� �
DHSh i ¼ YSII 1þHSð Þ DHSh i; (3:6:74)

maximum strain energy density,

max P P½ � ¼ YP 1þHPð Þmax PHP½ �; (3:6:75)

max P SI½ � ¼ YSI 1þHSð Þmax PHS½ �; (3:6:76)

max P SII½ � ¼ YSII

2
1þHS þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þHS

p� �
max PHS½ �; (3:6:77)

Q−1,

QP
�1 ¼ 1þ 2Q�1

HS=Q
�1
HP

� 	
HP

1þHP

� �
QHP

�1; (3:6:78)

Q�1
SI ¼ 1þ 2Q�1

HS=Q
�1
HS

� 	
HS

1þHS

� �
Q�1

HS ¼ 1þ 2HS

1þHS

� �
Q�1

HS; (3:6:79)
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Q�1
SII ¼

2 1þHSð Þ
1þHS þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þHS

p
 !

Q�1
HS; (3:6:80)

energy velocity,

~vEP ¼


~I P

�

E P

� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χP þ 4FPHP

p
1þ χP þ 2HP

~vEHP; (3:6:81)

~vESI ¼


~I SI

�

E SI

� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χSI þ 4FSIHS

p
1þ χSI þ 2HS

~vEHSI; (3:6:82)

~vESII ¼


~I SII

�

E SII

� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χSII þ 2FSIIHS

p
1þ χSII þ 2HS

~vEHSII: (3:6:83)

For homogeneous waves γ= 0, so HP=HS= 0, YP= YSI = YSII = 1, and χ= χH for
each wave type. Substituting these identities into the preceding energy expressions
confirms that each of the expressions reduces to that for the corresponding homo-
geneous wave.
The expressions for the energy density characteristics of general P, SI and SII

waves, namely equations (3.6.63) through (3.6.74), readily permit comparison of
the magnitudes of various energy characteristics of inhomogeneous waves with
those of corresponding homogeneous waves. Choosing the position vector ~r as a
unit vector in the direction of wave propagation, that is letting~r ¼ ~P= ~P

�� �� for each
wave type, together with (3.6.19) and (3.6.22) implies

Y ¼ exp �2 ~A� ~AH

� �
. ~r

h i
¼ exp �2

ω
vH

QH
�1

1þ χH

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χH

p
ffiffiffiffiffiffiffiffiffiffiffi
1þ χ

p � 1

 !" #
(3:6:84)

and hence Y ≥ 1 for each wave type. This result, together with (3.6.55) through
(3.6.74) implies that the mean kinetic energy density, mean potential energy density,
mean energy dissipated per unit volume, and total energy density for harmonic
inhomogeneous P, SI, and SII waves in HILV are greater than the corresponding
energy density quantity for homogeneous waves, that is,

KHPh i 	 K Ph i; KHSIh i 	 K SIh i; KHSIIh i 	 K SIIh i; (3:6:85)

PHPh i 	 P Ph i; PHSIh i 	 P SIh i; PHSIIh i 	 P SIIh i; (3:6:86)

DHPh i 	 DPh i; DHSIh i 	 D SIh i; DHSIIh i 	 D SIIh i; (3:6:87)

and

EHPh i 	 E Ph i; EHSIh i 	 E SIh i; EHSIIh i 	 E SIIh i: (3:6:88)
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Similarly, (3.6.79) and (3.6.80) imply the following inequalities for the reciprocal
quality factors for SI and SII waves, namely

Q�1
HS5Q�1

SII 5Q�1
SI 5 2Q�1

HS: (3:6:89)

These inequalities indicate that regardless of the amount of inhomogeneity
of either type of S wave, the reciprocal quality factor for the wave is less than
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Figure (3.6.90). Q−1 for inhomogeneous Type-I (a) and Type-II (b) S waves
normalized by that for a homogeneous S wave (i.e. Q�1
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HS; Q

�1
SII=Q
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Figure (3.6.91). Ratio of Q− 1 for an inhomogeneous Type-I S wave to that for a
corresponding inhomogeneous Type-II S wave (i.e. Q�1

SI =Q
�1
SII) computed as a

function of inhomogeneity, γ, and the amount of intrinsic material absorption in
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twice that of a corresponding homogeneous S wave. They indicate that Q�1
SII

for an inhomogeneous SII wave is less than Q�1
SI for an inhomogeneous SI

wave with the same degree of inhomogeneity and that both are greater than
that for a corresponding homogeneous wave. They indicate that Q�1

SII and Q�1
SI

for inhomogeneous SII and SI waves are bounded and contained within the
half-open interval Q�1

HS; 2Q
�1
HSÞ

�
.

Calculations showing the reciprocal quality factor for inhomogeneous SI and
SII waves normalized by the corresponding factor for a homogeneous S wave and
their ratio are shown in Figures (3.6.90) and (3.6.91). The calculations indicate
that the amount the reciprocal quality factors for the two types of inhomogeneous
S waves differ from that for a corresponding homogeneous wave increases with
increasing inhomogeneity of the wave and the amount of intrinsic material
absorption. For fixed, but arbitrary, amounts of intrinsic absorption and inhomo-
geneity, the curves shown in Figures (3.6.90) and (3.6.91) are consistent with
inequalities (3.6.89). The curves in Figure (3.6.91) show that the amount by
which Q�1

SI exceeds Q�1
SII increases with the intrinsic absorption of the media to a

maximum amount of 31 percent. They indicate that this maximum deviation
occurs at degrees of inhomogeneity of the waves which increase as the amount of
intrinsic absorption decreases.

3.6 Characteristics of inhomogeneous waves 73



An important result for Earth materials establishes limits on the magnitude of
Q− 1 for an inhomogeneous P wave in terms of those for homogeneous P and S
waves. This result can be stated most efficiently as

Theorem (3.6.92). If Q�1
HP5 2Q�1

HS for a HILV medium, then Q�1
HP 5QP

�1 5 2Q�1
HS.

The proof of this result follows readily from (3.6.78).
For most Earth materialsQ�1

HP5Q�1
HS, hence Theorem (3.6.92) indicates thatQP

�1

for an inhomogeneous P wave, regardless of the amount of inhomogeneity, is
contained within the half-open interval Q�1

HP; 2Q
�1
HS

� 	
and hence less than twice

that of a homogeneous S wave.
Curves showing QP

�1=Q�1
HP for a set of chosen material parameters (Figure

(3.6.93)) show that the amount QP
�1 for an inhomogeneous P wave differs from
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that for a homogeneous wave increases with increasing inhomogeneity of the wave
towards a value equal to twice that for a homogeneous S wave as indicated by
Theorem (3.6.92). The curves show that QP

�1 depends on not only the material
parameters chosen for homogeneous P waves, but also those chosen for homoge-
neous S waves.

3.7 P, SI, and SII Waves in Low-Loss Viscoelastic Media

Many wave-propagation problems are concerned with media and wave frequencies
for which the amount of wave energy absorbed by the media as the wave passes is
small. Many seismological problems involving wave propagation in the core,
mantle, and crust of the Earth are best modeled using materials with small amounts
of intrinsic absorption. Consequently, it is of considerable interest to develop
explicit expressions for the physical characteristics of P, SI, and SII waves in such
materials.
Materials with small amounts of absorption can be quantitatively characterized

by the assumptions that Q�1
HS and Q�1

HP are much less than unity, as denoted by

Q�1
HS � 1 and Q�1

HP � 1: (3:7:1)

Applying these assumptions to the preceding equations for the characteristics of P
and both types of S waves readily permits the derivation of explicit expressions for
the physical characteristics of P, SI, and SII waves in low-loss anelastic media as
initially derived by the author (Borcherdt and Wennerberg, 1985). Parameters
describing the physical characteristics for waves in low-loss media are distinguished
from those in media for which the assumption is not necessarily valid by the
subscript “L”.
Equations (3.5.4) and (3.5.5) together with the low-loss assumption (3.7.1)

imply the wave speeds for homogeneous P and S waves in low-loss media are
given by

vHP � vHPL
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KR þ 4

3
MR

ρ

s
(3:7:2)

and

vHS � vHSL ¼
ffiffiffiffiffiffiffi
MR

ρ

s
: (3:7:3)

Themaximum attenuation for a homogeneous P wave is given from (3.6.5) by the
familiar expression often used to characterize attenuation for waves in the Earth,
namely
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��~AHP

�� � ��~AHP

��
L
¼ ωQ�1

HP

2vHPL

(3:7:4)

and for homogeneous S waves from (3.6.6) by

��~AHS

�� � ��~AHS

��
L
¼ ωQ�1

HS

2vHSL

: (3:7:5)

Expressions for the wave speeds of inhomogeneous P, SI, and SII waves in low-
loss media from (3.6.1) and (3.6.2) are

~vPj j � ~vPj jL ¼ ~vHPj jL
r

2

1þ χP
(3:7:6)

and

~vSIj j ¼ ~vSIIj j � ~vSj jL¼ ~vHSj jL
r

2

1þ χS
; (3:7:7)

where for brevity it is assumed γSI = γSII, so χSI= χSII= χS and
��~vSI�� ¼ ��~vSII��.

Corresponding expressions for the maximum attenuation from (3.6.3) and
(3.6.4) are

��~AP

�� � ��~AP

��
L
¼
r

2

1þ χP

1

cos γ

� ���~AHP

��
L

(3:7:8)

and

��~ASI

�� ¼ ��~ASII

�� � ��~AS

��
L
¼
r

2

1þ χS

1

cos γ

� ���~AHS

��
L
; (3:7:9)

where for brevity it is assumed γSI = γSII, so χSI= χSII= χS and
��~ASI

�� ¼ ��~ASII

��.
Particle motion characteristics for P waves in low-loss media from (3.6.29)

through (3.6.32) are given by

��~�1P��2 � ��~�1P��2L ¼ 1

2
χP þ 1ð Þ; (3:7:10)

��~�2P��2 � ��~�2P��2L ¼ 1

2
χP � 1ð Þ; (3:7:11)

eP � ePL
¼
r

2

χP þ 1
; (3:7:12)

and

cos2 ηP � 1: (3:7:13)

76 Viscoelastic P, SI, and SII Waves



Corresponding particle motion characteristics for SI waves from (3.6.33) through
(3.6.36) are given by ��~�1SI��2 � ��~�1SI��2L ¼ 1

2
χSI þ 1ð Þ; (3:7:14)

��~�2SI��2 � ��~�2SI��2L ¼ 1

2
χSI � 1ð Þ; (3:7:15)

eSI � eSIL ¼
p

2

χSI þ 1
; (3:7:16)

and

cos2 ηSI � 1: (3:7:17)

The mean energy flux for inhomogeneous waves in low-loss media in terms of
the corresponding expressions for homogeneous waves from equations (3.6.52)
through (3.6.54) are given
for P waves by



~I P

���� ��� � 

~I P

���� ���
L
¼ YP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χP þ 4FPL

HPL

2

r 

~IHP

�
L

��� ���; (3:7:18)

for SI waves by



~I SI

���� ��� � 

~I SI

���� ���
L
¼ YS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χSI þ 4FSILHSL

2

r 

~IHS

�
L

��� ���; (3:7:19)

and for SII waves by



~I SII

���� ��� � 

~I SII

���� ���
L
¼ YS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χSII þ 2FSIILHSL

2

r 

~IHS

�
L

��� ���; (3:7:20)

where

HP � HPL
¼ Q�2

HP

v 2HS

v 2HP

tan2 γ; (3:7:21)

HS ¼ HSI ¼ HSII � HSL ¼ Q�2
HS tan

2 γ; (3:7:22)

FP � FPL
¼ 1þ v 2

HS

v 2
HP

χP � 1ð Þ; (3:7:23)

FSI � FSIL ¼ 1þ v 2HS

v 2HS

χSI � 1ð Þ ¼ χSI; (3:7:24)

FSII � FSIIL ¼ 1þ 1

2

v 2
HS

v 2
HS

χSII � 1ð Þ ¼ 1

2
χSII þ 1ð Þ: (3:7:25)
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The corresponding approximate expressions for the other energy characteristics for
low-loss media from equations (3.6.63) through (3.6.83) for P, SI, and SII waves are
mean kinetic energy density,

K Ph i � K Ph iL¼ YP χP KHPh iL; (3:7:26)

K SIh i � K SIh iL¼ YSI χSI KHSh iL; (3:7:27)

K SIIh i � K SIIh iL¼ YSII χSII KHSh iL; (3:7:28)

mean potential energy density,

P Ph i � P Ph iL ¼ YP 1þ 2HPL

� 	
PHPh iL; (3:7:29)

P SIh i � P SIh iL¼ YS 1þ 2HSL

� 	
PHSh iL; (3:7:30)

P SIIh i � P SIIh iL¼ YS 1þHSL

� 	
PHSh iL; (3:7:31)

total energy density,

E Ph i � E Ph iL ¼
YP
2

1þ χP þ 2HPL

� 	
EHPh iL; (3:7:32)

E SIh i � E SIh iL ¼
YSI

2
1þ χSI þ 2HSL

� 	
EHSIh iL; (3:7:33)

E SIIh i � E SIIh iL¼
YSII
2

1þ χSII þHSL

� 	
EHSIIh iL; (3:7:34)

mean rate of energy dissipation per unit volume,

D Ph i � D Ph iL ¼ YP 1þ 2
Q�1

HS

Q�1
HP

HPL

� �
DHPh iL; (3:7:35)

D SIh i � D SIh iL ¼ YSI 1þ 2HSL

� 	
DHSIh iL; (3:7:36)

D SIIh i � D SIIh iL¼ YSII 1þHSL

� 	
DHSIIh iL; (3:7:37)

maximum potential energy density per cycle,

max P P½ � � max P P½ �L¼ YP 1þHPL

� 	
max PHP½ �L; (3:7:38)

max P SI½ � � max P SI½ �L¼ YSI 1þHSL

� 	
max PHS½ �L; (3:7:39)

max P SII½ � � max P SII½ �L¼
YSII
2

1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þHSL

p þHSL

� 	
max PHS½ �L; (3:7:40)

and Q−1

QP
�1 � QPL

�1 ¼ 1þ 2Q�1
HS=Q

�1
HP

� 	
HPL

1þHPL

� �
Q�1

HP; (3:7:41)
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Q�1
SI � Q�1

SIL
¼ 1þ 2HSL

1þHSL

� �
Q�1

HS; (3:7:42)

Q�1
SII � Q�1

SIIL
¼ 2 1þHSL

� 	
1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þHSL

p þHSL

 !
Q�1

HS: (3:7:43)

Equations (3.7.2) through (3.7.43) provide an explicit description of the physical
characteristics of P, SI, and SII waves in low-loss general viscoelastic media.
Inspection of the expressions for inhomogeneous waves, namely (3.7.6) through
(3.7.43), shows that each of the characteristics with the exception of the tilt of
the particle motion ellipse for P and SI waves exhibits an explicit dependence on the
amount of inhomogeneity, γ, of the wave field. The expressions show that the
amount that the characteristics differ from those for homogeneous waves increases
as the inhomogeneity of the wave increases. They imply that for a given low-loss
material the wave speed, attenuation, and ellipticity of the particle motion for P and
SI waves, and each of the energy characteristics for each wave type, can differ
significantly from that for a corresponding homogeneous wave, provided the
inhomogeneity of the wave increases to a value sufficiently close to its physical
limit of π/2. The tilt η of the particle motion ellipse for inhomogeneous P and SI
waves in low-loss media is approximately zero and shows no the dependence on the
degree of inhomogeneity. Equations (3.7.2) through (3.7.43) provide explicit esti-
mates to further evaluate the influence of inhomogeneity and the approximations
introduced by the low-loss assumption on characteristics of P, SI, and SII waves.
Comparison of the wave speed, vHS ¼ ~vHSj j, and maximum attenuation, AHS ���~AHS

��, for homogeneous S waves with those predicted by the low-loss assumption for
homogeneous S waves is provided explicitly from (3.5.5), (3.6.6), (3.7.3) and (3.7.5) by

vHS � vHSL

vHS

¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χHS

p
ffiffiffi
2

p
χHS

(3:7:44)

and

AHSL � AHS

AHS

¼ χHS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χHS

p
ffiffiffi
2

p � 1: (3:7:45)

Corresponding error-percentage curves computed as a function of the amount of
intrinsic absorption are shown in Figure (3.7.46). The curves show that for solids
with Q�1

HS 	 0:1 (Figure (3.7.46)a), the low-loss expressions for wave speed and
absorption coefficient yield estimates that deviate from those predicted exactly for
homogeneous S waves by amounts less than 0.35 and 0.65 percent, respectively.
The corresponding curves for solids with moderate to large amounts of intrinsic
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absorption Q�1
HS4 0:1 (Figure (3.7.46)b) show that the low-loss expressions yield

estimates that deviate from those predicted exactly for homogeneous S waves by
amounts up to 35 and 55 percent, respectively. Expressions (3.7.44) and (3.7.45)
and the corresponding curves in Figure (3.7.46) are valid for P waves upon
replacement of the “S” subscript.
Comparison of the wave speed, vS ¼ ~vSj j, and maximum attenuation,AS ¼ j~ASj,

for inhomogeneous SI and SII waves with those predicted by the low-loss approx-
imation for homogeneous S waves is provided explicitly from (3.6.2) and (3.7.7) by

vHSL � vS

vHSL

¼ 1 �
ffiffiffi
2

p
χHSffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ χS
p ¼ 1 �

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HS

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HS sec
2 γ

qr (3:7:47)

and

AS � AHSL

AHSL

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ χS

p
Q�1

HS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χHS

p � 1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HS sec
2 γ

qr

Q�1
HS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HS

qr � 1: (3:7:48)

Corresponding error-percentage curves for the wave speed in Figure (3.7.49) show
that for materials with large amounts of absorption, for exampleQ�1

HS ¼ 1, the wave
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Figure (3.7.46). Error percentages for wave speed and maximum attenuation of
homogeneous S waves as predicted by the low-loss approximation relative to that
predicted exactly. The error percentages are plotted for materials with (a) small
(Q�1

HS 5 0:1) and (b) moderate to large amounts of absorption (Q�1
HS � 0:1). The

curves are valid for P waves upon replacement of the S subscript.
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speed of an inhomogeneous SI or SII wave deviates significantly for nearly all
degrees of inhomogeneity from that predicted for a corresponding homogeneous S
wave using the low-loss approximation. For materials with small amounts of
intrinsic absorption, Q�1

HS 	 0:1, Figure (3.7.49) shows that the amount of the
deviation for wave speed increases with increasing Q�1

HS and the degree of inhomo-
geneity of the wave. Expressions (3.7.47), (3.7.48), and the corresponding curves in
Figure (3.7.49) are valid for P waves upon replacement of the S subscript.

Error-percentage curves in Figure (3.7.50) show the attenuation in the direction of
maximum attenuation of an inhomogeneous wave for relatively small amounts of
inhomogeneity can deviate significantly from that predicted by the low-loss expressions
for homogeneous waves. They indicate the deviations for degrees of inhomogeneity of
greater than 20 degrees are significant even for low-loss materials. For materials with
large amounts of absorption, e.g. Q�1

HS ¼ 1, the deviation is large for all degrees of
inhomogeneity. For materials with small amounts of absorption the error percentage
becomes infinite for sufficiently large values of inhomogeneity. Comparison of other
characteristics of inhomogeneous waves with those of homogeneous waves in either
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Figure (3.7.49). Error-percentages for wave speed of inhomogeneous S waves
relative to that predicted by the low-loss approximation for homogeneous S waves.
The error percentages are plotted on two scales as a function of the amount of
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Q�1

HS ¼ 1, to low-loss materials, Q�1
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media with an arbitrary amount of intrinsic absorption or low-loss media can be readily
derived in a similar fashion using (3.7.10) through (3.7.43).

3.8 P, SI, and SII Waves in Media with Equal Complex Lamé Parameters

An assumption sometimes made for elastic media is that of equal Lamé parameters,
that is ΛR=MR . This assumption provides considerable simplification in some for-
mulae and is a good first approximation for the elastic response of some Earth
materials. An extension of the assumption for viscoelastic media is to assume that
the imaginary parts of the complex Lamé parameter are equal as well, that is ΛI=MI .
Definitions (2.3.13) through (2.3.15) show that for the special class of solids with

equal complex Lamé parameters the complex parameters of the material are related
by the following expressions:

Λ ¼ M; (3:8:1)

K ¼ 5

3
M; (3:8:2)

E � 5

2
M; (3:8:3)
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Figure (3.7.50). Error percentages for attenuation coefficient in direction of
maximum attenuation for inhomogeneous S waves relative to that predicted by
the low-loss approximation for homogeneous S waves. The error percentages are
plotted at two scales as a function of the amount of inhomogeneity for materials
ranging from those with a large amount of loss, Q�1

HS ¼ 1, to low-loss materials,
Q�1

HS40:1. The curves are valid for P waves upon replacement of the S subscript.
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N ¼ 1

4
: (3:8:4)

Expressions (3.1.7) and (3.1.8) imply the complex velocities are related by

β2

α2
¼ 1

3
: (3:8:5)

Expressions (3.5.1) through (3.5.9) and (3.6.5) and (3.6.6) imply the speed, max-
imum attenuation, and quality factor for homogeneous P and S waves in such solids
are related by

vHP ¼
ffiffiffi
3

p
vHS; (3:8:6)��~AHP

�� ¼ ��~AHS

��= ffiffiffi
3

p
(3:8:7)

and

Q�1
HS ¼ Q�1

HP: (3:8:8)

Expressions (3.6.12) through (3.6.23) and (3.6.58), (3.6.59), (3.6.78), and
(3.6.80) imply for a given equal amount of inhomogeneity γ for inhomogeneous
P, SI, and SII waves in HILV solids with equal Lamé parameters that the parameters
of the inhomogeneous wave fields are related by

kP
2 ¼ 1

3
kS
2; (3:8:9)

~vPj j ¼
ffiffiffi
3

p
~vSj j; (3:8:10)

HP ¼ 1

3
HS ¼ 1

3

Q�2
HS

χHS
2
tan2 γ; (3:8:11)

QP
�1 ¼ 3þ 2HS

3þHS

� �
Q�1

HS ¼ 3þ 2HS

3þHS

1þHS

1þ 2HS

Q�1
SI ; (3:8:12)

Q�1
SI ¼ 1þ 2HS

1þHS

� �
Q�1

HS ¼ 1þ 2HS

1þHS

1þHS þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þHS

p
2ð1þHSÞ Q�1

SII; (3:8:13)

and

Q�1
SII ¼

2ð1þHSÞ
1þHS þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þHS

p
 !

Q�1
HS: (3:8:14)

Expressions for other physical characteristics of general P, SI, and SII waves may be
derived readily in a similar fashion for HILV solids with equal Lamé parameters.
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This assumption will be shown to provide simplification of formulae used to
describe a Rayleigh-Type surface wave on a HILV half space.
Equation (3.8.8) shows that the assumption of equal complex Lamé parameters

implies that the fractional energy loss for homogeneous P waves equals that for
homogeneous S waves. This assumption, valid for some elastic media, is used on
occasion to describe anelastic media with very small amounts of absorption, but it is
not a good approximation for many near-surface and crustal materials in the Earth.

3.9 P, SI, and SII Waves in a Standard Linear Solid

The characterization of linear viscoelastic behavior and the subsequent derivation of
expressions describing the physical characteristics of P, SI, and SII waves in
preceding chapters and sections are general and valid for any particular viscoelastic
solid with a specific dependence of moduli on frequency. To illustrate the applica-
tion of the general formulae consider a Standard Linear solid. The complex shear
modulus for a Standard Linear solid is given by

M ¼ Mr

1þ iωτe
1þ iωτp

(3:9:1)

as a function of circular frequency ω, relaxation times τp and τe , and relaxed elastic
modulus Mr (see Table (1.3.30).
The real and imaginary parts of (3.9.1) and general formulae (3.5.7), (3.5.5), and

(3.5.2) immediately imply

vHSe ¼
ffiffiffiffiffiffiffi
MR

ρ

s
¼

ffiffiffiffiffiffiffi
Mr

ρ

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ω2τpτe
1þ ω2τ2p

s
(3:9:2)

with the reciprocal quality factor and the speed of a homogeneous S wave given by

Q�1
HS ¼ MI

MR

¼ ω τe � τp
� 	

1þ ω2τpτe
(3:9:3)

and

vHS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MR

ρ

2 1þQ�2
HS

� 	
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HS

q
vuut

¼
ffiffiffiffiffiffiffi
Mr

ρ

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ω2τpτe
1þ ω2τ2p

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 1þ ω τe � τp

� 	
1þ ω2τpτe

� �2 !,
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ω τe � τp

� 	
1þ ω2τpτe

� �2s0
@

1
A:

vuuut
(3:9:4)
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Substitution of (3.9.3) and (3.9.4) into (3.6.2) permits the dispersion relation for
general inhomogeneous SI and SII waves in a Standard Linear solid to be readily
specified as

vS ¼
ffiffiffiffiffiffiffi
Mr

ρ

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ω2τpτe
1þ ω2τ2p

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 1þ ω τe � τp

� 	
1þ ω2τpτe

� �2 !

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ω τe � τp

� 	
1þ ω2τpτe

� �2s

vuuuuuuuut
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ω τe � τp

� 	
1 þ ω2τpτe

� �2s0
@

1
A

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ω τe � τp

� 	
1 þ ω2τpτe

� �2
sec2 γ

s

vuuuuuuuut ð3:9:5Þ

Substitution of (3.9.3) into (3.6.59) allows HS to be specified as

HS ¼ HSI ¼ HSII ¼ Q�2
HS

χ2HS

tan2 γ

¼ ω τe � τp
� 	

1þ ω2τpτe

� �2,
1þ ω τe � τp

� 	
1þ ω2τpτe

� �2 !0
@

1
A tan2 γ: ð3:9:6Þ

Hence, the frequency dependences of the reciprocal quality factors for inhomoge-
neous SI and SII waves in a Standard Linear solid are readily specified from
(3.6.79) and (3.6.80) upon substitution of this expression for HS into

Q�1
SI ¼

1þ 2HS

1þHS

� �
ω τe � τp
� 	

1þ ω2τpτe
(3:9:7)

for inhomogeneous SI waves and

Q�1
SII ¼

2 1þHSð Þ
1þHS þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þHS

p
 !

ω τe � τp
� 	

1þ ω2τpτe
(3:9:8)

for inhomogeneous SII waves.
For Standard Linear viscoelastic solids with small amounts of absorption, the

general low-loss expressions for wave speed (3.7.7) allow the dispersion relation for
SI and SII waves to be readily written as
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~vSj j � ~vSj jL¼
ffiffiffiffiffiffiffi
Mr

ρ

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ω2τpτe
1þ ω2τ2p

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ω τe � τp

� 	
1 þ ω2τpτe

� �2
s

vuuuut : (3:9:9)

Equation (3.7.22) implies that HS is approximately given by

HS ¼ HSI ¼ HSII � HSL ¼ ω τe � τp
� 	

1þ ω2τpτe

� �2
tan2 γ: (3:9:10)

Hence, substitution of this low-loss approximation for HS into (3.7.42) and (3.7.43)
allows the frequency dependence for inhomogeneous SI and SII waves in a low-loss
Standard Linear viscoelastic solid to be immediately specified.
The frequency dependence of other physical characteristics of P, SI, and SII waves

in a Standard Linear solid or any other specific viscoelastic solid of choice may be
written in a similar fashion using the general expression for the physical characteristic
of interest derived in preceding sections for general viscoelastic media.

3.10 Displacement and Volumetric Strain

Measurements of seismic radiation fields using volumetric strain meters and three-
component seismometers are of special interest in seismology. Corresponding
expressions for volumetric strain and components of the displacement or velocity
fields for general (homogeneous and inhomogeneous) P, SI, and SII waves in HILV
media are useful for interpretation of near-surface measurements either in the field
or in the laboratory (Borcherdt, 1988; Borcherdt et al., 1989).

3.10.1 Displacement for General P and SI Waves

The physical displacement field for a general P wave may be written from (3.2.11)
and identities (3.6.12) through (3.6.14) in terms of its propagation and attenuation
vectors as

~uR ¼ G0kPj j exp �~AP .~r
h i ~PP

kPj j cos ζ P tð Þ þ ψP½ � þ
~AP

kPj j sin ζ P tð Þ þ ψP½ �
 !

;

(3:10:1)

where

ζP tð Þ � ωt� ~PP .~rþ arg G0kP½ � � π=2 (3:10:2)
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and

ψP � tan�1 Q�1
HP

1þ χHP

� �
: (3:10:3)

Similarly, the physical displacement field for a general SI wave may be written from
(3.3.23) in terms of its propagation vector, ~PSI, its attenuation vector, ~ASI, and its
complex vector coefficient, ~G0, as

~uR ¼ ��~G0kS
�� exp �~ASI .~r

h i ~PSI � n̂

kSj j cos ζ SI tð Þ þ ψS½ � þ
~ASI � n̂

kSj j sin ζ SI tð Þ þ ψS½ �
 !

;

(3:10:4)

where

ζ S tð Þ � ωt� ~PSI .~rþ arg G0kS½ � þ π=2; (3:10:5)

ψS � tan�1 Q�1
HS

1þ χHS

� �
; (3:10:6)

and the “SI” subscript is introduced to avoid potential confusion with displacements
for SII waves.
Components of the physical displacement field for P and SI waves, as might be

inferred from seismometer recordings, can be derived upon specification of the
directions of propagation and attenuation for the waves with respect to a rectangular
coordinate system. Without loss of generality, the directions of propagation and
attenuation shall be assumed to be in the x1x3 plane with propagation in the +x1
direction. (For brevity, quantities requiring subscripts corresponding to components
of the (x1, x2, x3) coordinate system will be referenced using the notation (x, y, z).)
The angle of incidence or the direction that the propagation vector makes with the

vertical shall be denoted by θ with 0 	 θ 	 π=2 and the angle between the
propagation and attenuation vector by γ, so that the direction the attenuation vector
makes with respect to the vertical is given by θ � γ. With this notation, the
propagation and attenuation vectors for a general P wave may be written with
identities (3.6.17) and (3.6.18) as

~PP ¼ ω
vHP

p
1þ χP
1þ χHP

x̂1 sin θ þ x̂3 cos θð Þ (3:10:7)

and

~AP ¼ ω
vHP

p�1þ χP
1þ χHP

x̂1 sin θ � γ½ � þ x̂3 cos θ � γ½ �ð Þ; (3:10:8)
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where

χP �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HP sec
2 γ

q
: (3:10:9)

Substitution of these results into (3.10.1) allows the radial (x) and vertical (z)
components of the physical displacement field for a general P wave to be written as

uRx ¼ G0kPj j exp �~AP .~r
h i

FP sin θ½ � cos ζP tð Þ þ ψP � ΩP sin θ½ �½ � (3:10:10)

and

uRz ¼ G0kPj j exp �~AP .~r
h i

FP cos θ½ � cos ζ P tð Þ þ ψP � ΩP cos θ½ �½ �; (3:10:11)

where

FP½ f ½θ�� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ χPÞ f 2½θ� þ �1þ χPð Þ f 2½θ � γ�

2 χHP

s
(3:10:12)

and

ΩP½ f ½θ�� � tan�1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ χP
1þ χP

s
f θ � γ½ �
f θ½ �

" #
: (3:10:13)

If the P wave is homogeneous, then

FP½ f ½θ�� ¼ f θ½ � (3:10:14)

and

ΩP½ f ½θ�� ¼ tan�1 Q�1
HP

1þ χHP

� �
¼ ψP: (3:10:15)

Hence, the expressions for the components of the physical displacement field for a
homogeneous P wave simplify to

uRx ¼ G0 kPj j exp �~AP .~r
h i

sin θ½ � cos ζ P tð Þ½ � (3:10:16)

and

uRz ¼ G0 kPj j exp �~AP .~r
h i

cos θ½ � cos ζP tð Þ½ �: (3:10:17)

For a general SI wave substitution of expressions analogous to (3.10.7) and
(3.10.8) into (3.10.4) yields the components of the physical displacement field of
a Type-I S wave as

uRx ¼
��~G0 kS

�� exp �~ASI .~r
h i

FSI cos θ½ � cos ζ SI tð Þ þ ψS � ΩSI cos θ½ �½ � (3:10:18)
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and

uRz ¼
��~G0 kS

�� exp �~ASI .~r
h i

FSI sin θ½ � cos ζ SI tð Þ þ ψS � ΩSI sin θ½ �½ �; (3:10:19)

where definitions for FS and ΩS are readily inferred from (3.10.12) and (3.10.13).
The corresponding expressions for a homogeneous SI wave are

uRx ¼
��~G0 kS

�� exp �~ASI .~r
h i

cos θ½ � cos ζ SI tð Þ½ � (3:10:20)

and

uRz ¼
��~G0 kS

�� exp �~ASI .~r
h i

sin θ½ � cos ζ SI tð Þ½ �; (3:10:21)

where

FSI½ f ½θ�� ¼ f ½θ� (3:10:22)

and

ΩSI½ f ½θ�� ¼ tan�1 Q�1
HS

1þ χHS

� �
¼ ψS: (3:10:23)

Expressions (3.10.18) through (3.10.23) for the displacement components of SI
waves expressed in terms of θ; γ; and Q�1

HS are similar to (3.10.10) through
(3.10.17) for P waves upon replacement of Q�1

HS with Q�1
HP.

For homogeneous P and SI waves the radial and vertical amplitudes vary as the
cosine or the sine of the angle of incidence, but the phase term is constant as a
function of angle of incidence and depends only on the corresponding amount of
intrinsic material absorption. For materials with small amounts of absorption
(Q�1

HP � 1;Q�1
HS � 1), the phase terms may be approximated by

ΩP½ f ½θ�� � tan�1 Q�1
HP

2

� �
� Q�1

HP

2
(3:10:24)

and

ΩSI½f ½θ�� � tan�1 Q�1
HS

2

� �
� Q�1

HS

2
: (3:10:25)

The expressions for the radial and vertical components of displacement for
general P and SI waves, (3.10.10) through (3.10.23) show explicit dependences
on the corresponding amplitude modulation factor F, and the phase modulation
term Ω. Each of these terms depends on angle of incidence θ, wave inhomo-
geneity γ, and intrinsic material absorption Q�1

HP or Q�1
HS depending on the wave

type being considered. To quantify these dependences for general P waves,
numerical calculations for the amplitude modulation factor and the phase term
are shown in Figures (3.10.26) and (3.10.27) for media with large (Q�1

HP ¼ 0:2),
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moderate (Q�1
HP ¼ 0:1), and small (Q�1

HP ¼ 0:01) amounts of intrinsic absorption.
The curves as computed are valid for general SI waves upon replacement of
Q�1

HP with Q�1
HS.

The calculations show that both the amplitude and the phase of the displacement
components at each angle of incidence are influenced by the degree of inhomo-
geneity of the wave and the amount of intrinsic material absorption. The curves
show that the dependence of the vertical and radial amplitudes on angle of incidence
increasingly deviates from that of a cosinusoidal or sinusoidal dependence for
corresponding homogeneous waves with increasing amounts of intrinsic absorption
and wave-field inhomogeneity. For media with large amounts of absorption the
dependences of the amplitude and phase modulation on angle of incidence differ
significantly from those for a corresponding homogeneous wave (γ= 0) for degrees
of inhomogeneity as small as 20o. For materials with small amounts of intrinsic
absorption the amplitude and phase dependences on angle of incidence for inho-
mogeneous P and SI waves differ significantly from those for corresponding
homogeneous waves only for large degrees of inhomogeneity, say γ>
85° and
either large or small angles of incidence, say θ >
75° or θ <
15°, depending on
the component of interest (Figures (3.10.26) and (3.10.27)).

3.10.2 Volumetric Strain for a General P Wave

The volumetric strain associated with a general P wave as might be measured using
a volumetric strain meter (Borcherdt, 1988) is given from (3.2.8) by

ΔR tð Þ ¼ G0 kPj j exp �~AP .~r
h i

kPI cos ζ P tð Þ½ � þ kPR sin ζ P tð Þ½ �ð Þ (3:10:28)

with no such strain, of course, being associated with either type of S wave. Using
identity (3.6.16) for a P wave and notation in the preceding section, this expression
may be written as

ΔR tð Þ ¼ G0 kPj j exp �~AP .~r
h i

kPj j cos ζP tð Þ � ψP � π=2½ �: (3:10:29)

Substituting the relations

cos ζ P tð Þ½ � ¼ ~uR . ~�1P

D
��~�1P��2 (3:10:30)

and

sin ζ P tð Þ½ � ¼ ~uR . ~�2P

D
��~�2P��2 (3:10:31)

92 Viscoelastic P, SI, and SII Waves



into (3.10.28), where

D � G0 kPj j exp �~AP .~r
h i

(3:10:32)

and~�1P and~�2P are defined by (3.2.12) and (3.2.13), allows the volumetric strain for
an inhomogeneous P wave to be expressed in terms of the displacement field as

ΔR tð Þ ¼ ω
vHP

~uR . ~�2P��~�2P��2 � Q�1
HP

1þ χHP

~uR . ~�1P��~�1P��2
 !

(3:10:33)

and that for a homogeneous P wave by

ΔR tð Þ ¼ ω
vHP

D

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

~uR . ~�1P

� �2
D2

vuut
� Q�1

HP

1þ χHP

~uR . ~�1P

0
BB@

1
CCA: (3:10:34)

These expressions specify the volumetric strain for a general P wave as might be
recorded on a dilatometer in a HILV whole space in terms of the corresponding
displacement field for the wave as might be inferred from a three-component
seismometer.

3.10.3 Simultaneous Measurement of Volumetric Strain and Displacement

Simultaneous measurement of volumetric strain and components of the displace-
ment field as might be inferred from a dilatometer and a three-component seism-
ometer allows information regarding the wave field and the material parameters to
be inferred that cannot be inferred from either measurement alone. Expressions for
elastic media relating displacement components and various components of the
strain tensor have been derived by Benioff (1935), Benioff and Gutenberg (1952),
Romney (1964), and Gupta (1966). Expressions derived here are valid for viscoe-
lastic media (Borcherdt (1988).
Examples of additional information that can be derived from collocated simulta-

neous measurements for a general P wave propagating in a HILV whole space are
implied by expressions (3.10.10) and (3.10.29). As a first example the general expres-
sion for the displacement field of a general P wave, (3.2.11), shows that the elliptical
particle motion reaches its maximum along the major axis of the ellipse (i.e.

��~�1P��) and
minimumalong theminor axis of the ellipse (i.e.

��~�2P��) at times t1 and t2when ζ P (t1) = 0
and ζ P (t2) =π/2. Determination of these times from particle motion plots as might be
inferred from seismometer measurements and substitution of these times into (3.10.29)
shows that the ratio of corresponding values for volumetric strain is given by
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ΔR t1ð Þ
ΔR t2ð Þ ¼ � Q�1

HP

1þ χHP

: (3:10:35)

Hence, measurements of volumetric strain amplitudes during the passage of an
inhomogeneous P wave at times of maximum and minimum particle motion as
inferred from collocated seismometer measurements when substituted into
(3.10.35) permit an independent estimate of the intrinsic material absorption Q�1

HP.
As a second example, involving inhomogeneous wave fields, consider the ratio of

the maximum amplitude of the radial component of displacement as implied by
(3.10.10) to the maximum volumetric strain as implied by (3.10.29), namely

max½uRx�
max½ΔR� ¼

vHP

ω

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χHP

2 χHP

s
FP sin θ½ �: (3:10:36)

This expression shows that if the maximum amplitude of the radial component of
displacement and the volumetric strain can be determined from measurements, then
if independent estimates of the material parameters, vHP and Q�1

HP, are available
then the function FP[sin θ] which depends on the angle of incidence and inhomo-
geneity of the P wave can be estimated. In addition the phase lag between the radial
component of displacement and the volumetric strain is given by

2ψP � ΩP sin θ½ � þ π=2: (3:10:37)

Hence measurement of this phase lag together with the estimates of the material
parameters yields an estimate of ΩP[sin θ]. This estimate together with one for
FP[sin θ] provides two expressions that can be solved to yield estimates of the angle
of incidence and degree of inhomogeneity for the P wave.
If the wave field is known to be homogeneous from particle motion plots then

the phase lag between the radial component of displacement and volumetric
strain is

ψP þ π
2
¼ tan�1 Q�1

HP

1þ χHP

� �
þ π

2
: (3:10:38)

Hence, measurement of the phase lag between radial displacement and volumetric
strain permits an independent estimate of the intrinsic material absorption Q�1

HP.
As another example, if the wave field is known to be homogeneous, the ratio of

the maximum amplitude of one of the displacement components, say the vertical,
from (3.10.11), and the maximum volumetric strain is given by

max½uRz�
max½ΔR� ¼

vHP

ω
cos θ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χHP

2χHP

s
: (3:10:39)
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This expression suggests that if the material parameters are known, then this ratio of
maximum amplitudes allows the angle of incidence to be estimated. Conversely, if
the angle of incidence is known, as might be estimated from

θ ¼ tan�1 uRx=uRz½ �; (3:10:40)

then the ratio of maximum displacement and maximum volumetric strain might be
used to estimate one or the other of the material parameters vHP or Q�1

HP.
Determination of the times that the volumetric strain signal vanishes and reaches

its maximum value, namely ζ P (t1) =ψP+ π and ζ P t2ð Þ ¼ ψP þ π=2, and correspond-
ing determination of the horizontal or vertical displacement at these times yields

uRxðt2Þ
uRxðt1Þ ¼

uRzðt2Þ
uRzðt1Þ ¼

Q�1
HP

1þ χHP

: (3:10:41)

Hence, these measurements provide another means of estimating the intrinsic
material absorption Q�1

HP of the media.
For materials with small amounts of intrinsic absorption Q�1

HP � 1 and χHP � 1,
so (3.10.39) implies the ratio of maximum displacement of the vertical component to
the maximum volumetric strain for a homogeneous P wave is given approximately by

max½uRz�
max½ΔR� �

vHP

ω
cos θ (3:10:42)

and the phase lag in radians between the radial component of displacement and
volumetric strain is, from (3.10.37), approximately

ψP þ π
2
� tan�1 Q�1

HP

2

� �
þ π

2
� Q�1

HP

2
þ π

2
: (3:10:43)

Consequently, for a homogeneous P wave in low-loss anelastic media, (3.10.42)
shows that the ratio of maximum amplitudes of vertical displacement to maximum
volumetric strain provides an approximate estimate of one of the local constitutive
properties, namely homogeneous P velocity, as scaled by the cosine of the angle of
incidence and the inverse of circular frequency. Equation (3.10.43) shows that
measurement of the phase lag provides an approximate estimate of another of the
local constitutive properties, namely Q�1

HP.
The measurability of the phase shift ψP due to intrinsic absorption depends on

both the amount of intrinsic absorption and the period of the wave. For low-loss
materials with Q�1

HP ¼ 0:01, the phase shift ψP for a one-second wave is about
0.8 millisecond (ms) and that for a 20 second wave about 16 ms. Hence, the phase
shift for materials with Q�1

HP ¼ 0:01 should be detectable in the time domain using
20-second signals sampled at rates greater than about 100 sps. For shorter-period
waves (e.g. one-second waves) in materials with Q�1

HP ¼ 0:01 the phase shift could
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be ignored at sampling rates of 100 sps and the volumetric strain signal could be
regarded as an amplitude-scaled displacement signal for a homogeneous P wave in
low-loss media. For elastic media, Q�1

HP ¼ 0, so definition (3.10.3) implies phase
shift vanishes, that is ψP= 0.

3.11 Problems

(1) Compare characteristics of an inhomogeneous wave in linear anelastic media
with those of an inhomogeneous wave in elastic media.

(2) Show that an inhomogeneous plane P wave with the direction of phase propa-
gation not perpendicular to the direction of maximum attenuation may propa-
gate in linear anelastic media but cannot in elastic media.

(3) Use the method of separation of variables to derive a solution to the scalar
Helmholtz equation for a harmonic plane S wave as specified in Appendix 3,
Chapter 11.3. Show that the complex amplitude of the solution is independent
of the spatial coordinates. (Hint: see the procedure used in Appendix 3 to derive
solutions for P waves.)

(4) Describe basic differences in the physical characteristics of homogeneous and
inhomogeneous waves. Show that the expressions for wave speed, particle
motion, energy flux, kinetic energy density, potential energy density, total
energy density, mean rate of energy dissipation, energy velocity, and reciprocal
quality factor depend on the degree of inhomogeneity.

(5) Describe basic differences in the physical characteristics of inhomogeneous
Type-I and Type-II S waves. Show that the physical characteristics of particle
motion, energy flux, kinetic energy density, potential energy density, total
energy density, mean rate of energy dissipation, energy velocity, and reciprocal
quality factor are different for the two types of S waves.

(6) Use expressions for the physical characteristics of P, SI, and SII waves in low-loss
anelastic media to show that each of the characteristics, as identified in Problems
4 and 5, depends on the degree of inhomogeneity of the waves with the only
exception being tilt of the particle motion ellipse for P and Type-I S waves.

(7) Derive expressions showing the dependences of wave speed and the reciprocal
quality factor on frequency for inhomogeneous P, SI, and SII waves in a
Maxwell solid.

(8) Derive expressions for the time-averaged energy flux for Type-I and Type-II S
waves, namely


~I SI

� ¼��~G0

��2 exp½�2~AS .~r �ω
2

ρω2~PS þ 4 ~PS � ~AS

� ��
� MI

~PS �MR
~AS

� ��
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and



~I SII

� ¼ DSIIj j2
hS

exp½�2~AS .~r �ω
2

ρω2~PS þ 2 ~PS � ~AS

� ��
� MI

~PS �MR
~AS

� ��
;

from (2.5.7) or (2.5.11). Show that the mean energy fluxes for the two types of
S waves are equal if and only if the waves are homogeneous.

(9) Derive expressions (3.5.8) and (3.5.9) for complex wave numbers kP and kS in
terms of the wave speed and Q −1 for a corresponding homogeneous wave
using (3.5.1) through (3.5.5). Explain why wave speed (vHS, vHP) and
Q �1 Q�1

HS;Q
�1
HP

� 	
for homogeneous S and P waves may be used together

with density to characterize the response of a viscoelastic material for a given
frequency.

(10) Use definitions and equations in Sections 3.1, 3.5, and 3.6 to derive identities
(3.6.12) through (3.6.24) involving the wave speed (vHS, vHP) and
Q �1 Q�1

HS;Q
�1
HP

� 	
for homogeneous S and P waves.

(11) Use expressions derived for components of the displacement field and the
volumetric strain to show that simultaneous collocated measurements of each
can be used to infer constitutive properties of the media.
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4

Framework for Single-Boundary Reflection–Refraction
and Surface-Wave Problems

Analytic closed-form solutions for problems of body- and surface-wave propaga-
tion in layered viscoelastic media will show that the waves in anelastic media are
predominantly inhomogeneous with the degree of inhomogeneity dependent on
angle of incidence and intrinsic absorption. Hence, it is reasonable to expect from
results in the previous chapter that the physical characteristics of refracted waves in
layered anelastic media also will vary with the angle of incidence and be dependent
on the previous travel path of the wave. These concepts are not encountered for
waves in elastic media, because the waves traveling through a stack of layers are
homogeneous with their physical characteristics such as phase speed not dependent
on the angle of incidence. This chapter will provide the framework and solutions
for each of the waves needed to derive analytic solutions for various reflection–
refraction and surface-wave problems in subsequent chapters.

4.1 Specification of Boundary

To set up the mathematical framework for considering reflection–refraction pro-
blems at a single viscoelastic boundary and surface-wave problems, consider two
infinite HILVmedia denoted by V andV 0 with a common plane boundary in welded
contact (Figure (4.1.3)). For reference, the locations of the media are described by a
rectangular coordinate system specified by coordinates (x1, x2, x3) or (x, y, z) with the
space occupied by V described by x3 > 0, the space occupied byV 0 by x3 > 0, and the
plane boundary by x3 = 0. For problems involving a viscoelastic half space V 0 will
be considered a vacuum.
Wave propagation in multiple layers of viscoelastic media will be considered in

subsequent chapters by extending the notation used here for single-boundary problems.
The notation will be extended by eliminating the prime superscript and introducing an
additional subscript to distinguish parameters for themth layer. This additional subscript
is not introduced for single-boundary problems for purposes of simplicity.
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The response of a HILVmedium Vof density ρ shall be characterized by complex
shear and bulk moduli or real parameters corresponding to the wave speed and
reciprocal quality factor for homogeneous S and P waves in V, namely
vHS; vHP; Q

�1
HS; andQ

�1
HP as indicated by (3.5.1) through (3.5.5). The corresponding

complex wave numbers for homogeneous S and P waves may also be used to
characterize the material as the following expressions from (3.6.12) indicate:

kS ¼ ω
vHS

1� i
Q�1

HS

1þ χHS

� �
; kP ¼ ω

vHP

1� i
Q�1

HP

1þ χHP

� �
; (4:1:1)

where χHS �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�1

HS

q
and χHP �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�1

HP

q
.

Similarly, the response of HILV medium V 0 of density ρ 0 shall be characterized
by K 0 and M0 or real parameters corresponding to the wave speed and reciprocal
quality factor for homogeneous S and P waves in V 0, namely v 0

HS; v
0
HP; Q

0�1
HS ; and

Q
0�1
HP , or complex wave numbers for homogeneous S and P waves, namely

k 0
S ¼ ω

v 0
HS

1� i
Q 0�1

HS

1þ χ 0
HS

 !
; k 0

P ¼ ω
v 0HP

1� i
Q 0�1

HP

1þ χ 0
HP

 !
: (4:1:2)

4.2 Specification of Waves

Harmonic motions of media V and V 0 are governed by the equation of motion
(2.3.17). Solutions of the equations of motion corresponding to Helmholtz equa-
tions (3.1.3) and (3.1.4) which satisfy the divergenceless gauge (3.1.2) in each
medium describe harmonic motions of the media. To consider two-dimensional

ρ ′, vHS, vHP, Q          , Q–1 –1′ ′

ρ, vHS, vHP, QHS, QHP
–1 –1

HS HP′ ′

Figure (4.1.3). Illustration showing configuration of rectangular coordinate system
and welded plane boundary at x3 = 0 between two infinite HILV media V and V 0.
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surface-wave and reflection–refraction problems, the solutions shall be restricted
without loss of generality to those that have components of propagation and
attenuation only in a plane perpendicular to the planar boundary, namely in the
x1x3 plane. In addition, only solutions propagating in the +x1 direction need be
considered with incident waves assumed to originate in medium V. Upon considera-
tion of a specific reflection–refraction problem or a particular surface wave problem,
application of the boundary conditions and (3.1.2) implies that the complex wave
number k associated with each solution is the same. Hence, without loss of general-
ity the complex wave number k for each of the solutions in media V and V 0 are
assumed to be equal.
For medium V, a set of general displacement potential solutions that satisfy the

preceding restrictions for two-dimensional surface-wave and reflection–refraction
problems (Borcherdt, 1971, 1973a, 1973b, 1977, 1982) as inferred from (3.1.12) is

f ¼ f1 þ f2 ¼
X2
j¼1

Bj exp i ωt� ~Kfj
.~r

� �h i
(4:2:1)

and

~ψ ¼ ~ψ1 þ~ψ2 ¼
X2
j¼1

~Cj exp i ωt� ~Kψj
.~r

� �h i
; (4:2:2)

where the complex wave vectors are given by

~Kfj
¼ ~Pfj

� i~Afj
¼ kx̂1 þ �1ð Þ jdαx̂3; (4:2:3)

~Kψj ¼ ~Pψj � i~Aψj ¼ kx̂1 þ �1ð Þ jdβx̂3; (4:2:4)

and the corresponding propagation and attenuation vectors are given by

~Pfj
¼ kRx̂1 þ �1ð Þ jdαRx̂3; (4:2:5)

~Pψj ¼ kRx̂1 þ �1ð Þ jdβRx̂3; (4:2:6)

and

~Afj
¼ �kIx̂1 þ �1ð Þ jþ1dαI x̂3; (4:2:7)

~Aψj ¼ �kIx̂1 þ �1ð Þ jþ1dβI x̂3; (4:2:8)

for j = 1, 2 with

dα �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2P � k2

q
; (4:2:9)

dβ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2S � k2

q
; (4:2:10)
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where “
ffip
” is understood to indicate the principal value of the square root of a

complex number z= x+ iy= zR+ izI (Kreysig, 1967, p. 535) defined in terms of its
argument as

ffiffiffi
z

p � principal value ðzÞ1=2
h i

� ffiffiffi
z

p
exp

"
i
arg z

2

#
(4:2:11)

with

�π5 arg z � π (4:2:12)

or in terms of the positive square root of real numbers by

ffiffiffi
z

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zj j þ zR

2

r
þ i sign zI½ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zj j � zR

2

r
; (4:2:13)

where

sign zI½ � � 1 if zI � 0
�1 if zI 5 0

� �
: (4:2:14)

Use of the principal value of the square root implies dαR � 0 and dβR � 0. This
selection of a root ensures a known direction of propagation for each of the specified
solutions with respect to the boundary. A non-negative value for kR ensures propa-
gation in the positive x1 direction. For purposes of generality ~Cj j ¼ 1; 2ð Þ is
interpreted as an arbitrary complex vector defined by

~Cj ¼ Cj1x̂1 þ Cj 2x̂2 þ Cj 3x̂3 (4:2:15)

such that

Δ

.~ψj ¼ 0 and Cji ( j = 1, 2; i = 1, 2, 3) are arbitrary but fixed complex
numbers. This interpretation permits (4.2.2) to describe both Type-I and Type-II
S waves, depending on the characteristics of ~Cj j ¼ 1; 2ð Þ, where the complex ampli-
tudes Bj and ~Cj j ¼ 1; 2ð Þ are independent of the spatial coordinates (Appendix 3).
A set of solutions in mediumV 0 that correspond to waves propagating away from

and toward the boundary with circular frequency ω are specified symbolically by
attaching primes to each of the wave parameters in (4.2.1) through (4.2.10). The
appropriate solutions for V 0 are

f0 ¼ f0
1 þ f0

2 ¼
X2
j¼1

Bj
0 exp i ωt� ~K 0

fj
.~r

� �h i
(4:2:16)

and

~ψ0 ¼ ~ψ0
1 þ~ψ0

2 ¼
X2
j¼1

~Cj
0 exp i ωt� ~K 0

ψ
j
.~r

� �h i
(4:2:17)
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where

~K 0
fj
¼ ~P 0

fj
� i~A 0

fj
¼ kx̂1 þ �1ð Þ jd 0

αx̂3; (4:2:18)

~K 0
ψj
¼ ~P 0

ψj
� i~A 0

ψj
¼ kx̂1 þ �1ð Þ jd 0

βx̂3; (4:2:19)

~P 0
fj
¼ kRx̂1 þ �1ð Þ jd 0

αR
x̂3; (4:2:20)

~P 0
ψj
¼ kRx̂1 þ �1ð Þ jd 0

βR
x̂3; (4:2:21)

~A 0
fj
¼ �kIx̂1 þ �1ð Þ jþ1d 0

αI
x̂3; (4:2:22)

~A 0
ψj
¼ �kIx̂1 þ �1ð Þ jþ1d 0

βI
x̂3; (4:2:23)

for j = 1, 2 with

d 0
α ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k0 2P � k2

q
(4:2:24)

and

d 0
β ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k0 2S � k2

q
: (4:2:25)

For reflection–refraction problems involving a single boundary the amplitudes of
the waves in V 0 that propagate toward the boundary are set to zero, that is B 0

2 ¼ 0

and ~C0
2 ¼ 0.

The nature of the complex vectors ~Cj and ~C 0
1 determines whether the displace-

ment potential solutions represent Type-I S or Type-II S solutions. If the complex
vectors are of the simple form ~Cj ¼ Cj n̂, whereCj is an arbitrary, but fixed, complex
number and n̂ is a real unit vector, then as shown in (3.3.18) and in (3.3.19) n̂ must
be perpendicular to the plane (x1, x3) containing the propagation and attenuation
vectors and, hence, parallel to x̂2. So, for SI solutions only the x̂2 component of the
vector displacement potential ~ψj is needed, that is ~Cj ¼ Cj2x̂2 j ¼ 1; 2ð Þ and
~C 0
1 ¼ C 0

12 x̂2. Hence, problems involving P and SI solutions are more easily speci-
fied using the solutions of the equations of motion involving the displacement
potentials fj and the x̂2 component of ~ψj as opposed to solutions of equation
(3.3.16) involving the vector displacement field ~u, which would require two com-
ponents of the displacement field vector to describe P and SI solutions.
If the complex vectors ~Cj and ~C 0

1 are not of simple form, then the special case of
interest for two-dimensional problems under consideration is that in which the x̂2

component of the vectors is zero. For this case the vector displacement potential
solution describes a Type-II S wave as described by equations (3.3.34) through
(3.4.13). The particle motion for a Type-II S wave is unidirectional and parallel to
x̂2. Hence, problems involving SII solutions are more easily described using the

102 Framework for single-boundary problems



solutions of equation (3.3.16) for the vector displacement field, as opposed to using
two components of the vector displacement potential~ψ to describe Type-II S solutions.
Solutions of the equation of motion involving the displacement field (3.3.16) for

Type-II S waves in media V and V 0 are easily specified by

~u ¼ ~u1 þ~u2 ¼
X2
j¼1

Dj exp i ωt� ~Kuj
.~r

� �h i
x̂2; (4:2:26)

and

~u 0 ¼ ~u 0
1 þ~u 0

2 ¼
X2
j¼1

Dj
0 exp i ωt� ~K 0

uj
.~r

� �h i
x̂2; (4:2:27)

where

~Kuj ¼ ~Puj � i ~Auj ¼ kx̂1 þ �1ð Þ jdβx̂3; (4:2:28)

~K 0
uj
¼ ~P 0

uj
� i~A 0

uj
¼ kx̂1 þ �1ð Þ jd 0

βx̂3; (4:2:29)

~Puj ¼ kRx̂1 þ �1ð Þ jdβRx̂3; (4:2:30)

~P 0
uj
¼ kRx̂1 þ �1ð Þ jd 0

βR
x̂3; (4:2:31)

~Auj ¼ �kIx̂1 þ �1ð Þ jþ1dβI x̂3; (4:2:32)

~A 0
uj
¼ �kIx̂1 þ �1ð Þ jþ1d 0

βI
x̂3; (4:2:33)

for j= 1, 2 with dβ and d 0
β defined by (4.2.10) and (4.2.25). For reflection–refraction

problems involving a single boundary the amplitudes of the waves in V 0 that
propagate toward the boundary are set to zero, that is D 0

2 ¼ 0.
For ease of physical interpretation of reflected and refracted waves specified

with respect to the boundary, it is expedient to introduce notation designating the
angles θ that the propagation vectors make with respect to the vertical and the
angles γ between the corresponding attenuation and propagation vectors. The angles
θ are termed the angles of incidence, reflection, or refraction depending on the
corresponding wave. The angles γ specify the degree of the inhomogeneity of the
corresponding wave and in turn together with θ specify the angles that the corre-
sponding attenuation vectors make with respect to the vertical. An illustration of
this notation is given in Figure (5.2.18) for the reflection–refraction problem of
an incident general SI wave.
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In terms of these angles, the propagation vectors in medium V may be written as

~Pfj
¼ kRx̂1 þ �1ð Þ jdαRx̂3 ¼

		~Pfj

		 sin θfj

h i
x̂1 þ �1ð Þ jþ1 cos θfj

h i
x̂3

� �
; (4:2:34)

~Pψj ¼ kRx̂1 þ �1ð Þ jdβRx̂3 ¼
		~Pψj

		 sin θψj

h i
x̂1 þ �1ð Þ jþ1 cos θψj

h i
x̂3

� �
; (4:2:35)

~Puj ¼ kRx̂1 þ �1ð Þ jdβRx̂3 ¼
		~Puj

		 sin θuj

h i
x̂1 þ �1ð Þ jþ1cos θuj

h i
x̂3

� �
; (4:2:36)

and the attenuation vectors as

~Afj
¼ �kIx̂1 þ �1ð Þ jþ1dαI x̂3

¼ 		~Af j

		 sin θfj
� γfj

h i
x̂1 þ �1ð Þ jþ1 cos θfj

� γfj

h i
x̂3

� �
;

(4:2:37)

~Aψj ¼ �kIx̂1 þ �1ð Þ jþ1dβI x̂3

¼ 		~Aψj

		 sin θψj � γψj

h i
x̂1 þ �1ð Þ jþ1 cos θψj � γψj

h i
x̂3

� �
;

(4:2:38)

~Auj ¼ �kIx̂1 þ �1ð Þ jþ1dβI x̂3

¼ 		~Auj

		 sin θuj � γuj

h i
x̂1 þ �1ð Þ jþ1 cos θuj � γuj

h i
x̂3

� �
:

(4:2:39)

The corresponding propagation vectors in medium V 0 are

~P 0
fj
¼ kRx̂1 þ �1ð Þ jd 0

αR
x̂3 ¼

		~P 0
fj

		 sin θ 0
fj

h i
x̂1 þ �1ð Þ jþ1 cos θ 0

fj

h i
x̂3

� �
; (4:2:40)

~P 0
ψj
¼ kRx̂1 þ �1ð Þ jd 0

βR
x̂3 ¼

		~P 0
ψj

		 sin θ 0
ψj

h i
x̂1 þ �1ð Þ jþ1cos θ 0

ψj

h i
x̂3

� �
; (4:2:41)

~P 0
uj
¼ kRx̂1 þ �1ð Þ jd 0

βR
x̂3 ¼

		~P 0
uj

		 sin θ 0
uj

h i
x̂1 þ �1ð Þ jþ1 cos θ 0

uj

h i
x̂3

� �
; (4:2:42)

and the corresponding attenuation vectors in medium V 0 are

~A 0
fj
¼ �kIx̂1 þ �1ð Þ jþ1d 0

αI
x̂3

¼ 		~A 0
fj

		 sin θ 0
fj
� γ 0fj

h i
x̂1 þ �1ð Þ jþ1 cos θ 0

fj
� γ 0fj

h i
x̂3

� �
;

(4:2:43)

~A 0
ψj
¼ �kIx̂1 þ �1ð Þ jþ1d 0

βI
x̂3

¼ 		~A 0
ψj

		 sin θ 0
ψj
� γ 0ψj

h i
x̂1 þ �1ð Þ jþ1 cos θ 0

ψj
� γ 0ψj

h i
x̂3

� �
;

(4:2:44)

~A 0
uj
¼ �kIx̂1 þ �1ð Þ jþ1d 0

βI
x̂3

¼ 		~A 0
uj

		 sin θ 0
uj
� γ 0uj

h i
x̂1 þ �1ð Þ jþ1 cos θ 0

uj
� γ 0uj

h i
x̂3

� �
:

(4:2:45)
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For later reference, the complex wave number k for each of the solutions may be
written explicitly in terms of the directions of propagation and attenuation for each
solution and the parameters of the material using (3.6.21), (3.6.22), and (3.6.23) as

kψj ¼
ω
vHS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χSψj
1þ χHS

s
sin θψj

� i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ χSψj
1þ χHS

s
sin θψj � γψj

h i0
@

1
A;

kuj ¼
ω
vHS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χSuj
1þ χHS

s
sin θuj � i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ χSuj
1þ χHS

s
sin θuj � γuj

h i0
@

1
A;

kfj
¼ ω

vHP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χPfj

1þ χHP

s
sin θfj

� i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ χPfj

1þ χHP

s
sin θfj

� γfj

h i0
@

1
A;

k 0
ψj
¼ ω

v 0HS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χ 0

Sψj

1þ χ0
HS0

s
sin θ 0

ψj
� i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ χ 0

Sψj

1þ χ 0
HS

s
sin θ 0

ψj
� γ 0ψj

h i0
@

1
A;

k 0
uj
¼ ω

v 0HS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χ 0

Suj

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χ 0

HS

p sin θ 0
uj
� i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ χ 0

Suj

1þ χ 0
HS

s
sin θ 0

uj
� γ 0uj

h i0
@

1
A;

k 0
fj
¼ ω

v 0HP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χ0Pfj

1þ χ 0
HP

s
sin θ 0

fj
� i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ χ 0

Pfj

1þ χ 0
HP

s
sin θ 0

fj
� γ 0fj

h i0
@

1
A;

(4:2:46)

where

χSψj �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HS sec2 γψj

q
; χSuj �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HS sec
2 γuj

q
; χPfj

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HP sec
2 γfj

q
;

χ 0
Sψj

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ0�2

HS sec2 γψj

q
; χ 0

Suj
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ 0�2

HS sec2 γ 0uj

q
; χ 0

Pfj
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ 0�2

HP sec2 γ 0fj

q
(4:2:47)

and

χHS �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HS

q
; χHP �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HP

q
;

χ 0
HS �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ 0�2

HS

q
; χ 0

HP �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ 0�2

HP

q (4:2:48)

for j=1, 2.Applicationof the boundary conditionswill imply the complexwavenumber
for each of the solutions is equal. Hence, without loss of generality, each wave number
is designated by kwith k ¼ kψj ¼ kuj ¼ kfj

¼ k 0
ψj
¼ k 0

ψj
¼ k 0

uj
¼ k0fj

for j ¼ 1; 2:
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4.3 Problems

(1) Express the complex wave number k as specified in the solutions for an
incident P wave in (4.2.1), (4.2.3), and (4.2.9) in terms of the directions
of phase propagation θf1

and maximum attenuation ðθf1
� γf1

Þ for the
incident wave, material parameters, and circular frequency as

k ¼ ω
vHP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χPf1

1þ χHP

s
sin θf1

� i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ χPf1

1þ χHP

s
sin θf1

� γf1

h i !
:

(2) Derive the expression for the wave number for an incident homogeneous P
wave using the expression derived in Problem 1 for
(a) an arbitrary viscoelastic solid,
(b) an elastic solid, and
(c) a Voight solid.

(3) Derive an expression for the wave speed and absorption coefficient along
the viscoelastic interface of an incident P wave using the expression for the
complex wave number derived in Problem 1. For a fixed angle of incidence how
do the apparent wave speed and absorption coefficient along the interface
change as
(a) the amount of intrinsic absorption in the incident wave increases, that is

as Q�1
HP ! 1, and

(b) the degree of inhomogeneity of the incident wave approaches its physical
limit, that is γf1

! π=2.
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5

General P, SI, and SII Waves Incident
on a Viscoelastic Boundary

A theoretical closed-form solution for the problem of a general P, SI, or SII wave
incident on a plane welded boundary between HILV media, V and V 0, is one for
which the characteristics of the reflected and refracted waves are expressed in terms
of the assumed characteristics of the incident wave. Application of the boundary
conditions at the boundary allows the amplitude and phase for the reflected and
refracted waves to be expressed in terms of the properties of the media and those
given for the incident wave. The directions of the propagation and attenuation
vectors for the reflected and refracted waves are determined in terms of those of
the incident wave by showing that the complex wave number for each solution must
be the same. For problems involving incident P and SI waves, the boundary
conditions are most readily applied using the solutions involving displacement
potentials, namely, (4.2.1), (4.2.2), (4.2.16), and (4.2.17). For problems involving
incident SII waves, the boundary conditions can be applied most easily using
solutions involving only one component of the displacement field, namely
(4.2.26) and (4.2.27).

5.1 Boundary-Condition Equations for General Waves

The welded boundary between media V and V 0 is specified mathematically by
requiring that the stress and displacement are continuous across the boundary. For
purposes of brevity, application of these boundary conditions to the general solu-
tions specifying each type of wave as incident, reflected, or refracted allows a
general set of equations to be derived from which a particular problem of interest
can be solved by choosing the incident wave of interest.
Substitution of solutions (4.2.1), (4.2.2), (4.2.16), and (4.2.17) into the expres-

sions relating the displacement field and the displacement potentials, namely (3.1.1)
and (3.1.2), applying identities in Appendix 2, and requiring that the displacements
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on each side of the boundary when evaluated at x3 = 0 are equal yields a set of
equations describing the displacement fields for the wave fields on the two sides of
the boundary. Substituting these expressions for the displacement fields into the
expressions relating the components of the displacement fields to components of the
strain tensor (2.3.5) and substituting these in turn into the expression relating stress
and strain (2.3.12) yields a set of equations for the components of the stress tensor
on both sides of the boundary acting on the plane x3 = 0. The resulting continuity of
displacement and stress equations with k taken as an arbitrary complex number yet
to be specified in terms of the propagation and attenuation characteristics of the
incident wave are

u1 ¼ u 0
1;

k B1 þ B2ð Þ þ dβ C12 � C22ð Þ ¼ k B 0
1 þ B 0

2

� �þ d 0
β C 0

12 � C 0
22

� �
; ð5:1:1Þ

u2 ¼ u 0
2;

dβ C11 � C21ð Þ þ k C13 � C23ð Þ ¼ d 0
β C 0

11 � C 0
21

� �þ k C 0
13 � C 0

23

� �
; ð5:1:2Þ

u3 ¼ u 0
3;

dα B1 � B2ð Þ � k C12 þ C22ð Þ ¼ d 0
α B 0

1 � B 0
2

� �� k C 0
12 þ C 0

22

� �
; ð5:1:3Þ

p31 ¼ p031;

M 2kdα B1 � B2ð Þ þ d 2
β � k2

� �
C12 þ C22ð Þ

h i
¼ M0 2kd 0

α B 0
1 � B 0

2

� �þ d 02
β � k2

� �
C 0

12 þ C 0
22

� �h i
; ð5:1:4Þ

p32 ¼ p032;

Mdβ dβ C11 þ C21ð Þ þ k C13 � C23ð Þ� �
¼ M0d 0

β d 0
β C 0

11 þ C 0
21

� �þ k C 0
13 � C 0

23

� �h i
; ð5:1:5Þ

p33 ¼ p033;

M � d 2
β � k2

� �
B1 þ B2ð Þ þ 2dβ k C12 � C22ð Þ

h i
¼ M0 � d 02

β � k2
� �

B 0
1 þ B 0

2

� �þ 2d 0
β k C 0

12 � C 0
22

� �h i
: ð5:1:6Þ

Choice of solutions for a single incident wave and choice of solutions for
reflected and refracted waves with phase propagation away from the boundary
will allow these equations to be solved for the complex amplitudes of the reflected
and refracted waves in terms of the complex amplitude and complex wave number
for the specified incident wave.
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5.2 Incident General SI Wave

The physical problem of a general SI wave incident on a viscoelastic boundary is
specified by choosing solutions (4.2.1), (4.2.2), (4.2.16), and (4.2.17) to represent
the incident SI and reflected and refracted SI and P waves, where the amplitudes of
the incident P solution and the incident P and SI solutions in V0 with phase
propagation toward the boundary are set to zero, that is

B1 ¼ B 0
2 ¼ C 0

21 ¼ C 0
22 ¼ C 0

23 ¼ 0: (5:2:1)

The boundary conditions imply that no SII waves are generated at the boundary,
hence without loss of generality the complex vector amplitude of the vector
displacement potential ~ψ is of simple form for incident, reflected, and refracted SI
waves and the x̂1 and x̂3 components for each of the waves vanish, namely

C11 ¼ C13 ¼ C21 ¼ C23 ¼ C 0
11 ¼ C 0

13 ¼ 0: (5:2:2)

5.2.1 Specification of Incident General SI Wave

The expression for the assumed or specified incident general SI wave as given by
(4.2.2) through (4.2.38) with j= 1 is

~ψ1 ¼ C12 x̂2 exp i ωt� ~Kψ1
.~r

� �h i
; (5:2:3)

where

~Kψ1 ¼ ~Pψ1 � i ~Aψ1 ¼ kx̂1 þ �1ð Þ jdβ x̂3; (5:2:4)

~Pψ1 ¼ kR x̂1 � dβR x̂3 ¼ ~Pψ1

�� �� sin θψ1
� �

x̂1 þ cos θψ1
� �

x̂3

� �
; (5:2:5)

~Aψ1 ¼ �kI x̂1 þ dβI x̂3 ¼
��~Aψ1

�� sin θψ1 � γψ1

h i
x̂1 þ cos θψ1 � γψ1

h i
x̂3

� �
; (5:2:6)

and the complex wave number k, written in terms of the given parameters of the
incident general SI wave, is given by

k ¼ ~Pψ1

�� �� sin θψ1 � i
��~Aψ1

�� sin θψ1
� γψ1

h i
; (5:2:7)

where, to ensure propagation of the incident wave in V, the magnitudes of the
propagation and attenuation vectors for the incident wave are specified from
(3.1.20) and (3.1.21) in terms of the given parameters of the material,
kS ¼ ω=β ¼ ω=

ffiffiffiffiffiffiffiffiffiffi
M=ρ

p
, and the given degree of inhomogeneity γψ1 by
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~Pψ1

�� �� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
Re k2S
� �þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Re k2S
� �� �2 þ Im k2S

� �� �2
sec2 γψ1

q
 �s

¼ ω
vHS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χSψ1
1þ χHS

s (5:2:8)

and

��~Aψ1

�� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
�Re k2S

� �þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Re k2S
� �� �2þ Im k2S

� �� �2
sec2 γψ1

q
 �s

¼ ω
vHS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ χSψ1
1þ χHS

s
; ð5:2:9Þ

with γψ1 chosen such that γψ1 ¼ 0 for elastic media and γψ15 90�, for anelastic

media with χSψ1 ¼
p
1þQ�2

HS sec
2 γψ1

and χHS ¼
p
1þQ�2

HS, where the expres-

sions in terms of χSψ1
follow from (3.6.17) and (3.6.18).

The complex wave number k for the incident general SI wave (5.2.7) as given by
(4.2.46) shows an explicit dependence on an assumed degree of inhomogeneity and
angle of incidence in anelastic media, namely

k ¼ ω
vHS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χSψ1
1þ χHS

s
sin θψ1 � i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ χSψ1
1þ χHSψ1

s
sin θψ1 � γψ1

h i0
@

1
A: (5:2:10)

In elastic media k shows only a dependence on angle of incidence as indicated by

k ¼ ω
vHS

sin θψ1 : (5:2:11)

For the special case that the incident SI wave is assumed to be homogeneous, (5.2.7)
and (5.2.10) for k simplify for HILV media to

k ¼ ~Pψ1

�� ��� i
��~Aψ1

��� �
sin θψ1

¼ kS sin θψ1 (5:2:12)

and

k ¼ ω
vHS

1� i
Q�1

HS

1þ χHS


 �
sin θψ1 : (5:2:13)

Expressions (5.2.5) through (5.2.13) show explicitly that the complex wave
number k and the magnitude of the propagation and attenuation vectors for the
incident general SI wave are completely determined upon specification of (1) the
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angle of incidence θψ1 for the propagation vector, (2) the degree of inhomogeneity
γψ1 or the angle of incidence for the attenuation vector θψ1� γψ1 in anelastic media,
(3) the material parameters as specified by ρ, kS or vHS andQ�1

HS, and (4) the circular
frequency ω.
The expression for the assumed or specified general incident SI wave as given by

(5.2.3) through (5.2.13) is a general formulation needed to consider two-dimensional
wave-propagation problems in layered viscoelastic media. The general formulation as
initially presented (Borcherdt, 1971, 1982) allows the incident SI wave to be chosen
as either a homogeneous or an inhomogeneous wave for problems in which the
incident medium V is anelastic and as only a homogeneous wave if V is elastic.
The general formulation is needed in order to consider wave propagation in

anelastic media with more than one boundary. It will be shown in subsequent
sections that plane waves refracted at boundaries between anelastic media with
different amounts of intrinsic absorption are in general inhomogeneous. Hence, in
anelastic media with more than one boundary the refracted wave will encounter
the second layer as an inhomogeneous wave. It is not necessary to consider such
problems for elastic media, because in those situations in which the refracted elastic
wave is inhomogeneous the directions of the propagation and attenuation vectors
are parallel and perpendicular to the boundary, respectively. The problem of an
incident homogeneous wave as considered by Lockett (1962), Cooper and Reiss
(1966), and Cooper (1967) is a special case of the more general formulation
presented here.

5.2.2 Propagation and Attenuation Vectors; Generalized Snell’s Law

Expressions for the solutions describing the reflected and refracted general P and SI
waves as specified by (4.2.1), (4.2.2), (4.2.16), and (4.2.17) are in medium V

f 2 ¼ B2 exp i ωt� ~Kf 2
.~r

� �h i
(5:2:14)

and

~ψ2 ¼ C22 exp i ωt� ~Kψ 2
.~r

� �h i
x̂2; (5:2:15)

and in medium V 0

f0
1 ¼ B0

1 exp i ωt� ~K 0
f 1

.~r
� �h i

(5:2:16)

and

~ψ0
1 ¼ C 0

12 exp i ωt� ~K 0
ψ 1

. r
� �h i

x̂2; (5:2:17)
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where ~Kf2
, ~Kψ2 ,

~K 0
f1
, ~K 0

ψ1
and the other parameters of the reflected and transmitted

waves are defined in (4.2.3) through (4.2.44). Parameters of the incident, reflected
and transmitted waves for the problem of an incident general SI wave are illustrated
in Figure (5.2.18).

Specification of the complex wave number k using (5.2.10) in terms of the given
directions of propagation and attenuation (θψ1, θψ1 � γψ1) for the incident SI wave

and the parameters of the media ρ and kS or vHS and Q�1
HS implies that

dβ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2S � k2

q
, dα ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2P � k2

q
, d 0

β ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k02S � k2

q
, and d 0

α ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k02P � k2

q
are deter-

mined. Hence, the magnitude and directions of the propagation and attenuation
vectors for the reflected and refracted general SI and P waves as defined by (4.2.5)
through (4.2.8) and (4.2.20) through (4.2.23) are determined in terms of the given
directions for the incident general SI wave.
Equality of the complex wave number k assumed without loss of generality in

each of the displacement-potential solutions for the incident, reflected, and refracted
waves as evident in expressions (4.2.34) through (4.2.44) yields a generalized form
of Snell’s Law. Equality of the real part of k is familiar from optics and elasticity
theory. It implies that

kR ¼ ~Pψ1

�� �� sin θψ1 ¼ ~Pψ2

�� �� sin θψ2 ¼ ~Pf2

�� �� sin θf2
¼ ��~P 0

ψ2

�� sin θ 0
ψ2

¼ ��~P 0
f2

�� sin θ 0
f2
; (5:2:19)

which may be rewritten in terms of the phase speeds of the waves as

V ′ : ρ ′, vHS, vHP, Q′   , Q′–1 –1′ ′

V : ρ, vHS, vHP, QHS, QHP
–1 –1

Aψ1

→

Aψ2

→

γψ1

γψ2

Pψ1

→

Pψ2

→

θψ1
θψ2

θψ1
′
Aψ1

→
′ γψ1

′ Pψ1

→
′

θφ1
′

Aφ1

→
′ γφ1

′ Pφ1

→
′

x1

Aφ2

→

Pφ2

→

γφ2
θφ2

Incident SI Reflected SI

Transmitted SI

Reflected P

Transmitted P

x3 x3

HS HP

Figure (5.2.18). Diagram illustrating notation for direction and magnitude of
propagation and attenuation vectors for the reflected and refracted waves due to
a general SI wave incident on a welded boundary between HILV media.
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kR
ω

¼ sin θψ1
~vψ1
�� �� ¼ sin θψ2

~vψ2
�� �� ¼ sin θf2

~vf2

�� �� ¼ sin θ 0
ψ2��~v 0ψ2

�� ¼ sin θ 0
f2��~v 0f2

�� : (5:2:20)

Equality of the imaginary part of k implies

�kI ¼
��~Aψ1

�� sin θψ1 � γψ1

h i
¼ ��~Aψ2

�� sin θψ2 � γψ2

h i
¼ ��~Af2

�� sin θf2
� γf2

h i
¼ ��~A0

ψ2

�� sin θ 0
ψ2

� γ 0ψ2

h i
¼ ��~A0

f2

�� sin θ 0
f2

� γ 0f2

h i
: ð5:2:21Þ

Equality of the real part of the complex wave number k as indicated in (5.2.19)
and (5.2.20) shows that the component of the propagation vector along the boundary
for the reflected and refracted general P and SI waves must be equal to that of the
incident general SI wave. When rewritten as (5.2.20), it shows that the reciprocal of
the apparent phase velocity along the boundary of the general reflected and refracted
waves must equal that of the general incident wave. It also shows that the x̂1

component of the complex wave vector ~K for each of the reflected and refracted
waves is equal to that of the assumed incident wave.
Equality of the imaginary part of the complex wave number k as indicated in

(5.2.21) implies that the component of the attenuation vector along the boundary of
the reflected and refracted waves must be equal to that of the incident wave.
The results as stated specifically by (5.2.20) and (5.2.21) may be restated as an

extension or generalization of Snell’s Law as

Theorem (5.2.22). Generalized Snell’s Law – For the problem of a general SI wave
incident on a welded viscoelastic boundary in a plane perpendicular to the boundary,

(1) the reciprocal of the apparent phase velocity along the boundary of the general
reflected and refracted waves is equal to that of the given general incident wave,

and

(2) the apparent attenuation along the boundary of the general reflected and
refracted waves is equal to that of the given general incident wave.

The Generalized Snell’s Law as stated in Theorem (5.2.22) and described expli-
citly by (5.2.19) through (5.2.21) together with the conditions to ensure propagation
in V and V 0, namely (3.1.20) and (3.1.21), provide the laws of reflection and
refraction for plane waves incident on parallel plane, welded viscoelastic boundaries
in a plane perpendicular to the boundaries. Specifically, they permit the directions of
phase propagation and maximum attenuation for each of the reflected and refracted
waves to be determined in terms of the corresponding given directions for the
incident wave and the given material parameters.
Generalized Snell’s Law has important implications for wave propagation in layered

viscoelasticmedia. It implies that in order to describe the propagation of waves through
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layered anelastic media two types of rays are needed, rays perpendicular to surfaces of
constant amplitude and rays perpendicular to surfaces of constant phase, where the
angle between the rays at each boundary is determined by the angles of incidence of the
respective rays and the contrast in material properties at the boundary.
Theorem (5.2.22) includes the results for elastic media as a special case. If the media

are elastic and the incident wave is homogeneous, then the component of attenuation for
the incident wave along the boundary vanishes. Hence, the components of attenuation
for the reflected and refracted waves must vanish or be perpendicular to the boundary.
The result of phase propagation parallel to the boundary and attenuation perpendicular
to the boundary for elasticmedia is of course a classical result known to occur for waves
refracted at angles of incidence beyond a so-called elastic critical angle. A similar result
cannot occur in anelasticmedia, because inhomogeneouswaves for which the degree of
inhomogeneity is 90° cannot propagate in an anelastic viscoelastic medium (Theorem
(3.1.18)). Hence, the problems of reflection and refraction of incident inhomogeneous
waves in viscoelastic media have no counterpart in elastic media.
At first appearance the first part of Generalized Snell’s Law concerning equality

of apparent phase velocity along the boundary is a result similar to the result for
elastic media. However, the result as stated for viscoelastic media is considerably
more general, in that the phase velocities of the incident, reflected, and refracted
waves as indicated in (5.2.20) are those of general waves which may be inhomo-
geneous. As a result the phase velocities, maximum attenuations, and other physical
characteristics of the reflected and refracted waves are dependent on the assumed
degree of inhomogeneity of the incident wave, the angle of incidence, the contrast
in viscoelastic material parameters at the boundary, and frequency. Generalized
Snell’s Law implies the magnitude of the velocity ratios and the refraction indices as
implied by (5.2.20) are not constant as a function of angle of incidence as they are
for elastic media. Instead, for anelastic viscoelastic media, they vary with angle of
incidence as do other physical characteristics of the refracted waves, such as wave
speed and absorption coefficient. Hence, the implications of Generalized Snell’s
Law for characteristics of the wave fields propagated in layered anelastic media
are more profound than they are for elastic media.

5.2.3 Amplitude and Phase

Selection of a single incident SI wave as indicated in (5.2.1) and (5.2.2) reduces the
boundary condition equations (5.1.1) through (5.1.6) to four equations in four
unknowns. The resulting equations to be solved for the complex amplitude of the
reflected and refracted waves in terms of that for the incident SI wave (C12) are

kB2 þ dβ C12 � C22ð Þ ¼ kB 0
1 þ d 0

βC
0
12; (5:2:23)
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�dαB2 � k C12 þ C22ð Þ ¼ d 0
αB

0
1 � kC 0

12; (5:2:24)

M �2kdαB2 þ d 2
β � k2

� �
C12 þ C22ð Þ

h i
¼ M0 2kd 0

αB
0
1 þ d 0 2

β � k2
� �

C 0
12

h i
;

(5:2:25)

M � d 2
β � k2

� �
B2 þ 2dβ k C12 � C22ð Þ

h i
¼ M0 � d 0 2

β � k2
� �

B 0
1 þ 2d 0

β kC 0
12

h i
:

(5:2:26)

Written in matrix form the equations to be solved are

�k dβ k d 0
β

�dα �k �d 0
α k

�2Mkdα �M d 2
β � k2

� �
2M0kd 0

α M0 d 0 2
β � k2

� �
M d 2

β � k2
� �

2kdβ �M0 d 0 2
β � k2

� �
2M0kd 0

β

2
666664

3
777775

B2

C22

B 0
1

C 0
12

2
6664

3
7775

¼ C12

dβ

k

M d 2
β � k2

� �
2Mkdβ

2
66664

3
77775:

(5:2:27)

Equation (5.2.27) implies that the amplitude and phase of the displacement
potentials for the reflected and refracted general P and SI waves are determined in
terms of those for the given incident general SI wave and the given wave number k
for the incident wave as specified by (5.2.10). The existence of a solution to (5.2.27)
shows that a solution to the problem can be found if the complex wave number k is
the same for each of the assumed wave-field solutions. Hence, with k given by
(5.2.10) for the incident general SI wave, equality of k for each of the appropriate
assumed solutions as specified by (4.2.34) through (4.2.44) is established. Or
equivalently, Generalized Snell’s Law as stated in Theorem (5.2.22) for the problem
of an incident general SI wave is established. Hence, from a mathematical point of
view the desired solution for the directions and magnitudes of propagation and
attenuation and the amplitude and phase of the reflected and refracted general SI and
P waves in terms of those for the general incident SI wave is established.

5.2.4 Conditions for Homogeneity and Inhomogeneity

Considering first the case of the reflected SI wave, the expressions for the propaga-
tion and attenuation vectors in terms of k and dβ, namely (4.2.35) and (4.2.38),
immediately imply that
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~Pψ1

�� �� ¼ ~Pψ2

�� �� (5:2:28)

and

��~Aψ1

�� ¼ ��~Aψ2

��; (5:2:29)

which indicates that the phase velocity and maximum attenuation of the reflected SI
wave equals that of the incident wave. Hence, (5.2.19) and (5.2.21) imply that the
angles of reflection and incidence for the propagation vectors of the reflected and
incident SI waves are equal, that is

θψ1 ¼ θψ2 ; (5:2:30)

and that the degrees of inhomogeneity for the reflected and incident SI waves are
equal, that is

γψ1 ¼ γψ2 : (5:2:31)

Hence, the angles of reflection and incidence for the attenuation vectors of the
reflected and incident SI waves are equal, that is

θψ2 � γψ2 ¼ θψ1 � γψ1 : (5:2:32)

Conditions of homogeneity and inhomogeneity for the reflected SI wave may be
restated formally from (5.2.31) as

Theorem (5.2.33). For the problem of a general SI wave incident on a welded
viscoelastic boundary, the reflected SI wave is homogeneous if and only if the
incident SI wave is homogeneous.

The contrapositive of Theorem (5.2.33) implies that the reflected SI wave is
inhomogeneous if and only if the incident wave is inhomogeneous.
The conditions for inhomogeneity of the reflected P wave and the transmitted P

and SI waves are described by the following results.

Theorem (5.2.34). For the problem of a general SI wave incident on a welded
viscoelastic boundary, if the incident SI wave is homogeneous ðγψ1 ¼ 0Þ and not
normally incident 05θψ1 � π 2=

� �
, then

(1) the reflected P wave is homogeneous if and only if

Q�1
HS ¼ Q�1

HP and sin2 θψ1 �
k 2

P

k 2
S

¼ MR

KR þ 4
3
MR

¼ v 2
HS

v 2
HP

;
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(2) the transmitted SI wave is homogeneous if and only if

Q�1
HS ¼ Q 0�1

HS and sin2 θψ1 �
k02S
k2S

¼ ρ0MR

ρM0
R

¼ v 2
HS

v 02
HS

;

(3) the transmitted P wave is homogeneous if and only if

Q�1
HS ¼ Q 0�1

HP and sin2 θψ1 �
k02
P

k2S
¼ ρ0MR

ρ K0
R þ 4

3
M0

R

� � ¼ v 2
HS

v 02
HP

:

A lemma useful in proving Theorem (5.2.34) is

Lemma (5.2.35). k2P
�
k2S is a real number if and only if Q�1

HS ¼ Q�1
HP, in which case

k2P
�
k2S ¼ MR

�
KR þ 4

3
MR

� � ¼ v2HS=v
2
HP.

The proof of this lemma follows from the following result implied by equations
(3.5.8) and (3.5.9), namely,

k2P
k2S

¼ v2HS

v2HP

1� i Q�1
HP

1� i Q�1
HS

1þ
p
1þQ�2

HS

1þ
p
1þQ�2

HP

: (5:2:36)

To prove the “only if ” part of (5.2.34) assume the reflected P wave is homo-
geneous (i.e. γf2

¼ 0), then (5.2.19), (5.2.21), (3.1.13), (3.1.14), and (4.2.9) imply

k2 ¼ k2P sin
2 θf2

(5:2:37)

and

d 2
α ¼ k2P � k2 ¼ k2P cos

2 θf2
: (5:2:38)

These relations, together with (5.2.12), imply k2P
�
k2S is a real number for θψ1 6¼ 0

and

d 2
α

k2
¼ k2P

k2S sin
2 θψ1

� 1 � 0: (5:2:39)

Hence, Lemma (5.2.40) and (5.2.39) yield the desired conclusion that

Q�1
HS ¼ Q�1

HP and sin2 θψ1 �
k 2

P

k 2
S

� MR

KR þ 4
3
MR

¼ v 2
HS

v 2
HP

: (5:2:41)

Conversely, if (5.2.41) is valid, then k2P
�
k2S is a real number fromwhich it follows

that d 2
α

�
k 2 is a non-negative real number. Therefore, dα=k is a real number, say c,

which implies

dαR ¼ c kR and dαI ¼ c kI: (5:2:42)

5.2 Incident general SI wave 117



Substitution of (5.2.42) into (4.2.34) and (4.2.37) with j=2 shows that the propagation
and attenuation vectors for the reflected P wave are parallel, which yields the desired
conclusion, namely the reflected P wave is homogeneous. The results for the trans-
mitted SI and P waves in Theorem (5.2.34) may be proved in a similar fashion.
An implication of a part of the contrapositive of Theorem (5.2.34) indicates that

the reflected P and transmitted P and SI waves are in general inhomogeneous as
stated efficiently in the next theorem.

Theorem (5.2.43). For the problem of a general SI wave incident on a welded
viscoelastic boundary, if the incident SI wave is homogeneous ðγψ1 ¼ 0Þ and not
normally incident 05θψ1 � π=2

� �
, and

(1) if Q�1
HS 6¼ Q�1

HP, then the reflected P wave is inhomogeneous,

(2) if Q�1
HS 6¼ Q0 �1

HP , then the transmitted P wave is inhomogeneous,

(3) if Q�1
HS 6¼ Q0�1

HS , then the transmitted SI wave is inhomogeneous.

If the incident SI wave is both homogeneous and normally incident, then (5.2.19)
and (5.2.21) of Generalized Snell’s Law imply the following result:

Theorem (5.2.44). For the problem of a general SI wave incident on a welded
viscoelastic boundary, if the incident P wave is homogeneous ðγf1

¼ 0Þ and
normally incident θf1

¼ 0
� �

, then the reflected and refracted SI and P waves are
homogeneous.

If the media are elastic, then Theorems (5.2.34) and (5.2.44) with Q�1
HS ¼ Q�1

HP ¼
Q0 �1

HS ¼ Q0 �1

HP ¼ 0 yield the well-known conditions for homogeneity and inhomo-
geneity of the reflected and refracted waves.
For realistic anelastic materials the fractional energy loss for homogeneous P

waves is not equal to that of corresponding S waves. In addition, a boundary
between anelastic media implies, in general, that the intrinsic absorption for corre-
sponding wave types on the two sides of the boundary is different. Consequently,
the preceding results establish the important result for anelastic media that with the
exception of normal incidence, the reflected P and transmitted P and SI waves are in
general inhomogeneous even if the incident SI wave is homogeneous. In contrast,
for elastic media the preceding results show that the reflected P wave and trans-
mitted P and SI waves are homogeneous for all angles of incidence less than a
possible critical angle.
As the intrinsic attenuations across anelastic boundaries in the Earth are, in

general, not equal (i.e. Q�1
HS 6¼ Q�1

HP;Q
�1
HS 6¼ Q0 �1

HS ;Q
�1
HS 6¼ Q0 �1

HP ) the preceding
results establish for the problem under consideration and suggest, in general, the
important result that P and S body waves in a layered anelastic Earth are in general
inhomogeneous for all angles of incidence except normal even if the incident wave
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is homogeneous. This important result implies that the theoretical characteristics of
body waves in a layered anelastic Earth in addition to attenuation are theoretically
distinct from those for homogeneous waves in a layered elastic Earth. Specifically,
the characteristics of inhomogeneous waves as derived in Chapter 3 imply that their
velocity is less, their maximum attenuation is greater, their particle motions are
elliptical, their directions of maximum energy flux are different from that of phase
propagation, their mean kinetic and potential energy densities are not equal, and
their mean rate of energy dissipation is not in the direction of maximum attenuation
in comparison with the corresponding characteristics of homogeneous waves. In
addition, for viscoelastic media two types of inhomogeneous S waves need to be
considered, one with elliptical particle motions and the other with linear particle
motion, each attenuating at a different rate.
An important theoretical implication of Generalized Snell’s Law is that the

distinguishing physical characteristics of inhomogeneous waves vary as the angle
of incidence of the incident wave varies. Consequently, the characteristics of a body
wave propagating through a stack of anelastic layers will depend on its previous
travel path through the stack. For example, if it entered the stack at normal
incidence, it will travel faster and attenuate less in each layer than it will if it entered
the stack at a non-normal angle of incidence. In contrast, for layered elastic models
for waves propagating as body waves at angles less than critical, characteristics of
the waves at any point in the stack are uniquely determined by elastic material
parameters and hence they are not dependent on the previous travel path.
Considering the results derived for the problem of an incident general SI wave, it is

of interest to reconsider the correspondence principle as stated by Bland (1960) and
discussed in Chapter 2. Boundary condition equation (5.2.27) is valid for elastic
media with material parameters (M,M0, kS , kP, kS 0, kP 0) and the wave number k being
a real number. For elastic media the incident SI wave is assumed homogeneous, hence
(5.2.11) implies the wave number for the incident wave in elastic media is given by
k ¼ kS sin θψ1 . However, conversely, if the real material parameters are replaced with
corresponding complex material parameters for the solution to the elastic problem,
then the complex wave number, as given by k ¼ kS sin θψ1 for the incident wave,
describes only the problem of an incident homogeneous wave in viscoelastic media.
Similarly, if wave numbers used to describe the reflected and refracted waves are
similar to those used to describe body waves in elastic media, except that the material
parameters are replaced with complex numbers, then the expressions for the wave
numbers of the reflected and refracted waves, namely k ¼ kS sin θψ2, k ¼ kP sin θf2

,
k ¼ k0S sin θ 0

ψ2
, and k ¼ k0P sin θ

0
f2
, are each those of homogeneous waves. Theorems

(5.2.34) and (5.2.43) show that in general the reflected and refracted waves are
inhomogeneous waves, hence the expressions for the wave numbers obtained by
replacement of the real material parameters with complex ones yield expressions for
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the wave numbers of the reflected and refracted waves in viscoelastic media that do
not correspond to those needed to describe an inhomogeneous wave. Expressions
for the complex wave numbers needed to describe reflected and refracted waves are
given by (4.2.46).
The preceding observations indicate that the reflection–refraction problem for

viscoelastic media is not identical in the sense used by Bland (1960) to that for
elastic media with the only exception being that elastic is replaced by viscoelastic.
As additional evidence that the problems are not “identical”, the concept of an
incident inhomogeneous wave in elastic media is not well defined as it is for
anelastic media as shown following Theorem (3.1.19). Hence, one of the criteria
for application of the correspondence principle, as stated by Bland (1960, p. 67), is
not satisfied, indicating that the principle cannot be applied to solve reflection–
refraction problems for viscoelastic media.
The boundary condition equation (5.2.27) derived for viscoelastic media is

similar to that derived for elastic media except that the material parameters are in
general complex numbers and the wave number k is that corresponding to a general
SI wave with arbitrary, but fixed, angles of inhomogeneity and phase incidence.
Hence, the boundary condition equation for viscoelastic media can be written using
that derived for elastic media; however, its solution requires that the given complex
wave number k be separated into its real and imaginary parts in order to interpret the
physical characteristics of incident inhomogeneous waves for which there are no
corresponding counterparts in elastic media.

5.2.5 Conditions for Critical Angles

Critical angles as predicted by elasticity have been used in a variety of ways in
seismology. They have been used to calculate the travel time for the classic refrac-
tion arrival (Ewing et al., 1957, p. 93). They have been used to facilitate interpreta-
tion of “wide-angle” reflection data. As a consequence, it is of interest to investigate
the concept for layered viscoelastic media.
A critical angle for an elastic reflected wave is generally thought of as the

minimum angle of incidence for which total internal reflection occurs. For a
transmitted wave it is generally regarded as the minimum angle of incidence for
which the corresponding transmitted solution represents a wave with phase propa-
gation parallel to the boundary and maximum attenuation perpendicular to the
boundary. Angles of incidence greater than the critical angle are often termed
super-critical or simply angles of incidence beyond the critical angle. For simplicity
here, all angles of incidence for which the corresponding propagation vector is
parallel to the interface will be referred to as critical angles for the corresponding
wave with the smallest of these referred to as the minimum critical angle.
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The familiar conditions for elastic media that give rise to phase propagation parallel
to the boundary or elastic critical angles for the problem of an incident SI wave follow
immediately from Theorem (5.2.34) with Q�1

HS ¼ Q�1
HP ¼ Q0�1

HS ¼ Q0�1

HP ¼ 0 and the
definitions of dα; dβ; d 0

α; and d 0
β given by (4.2.9), (4.2.10), (4.2.24), and (4.2.25).

Theorem (5.2.45). For the problem of a homogeneous SI (SV) wave incident on a
plane boundary between elastic media V and V 0, conditions for phase propagation
parallel to the boundary or critical angles are as follows:

(1) each angle of incidence satisfying sin θψ1 � vHS vHP= is a critical angle for
the reflected P wave,

(2) if v 0HP5vHS, then no critical angles exist for the transmitted waves,

(3) if v 0
HS5vHS5v 0HP, then the angles of incidence satisfying sin θψ1 � vHS=v

0
HP

are critical angles for the transmitted P wave and no critical angles exist for
the transmitted SI wave,

(4) if vHS5v 0HS, then the angles of incidence satisfying sin θψ1 � vHS=v
0
HP are

critical angles for the transmitted Pwave and the angles of incidence satisfying
sin θψ1 � vHS=v

0
HS are critical angles for the transmitted SI (SV) wave.

These results for elastic media show that critical angles or phase propagation
parallel to the boundary exist whenever the phase speeds of the reflected or
transmitted homogeneous waves exceed those of the incident wave. For such
situations for a particular reflected or transmitted wave all angles of incidence
greater than the minimum critical angle yield phase propagation parallel to the
boundary. The phase speed of these inhomogeneous waves varies as the apparent
phase speed of the incident SI wave varies along the boundary. This example
illustrates that the phase speed of the only type of inhomogeneous wave that can
exist in elastic media (see Theorem (3.1.17)) is not unique for a given degree of
inhomogeneity, namely 90°, as it is for inhomogeneous waves in anelastic media.
If the incident medium V is elastic and the refraction medium V 0 is anelastic, then

the conditions for critical angles change. The definition of dα (4.2.9) and Theorems
(5.2.45) and (3.1.18) immediately imply the following result.

Theorem (5.2.46). For the problem of a homogeneous SI wave incident in an elastic
medium Von a plane boundary with anelastic medium V 0,

(1) each angle of incidence satisfying sin θψ1 � vHS=vHP is a critical angle for
the reflected P wave,

and

(2) no critical angles exist for either transmitted wave.
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This theorem shows that as a result of the finite relaxation times associated with an
anelastic medium phase propagation for the resultant transmitted waves is never
exactly parallel to the boundary, but away from the boundary for all angles of
incidence, in contrast to the situation described in Theorem (5.2.45) for elastic media.
If medium V is anelastic, then the conditions for the existence of critical angles

are specified by the following results.

Theorem (5.2.47). For the problem of a general (homogeneous or inhomogeneous) SI
wave incident on a plane boundary between an anelastic medium Vand a viscoelastic
medium V 0, if the angle of incidence θψ1 θψ1 6¼ π=2

� �
is a critical angle for

(1) the reflected P wave, then

tan γψ1
¼ sin2 θψ1

� kPR
kPI

kSRkSI


 �,
sin θψ1 cos θψ1
� �

,

(2) the transmitted SI wave, then

tan γψ1 ¼ sin2 θψ1 �
k0SRk

0
SI

kSRkSI


 �,
sin θψ1 cos θψ1
� �

,

and

(3) the transmitted P wave , then

tan γψ1 ¼ sin2 θψ1 �
k0PR

k0PI

kSRkSI


 �,
sin θψ1 cos θψ1
� �

.

To prove the first part of the theorem assume θψ1 is a critical angle for the
reflected P wave, that is ~Pf2

is parallel to the boundary, so (4.2.34) implies
dαR= 0 and hence

Im d2
α

� � ¼ 2dαRdαI ¼ 2kPR
kPI

� 2kRkI ¼ 0: (5:2:48)

Equations (5.2.7) and (3.1.14) imply

Im k2
� � ¼ �2 ~Pψ1

�� ����~Aψ1

�� sin θψ1 sin θψ1 � γψ1

h i

¼ �2kSRkSI

sin θψ1 sin θψ1 � γψ1

h i
cos γψ1

: (5:2:49)

Substitution of (5.2.49) into (5.2.48) yields

sin θψ1 sin θψ1
� γψ1

h i
¼ cos γψ1 ðkPR

kPI
Þ=ðkSRkSIÞ;

which simplifies with trigonometric identities for θψ1 6¼ π=2 to the desired result.
Proofs of parts (2) and (3) of the theorem are similar.
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An immediate corollary of Theorem (5.2.47) is that if medium V0 is elastic, then
for a given value of γψ1 there exists at most one angle of incidence, namely
θψ1

¼ γψ1 such that θψ1 is a critical angle. Theorem (5.2.47) implies that for an
anelastic–viscoelastic boundary, if phase propagation occurs exactly parallel to the
boundary, then it occurs for at most one angle of incidence. Hence, Theorem
(5.2.47) indicates that phase propagation exactly parallel to the boundary rarely
occurs for anelastic boundaries, while Theorem (5.2.45) shows that for elastic
boundaries it occurs for a range in angles of incidence for problems in which the
speeds of the reflected or refracted waves are greater than those of the incident
waves. As a consequence the concept of a critical angle as defined for elastic
boundaries with phase propagation parallel to the boundary is not applicable in
the same way to problems involving anelastic boundaries.

5.3 Incident General P Wave

Derivation of the solution for the problem of a general P wave incident on a welded
viscoelastic boundary is analogous to the preceding derivation for the problem of an
incident SI wave. Key steps of the derivation are briefly provided here. They
illustrate the analogy and yield the desired solution for the problem of an incident
general P wave (Borcherdt, 1971, 1982).

5.3.1 Specification of Incident General P Wave

The wave solutions for the physical problem of a general (homogeneous or inho-
mogeneous) P wave incident on a welded viscoelastic boundary at an arbitrary angle
of incidence and polarized in a plane perpendicular to the boundary are specified by
solutions (4.2.1), (4.2.2), (4.2.16), and (4.2.17) where the amplitudes of the incident
SI wave in Vand the P and SI waves in V 0 propagating toward the boundary are set
equal to zero, namely

C11 ¼ C12 ¼ C13 ¼ C 0
21 ¼ C 0

22 ¼ C 0
23 ¼ B 0

2 ¼ 0: (5:3:1)

The boundary conditions imply that no SII waves are generated at the boundary,
hence without loss of generality

C21 ¼ C23 ¼ C 0
11 ¼ C 0

13 ¼ 0: (5:3:2)

The assumed or specified incident P wave is given by (4.2.1) through (4.2.37)
with j = 1. These expressions for the assumed incident general P wave are:

f1 ¼ B1 exp i ωt� ~Kf1
.~r

� �h i
; (5:3:3)
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where the complex wave vector is

~Kf1
¼ ~Pf1

� i ~Af1
; (5:3:4)

the propagation and attenuation vectors are

~Pf1
¼ kR x̂1 � dαRx̂3 ¼ ~Pf1

�� �� sin θf1

� �
x̂1 þ cos θf1

� �
x̂3

� �
; (5:3:5)

~Af1
¼ �kI x̂1 þ dαI x̂3 ¼

��~Af1

�� sin θf1
� γf1

h i
x̂1 þ cos θf1

� γf1

h i
x̂3

� �
;

(5:3:6)

the complex wave number for the assumed general P wave is

k ¼ ~Pf1

�� �� sin θf1
� i
��~Af1

�� sin θf1
� γf1

h i
; (5:3:7)

where, to ensure propagation of the incident general P wave in V, the magnitudes
of the propagation and attenuation vectors for the incident wave are specified
from (3.1.20) and (3.1.21) in terms of the given parameters of the material,

kP ¼ ω=α ¼ ω


 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kþ 4

3
M

� �
=ρ

q
or vHP and Q�1

HP, and the given degree of inho-

mogeneity γf1
by

~Pf1

�� �� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
Re k 2

P½ � þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Re k 2

P½ �ð Þ2þ Im k 2
P½ �ð Þ2sec2 γf1

q
 �s
¼ ω

vHP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χPf1

1þ χHP

s

(5:3:8)

and

��~Af1

�� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
�Re k 2

P½ � þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Re k 2

P½ �ð Þ2þ Im k 2
P½ �ð Þ2 sec2 γf1

q
 �s

¼ ω
vHP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ χPf1

1þ χHP

s
; (5:3:9)

where γf1
is chosen such that γf1

¼ 0 for elastic media and γf1
590� for anelastic

media with χPf1
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HP sec
2 γf1

q
and χHP ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HP

q
. k may be written

explicitly in terms of the given angle of incidence θf1
, degree of inhomogeneity γf1

of the incident wave, and material parameters as

k ¼ ω
vHP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χPf1

1þ χHP

s
sin θf1

� i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ χPf1

1þ χHP

s
sin θf1

� γf1

h i !
(5:3:10)
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with the corresponding expression for k in elastic media being

k ¼ ω

vHP

sin θf1
: (5:3:11)

Hence, (5.3.5) through (5.3.11) show explicitly that the complexwave number k and
the propagation and attenuation vectors for the incident general P wave are completely
determined upon specification of the angle of incidence θf1

, degree of inhomogeneity
γf1

, circular frequency , and material parameters ρ and kP or vHP and Q�1
HP.

5.3.2 Propagation and Attenuation Vectors; Generalized Snell’s Law

Expressions for the solutions describing the reflected and refracted general P and SI
waves are specified by (4.2.1), (4.2.2), (4.2.16), and (4.2.17) with other parameters
of the reflected and refracted waves defined in (4.2.3) through (4.2.44). Parameters
for the problem of a general P wave incident on a welded boundary are illustrated in
Figure (5.3.12).

Specification of the complex wave number k in terms of the given directions of
propagation and attenuation (θf1

, θf1
� γf1

) for the incident P wave and the
parameters of the media (kS, kP) implies that the magnitude and directions of the
propagation and attenuation vectors for the reflected and refracted general SI and P
waves as defined by (4.2.5) through (4.2.8) and (4.2.20) through (4.2.23) are
determined in terms of the given directions for the incident general P wave. These
expressions and equality of the complex wave number k for each of the solutions
yields the components of Generalized Snell’s Law, namely

Incident P Reflected P

Transmitted P Transmitted SI

Reflected SI
x3 x3

x1

V ′ : ρ ′, vHS, vHP, Q′   , Q′–1 –1′ ′

V: ρ, vHS, vHP, QHS, QHP
–1 –1

Aφ1

→

Aψ2

→

Aφ1

→

Aφ2

→Pφ1

→

Pψ2

→

Pφ1

→

Pφ2

→
γφ1

γφ2 γψ2

γφ1

θφ1

θφ1

θφ2
θψ2

′ θψ1
′

′
Aψ1

→
′

′
γψ1

′′

Pψ1

→
′

HS HP

Figure (5.3.12). Diagram illustrating notation for directions and magnitude of
propagation and attenuation vectors for the reflected and refracted waves due to
a general P wave incident on a welded boundary between HILV media.
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kR ¼ ~Pf1

�� �� sin θf1
¼ ~Pψ2

�� �� sin θψ2 ¼ ~Pf2

�� �� sin θf2

¼ ��~P 0
ψ2

�� sin θ 0
ψ2

¼ ��~P 0
f2

�� sin θ 0
f2

(5:3:13)

or

kR
ω

¼ sin θf1

~vf1

�� �� ¼ sin θψ2
~vψ2
�� �� ¼ sin θf2

~vf2

�� �� ¼ sin θ 0
ψ2��~v 0ψ2�� ¼ sin θ 0

f2��~v 0
f2

�� (5:3:14)

and

�kI ¼
��~Af1

�� sin θf1
� γf1

h i
¼ ��~Aψ2

�� sin θψ2 � γψ2

h i
¼ ��~Af2

�� sin θf2
� γf2

h i
¼ ��~A 0

ψ2

�� sin θ 0
ψ2

� γ 0ψ2

h i
¼ ��~A 0

f2

�� sin θ 0
f2

� γ 0
f2

h i
;

(5:3:15)

which in turn may be restated as

Theorem (5.3.16). Generalized Snell’s Law – For the problem of a general P wave
incident on a welded viscoelastic boundary in a plane perpendicular to the boundary,

(1) the reciprocal of the apparent phase velocity along the boundary of the general
reflected and refracted waves is equal to that of the given general incident wave,

and

(2) the apparent attenuation along the boundary of the general reflected and
refracted waves is equal to that of the given general incident wave.

A discussion of the implications of Generalized Snell’s Law is entirely analogous
to that provided for the problem of an incident SI wave. For brevity a similar
discussion is omitted here.

5.3.3 Amplitude and Phase

Specifications (5.3.1) and (5.3.2) imply that the boundary-condition equations
(5.1.1) through (5.1.6) reduce to four equations in four unknowns. The resulting
equations to be solved are

k B1 þ B2ð Þ � dβC22 ¼ kB 0
1 þ d 0

βC
0
12; (5:3:17)

dα B1 � B2ð Þ � kC22 ¼ d 0
αB

0
1 � kC 0

12; (5:3:18)

M 2kdα B1 � B2ð Þ þ d 2
β � k2

� �
C22

h i
¼ M0 2kd 0

αB
0
1 þ d 0 2

β � k2
� �

C 0
12

h i
;

(5:3:19)
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M � d 2
β � k2

� �
B1 þ B2ð Þ � 2dβ kC22

h i
¼ M0 � d 0 2

β � k2
� �

B 0
1 þ 2d 0

β kC
0
12

h i
:

(5:3:20)

Written in matrix notation the equations to be solved for the complex amplitude
of the reflected and refracted general P and SI waves in terms of that for the incident
general P wave (B1) are

�k dβ k d 0
β

dα k d 0
α �k

2Mkdα �M d 2
β � k2

� �
2M0kd 0

α M0 d 0 2
β � k2

� �
�M d 2

β � k2
� �

�2Mkdβ M0 d 0 2
β � k2

� �
�2M0kd 0

β

2
666664

3
777775

B2

C22

B 0
1

C 0
12

2
6664

3
7775

¼ B1

k

dα

2Mkdα

M d 2
β � k2

� �

2
66664

3
77775:

(5:3:21)

As for the incident SI problem, the existence of the solution to (5.3.21) confirms
that the complex wave number, k, is the same in each of the solutions for the
incident, reflected, and transmitted waves. Hence, with k given by (5.3.10),
Generalized Snell’s Law (5.3.16) is established for the problem of a general
(homogeneous or inhomogeneous) P wave incident on a plane boundary between
viscoelastic media. Equation (5.3.21) implies that the amplitude and phase of the
displacement potentials for the reflected and refracted general P and SI waves are
determined in terms of those for the given incident general P wave and the given
wave number k for the incident wave. Hence, from a mathematical point of view the
desired solution for the directions and magnitudes of propagation and attenuation
and the amplitude and phase of the reflected and refracted general SI and P waves
in terms of those for the general P wave incident on a plane boundary between
specified HILV media is established.

5.3.4 Conditions for Homogeneity and Inhomogeneity

The proofs for conditions for homogeneity and inhomogeneity of the reflected
and refracted waves generated by an incident general P wave are analogous to
those for the incident general SI wave problem. For brevity, only the results are
given here.
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Theorem (5.3.22). For the problem of a general P wave incident on a welded
viscoelastic boundary, the reflected P wave is homogeneous if and only if the
incident P wave is homogeneous.

The conditions for the reflected SI and transmitted P and SI waves are as
follows.

Theorem (5.3.23). For the problem of a general P wave incident on a welded
viscoelastic boundary, if the incident P wave is homogeneous ðγf1

¼ 0Þ and not
normally incident 05θf1

� π=2
� �

, then
(1) the reflected SI wave is homogeneous if and only if Q�1

HS ¼ Q�1
HP,

(2) the transmitted P wave is homogeneous if and only if

Q�1
HP ¼ Q0�1

HP and sin2 θf1
� k 0 2

P

k2P
¼ ρ0 KR þ 4

3
MR

� �
ρ K 0

R þ 4
3
M 0

R

� � ¼ v 2
HP

v 0 2HP

;

(3) the transmitted SI wave is homogeneous if and only if

Q�1
HP ¼ Q0�1

HS and sin2 θf1
� k 0 2

S

k2P
¼ ρ0 KR þ 4

3
MR

� �
ρM0

R

¼ v 2
HP

v 0 2
HS

:

Theorem (5.3.24). For the problem of a general P wave incident on a welded
viscoelastic boundary, if the incident P wave is homogeneous ðγf1

¼ 0Þ and not
normally incident 05θf1

� π=2
� �

, and

(1) if Q�1
HP 6¼ Q�1

HS, then the reflected SI wave is inhomogeneous,

(2) if Q�1
HP 6¼ Q0�1

HP , then the transmitted P wave is inhomogeneous,

(3) if Q�1
HP 6¼ Q0�1

HS , then the transmitted P wave is inhomogeneous.

Theorem (5.3.25). For the problem of a general P wave incident on a welded
viscoelastic boundary, if the incident P wave is homogeneous ðγf 1

¼ 0Þ and normally
incident θf 1

¼ 0
� �

, then the reflected and refracted P and SI waves are homogeneous.

If the media are elastic, then Theorems (5.3.23) and (5.3.25) with

Q�1
HS ¼ Q�1

HP ¼ Q0�1
HS ¼ Q0�1

HP ¼ 0 yield the well-known conditions for homogeneity
and inhomogeneity of reflected and refracted elastic waves.
These results are completely analogous to those for the incident SI wave problem.

They imply that for layered anelastic media the reflected SI wave and the trans-
mitted waves will, in general, be inhomogeneous. A detailed discussion of the
implications of this result is provided following Theorem (5.2.44).
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5.3.5 Conditions for Critical Angles

The results for critical angles or angles of incidence for which phase propagation
occurs parallel to the boundary also are analogous to those derived for the incident
general SI wave problem. They are restated here for completeness.
Results for elastic boundaries implied by Theorem (5.3.23) with

Q�1
HS ¼ Q�1

HP ¼ Q0�1
HS ¼ Q0�1

HP ¼ 0 are given by the following theorem.

Theorem (5.3.26). For the problem of a homogeneous P wave incident on a plane
boundary between elastic media Vand V 0, conditions for phase propagation parallel
to the boundary or critical angles are as follows:

(1) no critical angles exist for either reflected wave,

(2) if vHP4v 0
HP, then no critical angles exist for the transmitted waves,

(3) if v 0
HS5vHP5v 0

HP, then the angles of incidence satisfying sin θf1
� vHP=v

0
HP

are critical angles for the transmitted P wave and no critical angles exist for the
transmitted SI wave,

(4) if vHP5v 0
HS then the angles of incidence satisfying sin θf1

� vHS=v
0
HP are

critical angles for the transmitted P wave and angles of incidence satisfying
sin θf1

� vHP=v
0
HS are critical angles for the transmitted SI (SV) wave.

Results for an elastic–anelastic boundary restated for the incident P wave problem
are as follows.

Theorem (5.3.27). For the problem of a homogeneous P wave incident in an elastic
medium Von a plane boundary with anelastic medium V 0, no critical angles exist for
either reflected or transmitted waves.

Results for an anelastic–viscoelastic boundary are as follows.

Theorem (5.3.28). For the problem of a general (homogeneous or inhomogeneous)
P wave incident on a plane boundary between an anelastic medium V and visco-
elastic medium V 0, if the angle of incidence θf1

θf1
6¼ π=2

� �
is a critical angle for

(1) the transmitted SI wave, then

tan γf1
¼ sin2 θf1

� k 0
SR
k 0

SI

kPR
kPI


 �

sin θf1

cos θf1

� �
;

(2) the transmitted P wave, then

tan γf1
¼ sin2 θf1

� k 0
PR
k 0

PI

kPR
kPI


 �

sin θf1

cos θf1

� �
:
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As for the incident SI problem, Theorem (5.3.26) for elastic boundaries shows that
critical angles or phase propagation parallel to the boundary exists whenever the wave
speeds of the transmitted waves exceed those of the incident wave. For elastic–
anelastic and anelastic–viscoelastic boundaries Theorems (5.3.27) and (5.3.28) show
phase propagation exactly parallel to the boundary or a critical angle in general does
not occur, but if it does then it occurs for at most one angle of incidence.

5.4 Incident General SII Wave

The problem of a general Type-II S wave incident on a welded boundary with
particle motion parallel to the boundary and perpendicular to the plane of incidence
is less cumbersome than incident SI and P wave problems, because only general SII
waves are reflected and refracted at the boundary. Results for the problem of an
incident general SII wave problem, as initially derived by Borcherdt (1977), are
briefly stated for completeness as a rigorous basis to establish the nature of energy
flow at a viscoelastic boundary.

5.4.1. Specification of Incident General SII Wave

Solutions for the displacement field to represent incident, reflected, and refracted SII
waves are given by (4.2.26) and (4.2.27). To consider the problem of an incident
general SII wave, the amplitude of the SII wave in V 0 with phase propagation toward
the boundary is set to zero, that is

D 0
2 ¼ 0: (5:4:1)

The expression for the incident SII problem rewritten here for convenience is

~u1 ¼ D1 exp i ωt� ~Ku 1
.~r

� �h i
x̂2; (5:4:2)

where the complex wave vector is

~Ku 1 ¼ ~Pu 1 � i ~Au 1 ; (5:4:3)

the propagation and attenuation vectors are

~Pu1 ¼ kR x̂1 � dβR x̂3 ¼ ~Pu1

�� �� sin θu1
� �

x̂1 þ cos θu1
� �

x̂3
� �

(5:4:4)

and

~Au1 ¼ �kI x̂1 þ dβI x̂3 ¼
��~Au1

�� sin θu1 � γu1

h i
x̂1 þ cos θu1 � γu1

h i
x̂3

� �
; (5:4:5)

the complex wave number k for the assumed general SII wave is

k ¼ ~Pu 1

�� �� sin θu1 � i
��~Au 1

�� sin θu1 � γu1

h i
(5:4:6)
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with the propagation and attenuation vectors specified in terms of the given material
parameters, kS, and the given degree of inhomogeneity, γu1 , to ensure propagation by

~Pu 1

�� �� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
Re k 2

S

� �þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Re k 2

S

� �� �2 þ sec2 γu 1 Im k 2
S

� �� �2q
 �s

¼ ω

vHS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χSu1
1þ χHS

s
ð5:4:7Þ

and

~Au 1

��� ��� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
�Re k 2

S

� �þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Re k 2

S

� �� �2 þ sec2 γu1 Im k 2
S

� �� �2q
 �s

¼ ω
vHS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ χSu1
1þ χHS

s
; ð5:4:8Þ

whereθu1 and γu1 are arbitrary, but fixed, givenparametersof the incidentwavesatisfying
0 � θu1 � π=2 and 0 � γu15π=2. k expressed explicitly in terms of the angle of
incidence, the degree of inhomogeneity of the SII wave, and parameters of the medium
is given by

k ¼ ω
vHS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χSu1
1þ χHS

s
sin θu1 � i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ χSu1
1þ χHS

s
sin θu1 � γu1

h i !
; (5:4:9)

which simplifies for elastic media to

k ¼ ω
vHS

sin θu1 : (5:4:10)

Hence, the complex wave number k and the magnitudes of the propagation and
attenuation vectors for the incident SII are completely determined by (5.4.4) through
(5.4.10) upon specification of the angle of incidence θu1 , the degree of inhomo-
geneity γu1, the circular frequency ω, and the material parameters for V as specified
by ρ and kS or vHS and Q�1

HS.

5.4.2 Propagation and Attenuation Vectors; Generalized Snell’s Law

Expressions for the solutions describing the reflected and refracted general SII waves
are specified by (4.2.26) and (4.2.27) with other parameters of the reflected and
refracted waves defined in (4.2.28) through (4.2.45). Parameters for the problem of a
general SII wave incident on a welded boundary are illustrated in Figure (5.4.11).
Specification of the complex wave number k in terms of the given directions of

propagation and attenuation (θψ1 , θψ1 � γψ1) for the incident SII wave and the
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parameters of themedia ρ, kS, or vHS andQ�1
HS implies that themagnitude and directions

of the propagation and attenuation vectors for the reflected and refracted general SII
waves as defined by (4.2.30) through (4.2.33) are determined in terms of the given
directions for the incident general SII wave. These expressions and equality of the
complex wave number k for each of the solutions yields the components of the
Generalized Snell’s Law for the problem of an incident general SII wave, namely

kR ¼ ~Pu1

�� �� sin θu1 ¼ ~Pu2

�� �� sin θu2 ¼ ��~P 0
u2

�� sin θ 0
u2

(5:4:12)

or
kR
ω

¼ sin θu1
~vu1
�� �� ¼ sin θu2

~vu2
�� �� ¼ sin θ 0

u2��~v 0
u2

�� (5:4:13)

and

�kI ¼
��~Au1

�� sin θu1 � γu1

h i
¼ ��~Au2

�� sin θu2 � γu2

h i
¼ ��~A0

u2

�� sin θ 0
u2
� γ 0u2

h i
;

(5:4:14)

which in turn may be restated as

Theorem (5.4.15). Generalized Snell’s Law – For the problem of a general SII wave
incident on a welded viscoelastic boundary in a plane perpendicular to the boundary,

(1) the reciprocal of the apparent phase velocity along the boundary of the
general reflected and refracted waves is equal to that of the given general incident
wave,

and

Incident SII Reflected SII

Transmitted SII

x3

x1

Au2

→

Pu1

→

Au1

→

Au1

→
→

γu2

γu1

γu1

θu2
θu1

θu1
′

′ Pu1

→
′

Pu2

→

′

V: ρ, vHS, vHP, QHS, QHP
–1 –1

V  : ρ , vHS, vHP, Q′   , Q′–1 –1′ ′  ′ ′ HS HP

Figure (5.4.11). Diagram illustrating notation for directions and magnitude of
propagation and attenuation vectors for the reflected and refracted waves due to
a general Type-II S wave incident on a welded boundary between HILV media.
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(2) the apparent attenuation along the boundary of the general reflected and
refracted waves is equal to that of the given general incident wave.

The discussion of the implications of Generalized Snell’s Law is entirely analo-
gous to that provided for the problem of an incident SI wave. A similar discussion is
omitted here.

5.4.3 Amplitude and Phase

The welded contact between media Vand V 0 is specified mathematically by requiring
that the displacement and stress are continuous across the boundary. Substitution of
solutions (4.2.26) and (4.2.27) for the displacement fields into the expressions relating
the components of the displacement fields to components of the strain tensor, (2.3.5),
and substituting these in turn into the expression relating stress and strain, (2.3.12),
yields a set of equations for the components of the stress on both sides of the boundary
acting on the plane x3 = 0. The resulting continuity of displacement and stress
equations for the problem of a Type-II S wave incident on a welded boundary are

D1 þD2 ¼ D0
1 (5:4:16)

and

Mdβ D1 �D2ð Þ ¼ M0d 0
βD

0
1: (5:4:17)

These equations readily imply the desired solutions for the complex amplitude of
the reflected and refracted general SII waves in terms of that given for the incident
general SII wave, namely

D2 ¼ D1 Mdβ �M0d 0
β

� �.
Mdβ þM0d 0

β

� �
(5:4:18)

D0
1 ¼ D1 2Mdβ

� �.
Mdβ þM0d 0

β

� �
; (5:4:19)

for Mdβ 6¼ M0 d 0
β. These solutions establish that the boundary conditions for the

specified problem are satisfied with the assumed form of the solutions (4.2.26)
and (4.2.27). Hence, the amplitude and phase of the displacement for the reflected
and refracted general SII waves may be expressed in terms of that for the given
incident general SII wave. The results show that a general Type-II S wave incident on
a plane welded viscoelastic boundary generates only general Type-II S waves.
Solutions (5.4.18) and (5.4.19) confirm that a complex wave number, k, is the

same in each of the solutions for the incident, reflected, and transmitted waves.
Hence, Generalized Snell’s Law (5.4.15) is established for the problem of a
general Type-II S wave incident on a plane boundary between viscoelastic media.
With k given by (5.4.9) or (5.4.10), expressions (5.4.18) and (5.4.19) yield solutions
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for the amplitude and phase of the reflected and refracted general SII waves in terms
of those for the incident general SII wave. Hence, from amathematical point of view
the solution for the problem of a general SII wave incident on a viscoelastic
boundary is established.

5.4.4 Conditions for Homogeneity and Inhomogeneity

The proofs for conditions for homogeneity and inhomogeneity of the reflected and
refracted waves generated by a general Type-II S wave are entirely analogous to
those for the incident general SI wave problem. For brevity, only the results for the
incident SII problem are given here (see Borcherdt (1977) for details).

Theorem (5.4.20). For the problem of a general SII wave incident on a welded
viscoelastic boundary, the reflected SII wave is homogeneous if and only if the
incident SII wave is homogeneous.

The condition for the transmitted SII wave is as follows.

Theorem (5.4.21). For the problem of a general SII wave incident on a welded viscoe-
lastic boundary, if the incident SII wave is homogeneous ðγu1 ¼ 0Þ and not normally
incident ð05θu1 � π=2Þ, then the transmitted SII wave is homogeneous if and only if

Q�1
HS ¼ Q0�1

HS and sin2 θu1 �
k0 2

S

k 2
S

¼ ρ0MR

ρM0
R

¼ v 2
HS

v 0 2
HS

:

Theorem (5.4.22). For the problem of a general SII wave incident on a welded
viscoelastic boundary, if the incident SII wave is homogeneous ðγu1 ¼ 0Þ and not
normally incident 05θu1 � π=2

� �
and if ðQ�1

HS 6¼ Q0�1
HS Þ, then the transmitted SII

wave is inhomogeneous.

Theorem (5.4.23). For the problem of a general SII wave incident on a welded
viscoelastic boundary, if the incident SII wave is homogeneous ðγf1

¼ 0Þ and normally
incident θf1

¼ 0
� �

, then the reflected and refracted SII waves are homogeneous.

These results show that SII waves transmitted in a layered anelastic Earth will, in
general, be inhomogeneous with the physical characteristics dependent on the angle
of incidence, because for most anelastic Earth boundaries Q�1

HS 6¼ Q0�1
HS .

5.4.5 Conditions for Critical Angles

The results for critical angles or angles of incidence for which phase propagation
occurs parallel to the boundary are analogous to those derived for the incident SI
wave problem. They are stated here for completeness.
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Theorem (5.4.24). For the problem of a homogeneous SII wave incident on a plane
boundary between elastic media Vand V 0, conditions for phase propagation parallel
to the boundary or critical angles are as follows:

(1) no critical angles exist for the reflected wave,

(2) if vHS4v 0
HS, then no critical angles exist for the transmitted waves,

(3) if vHS5v 0
HS then the angles of incidence satisfying sin θu1 � vHS=v

0
HS are

critical angles for the transmitted SII wave.

Theorem (5.4.25). For the problem of a homogeneous SII wave incident on a plane
boundary between an elastic medium V and an anelastic medium V 0, no critical
angles exist for either reflected or transmitted waves.

Theorem (5.4.26). For the problem of a general (homogeneous or inhomogeneous)
SII wave incident in an anelastic medium Von a plane boundary with a viscoelastic
medium V 0, if the angle of incidence θu1 θu1 6¼ π=2

� �
is a critical angle for the

transmitted SII wave, then

tan γu1 ¼ sin2 θu1 �
k 0

SR
k 0

SI

kSRkSI


 �

sin θu1 cos θu1
� �

:

5.4.6 Energy Flux and Energy Flow Due to Wave Field Interactions

The simplicity of the incident general SII problem facilitates a detailed treatment of
the energy flow and energy dissipation associated with the incident, reflected, and
refracted waves at viscoelastic boundaries. A detailed treatment for the incident
general SII wave problem provides a framework from which to consider energy
flow for the more cumbersome incident SI and P wave problems. The development
presented here follows that initially derived by Borcherdt (1977).
A general result which describes the intuitively evident situation for energy flow

across the boundary is

Theorem (5.4.27). For steady-state radiation fields described by (4.2.26) and
(4.2.27), the normal component of mean energy flux at a plane welded boundary
between viscoelastic media is continuous.

This result follows immediately from the fact that for the prescribed radiation
fields the mean energy flux as given by (3.4.17) may be rewritten in terms of the
components of the physical stress tensor from (3.4.20) in medium V as

h~I i ¼ � h _uR pR12ix̂1 þ _uR pR32h ix̂3ð Þ (5:4:28)
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and in medium V 0 as

�~I 0� ¼ � _u 0
R p0R12

� �
x̂1 þ _u 0

R p0R32
� �

x̂3

� �
: (5:4:29)

Consequently, continuity of displacement and stress at the boundary together with
the preceding equations implies the desired conclusion, namely,

�
~I
�

. x̂3 ¼
�~I 0�

. x̂3; (5:4:30)

which is the desired result that the normal component of mean energy flux across the
boundary is continuous.

Theorem (5.4.31). For the problem of a SII wave incident on a welded viscoelastic
boundary, the total mean (time averaged) energy flux is given by

�
~I
� ¼ �~I 1

�þ �~I 2

�þ �~I 12

�þ �~I 21

�
; (5:4:32)

where

(1)
�
~I j

�
is the mean energy flux associated with the propagation of the incident

( j = 1) and the reflected ( j =2) SII waves as specified by

�
~I j

� ¼ ��� _uRj

��
pR12

�
j
x̂1 þ

�
pR32

�
j
x̂3

���
for j ¼ 1; 2; (5:4:33)

and

(2)
�
~I ij

�
is the mean energy flux due to the velocity field of the incident, ( j = 1)

wave interacting with the stress field of the reflected ( j = 2) wave and vice
versa, as specified by

�
~I ij

� ¼ ��� _uRi

��
pR12

�
j
x̂1 þ

�
pR32

�
j
x̂3
���

for i; j ¼ 1; 2 and i 6¼ j: (5:4:34)

This result follows immediately from the fact that the total displacement field and
the total stress field in medium V are the sums of those associated with the incident
and reflected waves, that is,

~uRx̂2 ¼ uR1
x̂2 þ uR2

x̂2 (5:4:35)

and

pRi2ð Þ ¼ pRi2ð Þ1þ pRi2ð Þ2 for i ¼ 1; 3; (5:4:36)
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where pRi2ð Þj denotes the real component of the stress acting on the i plane in the x̂2

direction with j= 1 for the incident wave and j= 2 for the reflected wave. Hence,
substitution of (5.4.35) and (5.4.36) into (5.4.28) yields

�
~I
� ¼� _uR1

pR12ð Þ1 x̂1 þ pR32

� �
1
x̂3

� �� �þ _uR2
pR12ð Þ2 x̂1 þ pR32

� �
2
x̂3

� �� �� �
� _uR1

pR12ð Þ2 x̂1 þ pR32

� �
2
x̂3

� �þ _uR2
pR12ð Þ1 x̂1 þ pR32

� �
1
x̂3

� �� �
;

(5:4:37)

which establishes desired results (5.4.32) through (5.4.34).
Theorem (5.4.31) shows that in general the total mean energy flux associated

with the superimposed incident and reflected waves is the sum of the mean
energy fluxes associated with the propagation of the two individual wave fields
plus the mean energy flux due to the stress field of the incident wave interacting
with the velocity field of the reflected wave plus the mean energy flux due to
the stress field of the reflected wave interacting with the velocity field of the
incident wave.
The mean energy flux associated with the propagation of the individual incident

and reflected SII waves is given in terms of the wave parameters from (3.4.6) by

~I j

D E
¼ Dj

�� ��2exp �2~Auj
.~r

h iω
2

MR
~Puj þMI

~Auj

� �
(5:4:38)

for j= 1, 2.
Substitution of the physical displacement field as specified by (3.3.38) and the

expressions for the components of the physical stress tensor as given by (3.4.21)
and (3.4.22) into (5.4.37) shows that the mean energy flux for the individual
waves in medium V is given by (5.4.38) and the wave–field interaction terms are
given by

~I ij

D E
¼ D1j j D2j j exp � ~Au1 þ ~Au2

� �
.~r

h iω
2

Mj j
� �
cos Ωþ �1ð Þ jδ
� �

~Puj þ �1ð Þ j sin Ωþ �1ð Þ jδ
� �

~Auj

� � (5:4:39)

for i, j= 1, 2 and i ≠ j, where

Ω � ~Pu1 � ~Pu2

� �
.~rþ arg D2 D1=½ � (5:4:40)

and

δ � tan�1 MI MR=½ � ¼ tan�1 Q�1
HS

� �
: (5:4:41)
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Hence, the normal component of the mean energy flux due to the interaction of the
incident and reflected SII waves is, from (5.4.39), given by

~x3 .
��
~I 12

�þ �~I 21

�� ¼ D1j j D2j j exp � ~Au1 þ ~Au2

� �
.~r

h i
ω sinΩ

� �
MI

~Pu1 �MR
~Au1

� �
. x̂3: ð5:4:42Þ

This expression immediately implies the familiar result that if medium V is
elastic, in which case MI = 0 and ~Au1 ¼ 0, then the normal component of energy
flux due to interaction of the waves is zero. However, if medium V is anelastic,
then (5.4.42) shows that there is a net flow of energy normal to the boundary
due to the interaction of the velocity and stress fields of the incident wave with
those of the reflected wave. This expression also shows that this normal compo-
nent of energy flow varies sinusoidally with distance from the boundary. It shows
that at some distances there is a mean flow of energy toward the boundary and at
other distances the mean flow of energy due to interaction is away from the
boundary.
The condition of continuity of the normal component of mean energy flux across

the boundary as stated in Theorem (5.4.27) may be rewritten using (5.4.32) as��
~I 1

�þ �~I 2

�þ �~I 12

�þ �~I 21

��
. x̂3 ¼

�
~I 0

1

�
. x̂3: (5:4:43)

Upon defining energy reflection (R) and transmission (T ) coefficients as the normal
component of mean energy flux normalized by that carried by the incident wave as

R � ���~I 2

�
. x̂3

�
=
��
~I 1

�
. x̂3
�

(5:4:44)

and

T � ��~I 0
1

�
. x̂3Þ=

��
~I 1

�
. x̂3

�
(5:4:45)

and interaction coefficients (ICij) as the normal component of the energy flow due to
interaction normalized by that carried by the incident wave as

ICij � ���~I ij

�
. x̂3

�
=
��
~I 1

�
. x̂3
�

for i; j ¼ 1; 2 and i 6¼ j; (5:4:46)

the condition of conservation of energy at the boundary may be written as

Rþ Tþ IC12 þ IC21 ¼ 1: (5:4:47)

Substitution of (5.4.38) and (5.4.39) into the expressions for reflection, transmis-
sion, and interaction coefficients allows them to be written in terms of the para-
meters of the waves as
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R ¼ D2=D1j j2; (5:4:48)

T ¼ D0
1=D1

�� ��2 Re M0 d 0
β

h i.
Re Mdβ
� �� �

; (5:4:49)

ICij ¼ �1ð Þ j Re D2=D1½ � � Im D2=D1½ �Im Mdβ
� �

=Re Mdβ
� �� �

for i; j ¼ 1; 2 and i 6¼ j: ð5:4:50Þ
Simplification of these expressions with D2=D1 and D0

1=D1 as given by the
boundary condition equations (5.4.18) and (5.4.19) confirms equation (5.4.47) for
conservation of energy at the boundary. For elastic media, Im[Mdβ] = 0, hence the
interaction coefficients are equal and opposite in sign so that IC12 + IC21 = 0 and the
familiar result for elastic media follows, namely R+ T= 1.
Energy partition curves showing the relative amounts of energy reflected and

transmitted as various wave types as computed for elastic media (Ewing, Jardetsky,
and Press, 1957, pp. 88–89) have been used frequently in seismology to interpret
various phases. Equation (5.4.47) shows that such curves for anelastic media must
account for the energy flow across the boundary due to interaction of the various waves.
For anelastic viscoelastic media the preceding results show that energy flows as a

result of interaction of superimposed wave fields. Consequently, for suchmedia, it is
reasonable to expect that energy also would be dissipated due to interaction of
superimposed wave fields. Themean rate of energy dissipation per unit volume for a
steady-state radiation field is given from (3.4.53) by

Dh i ¼ � Δ

. h~I i: (5:4:51)

Equation (5.4.32) shows that in medium V, the total mean rate of energy dissipa-
tion per unit volume is given by

Δ

. h~I i ¼ Δ

. h~I 1i þ Δ

. h~I 2i þ Δ

. h~I 12i þ Δ

. h~I 21i: (5:4:52)

Hence the total mean rate of energy dissipation partitions into that associated with

the incident wave ð D 1h i � Δ

. h~I 1iÞ, the reflected wave ðhD 2i � Δ

. h~I 2iÞ, and that
associated with their interaction, ðhD 12i � Δ

. h~I 12iÞ and ðhD 21i � Δ

. h~I 21iÞ, that is
Dh i ¼ D 1h i þ D 2h i þ D 12h i þ D 21h i: (5:4:53)

The mean rate of energy dissipation for the incident and reflected waves is given in
terms of the wave parameters from (3.4.52) by

D j

� � ¼ ~Dj

�� ��2
hS

exp �2~Auj
.~r

h i
ω ρω2~Puj

. ~Auj þ 2MI

��~Puj � ~Auj

��2� �
for j ¼ 1; 2:

(5:4:54)
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The vector identity (11.2.9), rewritten here for a general vector solution of the form
(3.1.12) as

Δ

. ~G ¼ �i ~P� i~A
� �

. ~G (5:4:55)

and applied to (5.4.39), yields expressions for the mean rates of energy dissipation
due to interaction of the incident and reflected waves,

D ij

� � ¼ D1j j D2j j exp � ~Au1 þ ~Au2

� �
.~r

h i
Mj jω



cos Ωþ �1ð Þ jδ
� �

~Pu1
. ~Au1

� �

þ �1ð Þ j sin Ωþ �1ð Þ jδ� �
~Au1

. x̂1

� �2
� ~Pu1

. x̂3

� �2
 ��
ð5:4:56Þ

for i, j = 1, 2 and i ≠ j, with the sum of the interaction coefficients given by

D 12h i þ D 21h i ¼ D1j j D2j j exp � ~Au1 þ ~Au2

� �
.~r

h i
2ω cos Ω½ �

MR
~Pu1

. ~Au1 þMI
~Au1

. x̂1

� �2
� ~Pu1

. x̂3

� �2
 �
 �
: ð5:4:57Þ

Equation (5.4.57) shows the expected result that if medium V is anelastic, then the
mean rate of energy dissipation per unit volume due to interaction of the incident
and reflected waves is not zero. Hence, a finite amount of energy is dissipated due to
the interaction of the two superimposed wave fields, a phenomena not encountered
when considering elastic reflection–refraction problems.
The preceding results derived to account for the energy flow and dissipation at a

viscoelastic boundary are extendable in a straightforward way to problems of incident
P and SIwaves. Proofs for the problems of incident P and SIwaves are similar to those
presented here. However, they are more cumbersome, because the number of inter-
action coefficients increases to six in medium V and two in medium V 0.
For later reference, notation used for the incident SII problem is extended here for

the problems of incident P or SI waves. The notation is extended as follows: (1)
reflection and transmission coefficients for P and SI waves are distinguished by
addition of subscripts corresponding to wave type, (2) interaction coefficients
corresponding to interaction of the velocity and stress fields of the incident wave
with those of the reflected P and SI waves are distinguished by addition of subscripts
corresponding to wave type, (3) interaction coefficients corresponding to interaction
of the velocity and stress fields of the reflected P and SI waves or the transmitted P
and SI waves are distinguished by addition of an ordered pair of subscripts corre-
sponding to wave type. Using these notational extensions for the problems of either
an incident P or an incident SI wave, the condition for conservation of energy at the
boundary (5.4.47) can be written as
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RP þ RSI þ TP þ TSI þ IC12P þ IC21P þ IC12SI

þ IC21SI þ ICSIP þ ICPSI þ IC 0
SIP þ IC 0

PSI ¼ 1: ð5:4:58Þ

Similarly, the condition of energy dissipation in the incident medium V (5.4.53) may
be written as

Dh i ¼ D 1h i þ D 2P

� �þ D 2SI

� �þ D 12P

� �þ D 21P

� �
þ D 12SI

� �þ D 21SI

� �þ D SIPh i þ DPSIh i: ð5:4:59Þ
As an additional simplification for later reference corresponding interaction coeffi-
cients may be combined by defining interaction coefficients for

interaction of reflected P and SI waves with incident wave,

ICP � IC12P þ IC21P ; ICSI � IC12SI þ IC21SI ; (5:4:60)

interaction of reflected P and SI,

ICr � ICSIP þ ICPSI; (5:4:61)

interaction of transmitted P and SI,

ICt � IC 0
SIP þ IC 0

PSI; (5:4:62)

and total normalized mean energy flux due to interaction,

ICtotal � ICP þ ICSI þ ICr þ ICt; (5:4:63)

where the wave-type subscript is understood to indicate interaction with the incident
wave and the subscripts “r ” and “t ” are introduced to designate the total interaction
between the two reflectedwaves and between the two transmittedwaves, respectively.
Proofs of these expressions for the problems of incident P and SI problems are similar
to those for the incident SII problem. For brevity, they are left to the reader.

5.5 Problems

(1) Describe why it is necessary to consider the problem of incident inhomogeneous
waves in order to consider wave propagation in layered linear anelastic media.

(2) Describe how Snell’s Law for a plane wave incident on a plane elastic boundary
differs from the Generalized Snell’s Law for a plane wave incident on a plane
viscoelastic boundary.

(3) Use Generalized Snell’s Law for an incident homogeneous SI wave to show that
the wave speed and reciprocal quality factor for the transmitted SI wave vary
with angle of incidence, unless there is no contrast in intrinsic absorption for
homogeneous S waves across the boundary.
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(4) Prove that for the problem of a general P wave incident on a welded viscoelastic
boundary, if the incident P wave is homogeneous then
(a) the reflected SI wave is homogeneous if and only if Q�1

HS ¼ Q�1
HP,

(b) the transmitted P wave is homogeneous if and only if

Q�1
HP ¼ Q0�1

HP and sin2 θf1
� k 0 2

P

k 2
P

¼ ρ0 KR þ 4
3
MR

� �
ρ K 0

R þ 4
3
M0

R

� � ¼ v 2HP

v 0 2
HP

;

(c) the transmitted SI wave is homogeneous if and only if

Q�1
HP ¼ Q0�1

HS and sin2 θf1
� k 0 2

S

k 2
P

¼ ρ0 KR þ 4
3
MR

� �
ρM0

R

¼ v 2HP

v 0 2
HS

:

(5) For the problem of a general (homogeneous or inhomogeneous) SII wave
incident on a welded viscoelastic boundary, prove
(a) if the incident medium is elastic and the transmitted medium is anelastic,

then no critical angles exist for either the reflected or transmitted waves,
(b) if both media are anelastic and the angle of incidence θu1 θu1 6¼ π=2

� �
is a

critical angle for the transmitted SII wave, then

tan γu1 ¼ sin2 θu1 � k 0
SR
k 0

SI

kSRkSI


 �,
sin θu1 cos θu1
� �

:

(6) Describe why there can be a net flow of energy due to interaction of super-
imposed waves in anelastic media but not in elastic media.

(7) For the problem of a general (homogeneous or inhomogeneous) SII wave
incident on a welded viscoelastic boundary, show that interaction of the incident
and reflected SII waves results in
(a) net flow of energy normal to the boundary given by

~x3 . ~I 12

D E
þ ~I 21

D E� �
¼

D1j j D2j j exp � ~Au1 þ ~Au2

� �
.~r

h i
ω sinΩ MI

~Pu1 �MR
~Au1

� �
. x̂3;

and
(b) a mean rate of energy dissipation given by

D 12h i þ D 21h i ¼ D1j j D2j j exp � ~Au1 þ ~Au2

� �
.~r

h i
2ω cos Ω½ �

MR
~Pu1

. ~Au1 þMI
~Au1

. x̂1

� �2
� ~Pu1

. x̂3

� �2
 �
 �

in terms of the amplitudes and propagation and attenuation vectors for the waves.
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6

Numerical Models for General Waves Reflected
and Refracted at Viscoelastic Boundaries

Theoretical results in the previous chapter predict that plane harmonic waves
reflected and refracted at plane anelastic boundaries are in general inhomogeneous
with the degree of inhomogeneity dependent on the angle of incidence, the degree of
inhomogeneity of the incident wave, and properties of the viscoelastic media. As a
result physical characteristics of the waves such as phase velocity, energy velocity,
phase shifts, attenuation, particle motion, fractional energy loss, direction and
amplitude of maximum energy flow, and energy flow due to wave interaction
vary with angle of incidence. Consequently, these physical characteristics of inho-
mogeneous waves propagating in a stack of anelastic layers will not be unique at
each point in the stack as they are for homogeneous waves propagating in elastic
media. Instead these physical characteristics of the waves will depend on the angle
at which the wave entered the stack and hence the travel path of the wave through
previous layers. Towards understanding the significance of these dependences of
the physical characteristics on angle of incidence and inhomogeneity of the incident
wave, numerical models for general SII and P waves incident on single viscoelastic
boundaries are presented in this chapter. Study of this chapter, especially the first
three sections, provides additional insight into the effects of a viscoelastic boundary
on resultant reflected and refracted waves.
A computer code (WAVES) is used to calculate reflection–refraction coefficients

and the physical characteristics of reflected and refracted general waves for the
problems of general (homogeneous or inhomogeneous) plane P, SI, and SII waves
incident on a plane boundary between viscoelastic media (Borcherdt et al., 1986). The
code utilizes general solutions in media V and V 0 as specified by (4.2.1) through
(4.2.45), Generalized Snell’s Law as specified by (5.2.22), (5.3.16), and (5.4.15), and
solutions to the boundary condition equations (5.2.27), (5.3.21), or (5.4.18) and (5.4.19)
depending on the type of incident wave being considered. Physical characteristics of
the reflected and refracted waves are specified in terms of the given parameters of the
incident wave and the parameters of themedia using equations (3.6.1) through (3.6.83).
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Viscoelasticity of each medium is characterized by material density ρ, wave
speeds vHS, vHP , and reciprocal quality factors Q�1

HS, Q
�1
HP for homogeneous S and

P waves as discussed following (3.5.7). This characterization permits interpretation
of results in terms of any chosen linear viscoelastic model such as those specified in
Table (1.3.30), those derivable from an infinite combination of springs and dashpots
(Bland, 1960), or those proposed by other investigators, for example Minster and
Anderson (1981) or Futterman (1962). It permits straightforward incorporation of
any chosen frequency-dependent behavior corresponding to a particular viscoelastic
model by specification of wave speeds and reciprocal quality factors from corre-
sponding dispersion and absorption curves for homogeneous waves. Normalization
of certain wave parameters by the appropriate power of angular frequency allows
the calculations to be applicable to any viscoelastic model and frequency to which
the chosen material parameters are appropriate.
Results predicted numerically by the exact theoretical model are compared with

those predicted by incorrectly assuming that anelastic waves reflected and refracted
at angles less than an “elastic critical angle” are homogeneous. This comparison
helps quantify the errors associated with estimates of the physical characteristics of
the waves based on low-loss models which do not account correctly for inhomo-
geneity of anelastic waves. This part of the computer code assumes the physical
characteristics of the resultant homogeneous waves are described by low-loss
expressions (3.7.2) through (3.7.43). This assumption, referred to here as the
homogeneous low-loss, “hll”, assumption, incorrectly assumes that conditions of
homogeneity and inhomogeneity of the reflected and refracted waves in anelastic
media are the same as those for elastic media. It assumes the wave speeds that
characterize the material are those derived from the parameters specified for the
material using the low-loss expressions for homogeneous waves, namely (3.7.2)
and (3.7.3). The values forQ−1 used to characterize the material are assumed for the
“hll” model to be those specified without adjustment for low-loss materials.

6.1 General SII Wave Incident on a Moderate-Loss
Viscoelastic Boundary (Sediments)

The theoretical solution for the problem of a general (homogeneous or inhomoge-
neous) Type-II S wave incident on an arbitrary plane welded viscoelastic boundary
is provided by (5.4.2) through (5.4.19). Media parameters chosen for a correspond-
ing initial numerical model describe either water-saturated sediments (Hamilton
et al., 1970) or fractured near-surface materials (Newman and Worthington, 1982).
The parameters for the media are given in Table (6.1.1). These parameters char-
acterize media with a moderate amount of intrinsic absorption for which the
low-loss assumption is not valid. Choice of this model serves to illustrate several
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physical characteristics of the reflected and refracted waves that are not readily
apparent for low-loss media.

6.1.1 Incident Homogeneous SII Wave

To simplify initial considerations, the incident Type-II S wave is assumed to be
homogeneous. Notation for the problem of a homogeneous Type-II S wave incident
on a plane boundary between viscoelastic media is shown in Figure (6.1.2).
Numerical estimates for the physical characteristics of the waves reflected and
transmitted at the specified anelastic boundary computed as a function of angle of
incidence are shown in Figures (6.1.3) through (6.1.5).

Figure (6.1.3)a shows that the degree of inhomogeneity of the transmitted wave,
γ 0u1 , continuously increases with angle of incidence from that of the incident
homogeneous wave (γ 0u1 ¼ 0) to an asymptotic value near a physical limit of
γ 0u1 ¼ �π=2: Figure (6.1.3)c shows that the direction of phase propagation of the

Table (6.1.1). Material parameters for the problems of incident
Type-II S waves as illustrated in Figures (6.1.2) and (6.1.7).

Medium ρ (g/cm3) νHS (km/s) Q�1
HS

V: Sediment 1 1.5 0.2 0.5
V 0: Sediment 2 2 0.4 0.33

Transmitted SII

Incident SII
(Homogeneous)

Reflected SII

′Pu1

→

′
′

θu1

θu2
θu1

Au1

→

Au2

→

Pu2

→

Pu1

→

Au1

→

→
′γu1

′→
〈  1 〉

x1

x3

V: ρ, vHS,  QHS
–1

V : ρ′, vHS, Q′–1′ ′ HS

Figure (6.1.2). Notation for the problem of a homogeneous Type-II S wave
incident on a plane viscoelastic interface across which the material velocity and
intrinsic absorption increase and decrease, respectively. Directions illustrated
for phase propagation ~P, maximum attenuation ~A, and maximum mean energy
flux are consistent with numerical results (see text and Figure (6.1.3)).

6.1 Moderate-loss viscoelastic boundary 145



transmitted wave asymptotically approaches a value of 78°. It shows that phase
propagation is not parallel to the boundary for any angle of incidence, which is
consistent with results concerning critical angles as stated in Theorem (5.4.26). In
contrast, an elastic model for the boundary or the incorrect “hll” model implies that
the degree of inhomogeneity of the transmitted wave is either zero or 90° depending
on whether the angle of incidence is less than or greater than the minimum elastic
critical angle. For angles of incidence greater than the minimum elastic critical
angle, the “hll”model incorrectly assumes that the direction of phase propagation is
parallel to the boundary (thin-dashed curves, Figures (6.1.3)a and c). Implications of
the incorrect “hll” assumption are apparent upon comparison of the results indicated
by the thin-dashed curves with those predicted on the basis of the exact theory as
indicated by the bold curves.

t

“hll t”

t, phase

t, energy flux

“hll t”, phase

t, phase speed

t, energy speed

“hll t”, phase speed

r “hll r”

γ u
1 (

de
gr

ee
s)

′

χ u
1′

Figure (6.1.3). Inhomogeneity (a), χ 0
Su1

(b), emergence angles for phase
propagation and maximum energy flux (c), and phase and energy speeds (d) for
Type-II S waves transmitted (t) and reflected (r) at a sediment–sediment interface
(Table (6.1.1)) by an incident homogeneous Type-II S wave.

The exact anelastic model predicts that the direction of maximum mean energy
flux for the transmitted wave increases with respect to that of phase propagation as
the angle of incidence increases (Figure (6.1.3)c). The direction of maximum energy
flux increasingly deviates to a fixed value of 16° from that of phase propagation. For
angles of incidence less than about 40° the direction of maximum energy flux is
away from the boundary into the transmission medium. For angles of incidence
greater than about 40° the direction of the maximum energy flux for the transmitted
wave varies from being parallel to the boundary to about 4° toward the boundary
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Figure (6.1.4). Emergence angle (a), magnitude for attenuation in direction of
propagation (b), maximum attenuation (c), and Q 0

SII
�1 for the Type-II S wave

transmitted at a sediment–sediment interface (see Table (6.1.1)) by an incident
homogeneous Type-II S wave.

into the incidence medium (see the bold dashed curve in Figure (6.1.3)c). This
negative normal component of energy flux for the transmitted wave is required to
maintain continuity of the normal component of energy flow across the boundary as
established by Theorem (5.4.27). In contrast, an elastic model and the “hll” assump-
tion predict that the direction of maximum energy flux for the transmitted wave
coincides with the direction of phase propagation.
The parameter χ 0

Su1
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ 0�2

HS sec2 γ 0u1

q
and the physical characteristics of the

transmitted wave undergo rapid transitions for angles of incidence in a range
containing the minimum elastic critical angle (see Figures (6.1.3) through (6.1.5)).
For convenience, this range in angles of incidence shall be referred to as the
“SII 0 Transition Window”. (The concept of this window is introduced to indicate
qualitatively a range in angles of incidence over which the rapid transitions occur.
A more precise definition could be given in terms of a set of angles of incidence for
which χ 0

Su1
differs from unity by a selected amount, but such a precise definition is

not needed here for general identification purposes.)
The magnitudes of the phase and energy velocities of the transmitted wave

decrease slightly for angles of incidence less than those in the SII 0 transition
window. They undergo a rapid decrease toward non-zero values near 50 percent
of that for a corresponding homogeneous wave (Figure (6.1.3)d) as the angle of
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incidence increases through the SII 0 transition window toward grazing incidence.
The phase speed of the reflected wave is constant and equal to that of the incident
wave for each angle of incidence. The “hll” model incorrectly assumes that the
phase speed of the transmitted wave is constant for angles of incidence less than the
minimum elastic critical angle (~29°) and equal to the apparent phase speed along
the interface of the incident wave for larger angles of incidence.
The exact anelastic model shows that the attenuation vector for the transmittedwave

is directed into the transmission medium for angles of incidence less than about 25°
and away for larger angles of incidence (see Figure (6.1.4)a). The exactmodel indicates
that amplitudes of the transmittedwave decreasewith increasing vertical distance from
the boundary for angles of incidence less than about 25°. For larger angles of incidence
it shows the amplitudes of the transmitted wave increase with vertical distance from
the boundary. The fact that γ 0u1 does not exceed its physical limit implies the trans-
mitted wave attenuates in the direction of phase propagation so no physical principles
are violated. The “hll” model incorrectly assumes the direction of attenuation for
the transmitted wave is the same as the direction of phase propagation for angles of
incidence less than the elastic critical angle and perpendicular to the boundary directed
into the transmission medium for larger angles of incidence (Figure (6.1.4)a).
The phenomenon that amplitudes may increase with increasing vertical distance

from a HILV boundary for the harmonic plane-wave problem being considered
is implied rigorously by the specification of the problem and the boundary condi-
tions. For the specific problem under consideration, this phenomenon follows
from Generalized Snell’s Law for anelastic media (Theorem (5.4.15)) for bound-
aries with contrasts in material properties similar to those chosen here, namely
an increase in material velocity and a decrease in the amount of material absorption
at the boundary. This situation is typical of that encountered by a seismic wave
propagating downward in a layered anelastic model of the Earth.
Themaximum attenuation in the direction of phase propagation of the transmitted

wave asymptotically decreases to a non-zero value that is about 48 percent of its
initial value for a homogeneous wave (Figure (6.1.4)b). The magnitude of the
maximum attenuation of the transmitted wave increases asymptotically to a value
that is about 11 times larger than its initial value for a homogeneous wave (Figure
(6.1.4)c). The “hll” model incorrectly assumes the maximum attenuation in the
direction of phase propagation is constant for angles less than the minimum elastic
critical angle and zero for larger angles (Figures (6.1.4)b).
Q 0�1

SII for the transmitted wave shows only a slight increase for angles of
incidence less than the minimum elastic critical angle, but then increases rapidly
from its value for a homogeneous wave of Q 0�1

HS ¼ 0:33 toward an asymptotic
value that is about 176 percent larger near grazing incidence (Figure (6.1.4)d).
The “hll” model assumes that Q 0�1

SII for the transmitted wave does not vary for

6.1 Moderate-loss viscoelastic boundary 149



angles of incidence less than the minimum elastic critical angle and that beyond
this angle it vanishes.
Energy, amplitude, and phase reflection and transmission coefficients, as specified

for the problem of an incident SII wave by (5.4.18), (5.4.19), (5.4.49), (5.4.50), and
(5.4.51), are shown in Figure (6.1.5). The energy coefficients, calculated using the
exact anelastic formulation, provide considerable insight into the nature of energy
flow across the boundary. The sum of the energy reflection (R), transmission (T), and
interaction (IC) coefficients as shown in Figure (6.1.5)a for each angle of incidence is
unity as implied by (5.4.48) to insure conservation of energy at the boundary.
The energy coefficients (Figure (6.1.5)a) show that the net normalized vertical

energy flux due to interaction of the velocity and stress fields of the incident and
reflectedwaves (IC) becomes a significant portion of the energy budget at the boundary
for angles of incidence within the SII 0 transition window. The normalized energy flow
due to interaction is a few percent and directed into the transmission medium for
angles of incidence near normal. For an angle of incidence near 20°, the net vertical
energy flow at the boundary due to interaction reverses direction into the incidence
medium. It increases to a maximum of 28 percent of that for the incident wave then
asymptotically decreases to zero as grazing incidence is approached. At an angle of
incidence near 33° the normal component of energy carried away from the boundary
by the transmitted wave equals that flowing away from the transmission medium due
to interaction. For angles of incidence greater than about 40° the normal component of
the mean energy flux associated with the transmitted wave reverses direction into the
incidence medium (Figure (6.1.5)a). The “hll” model incorrectly assumes that the net
energy flow due to interaction of the incident and reflected waves is zero across the
boundary. It assumes that no energy is transmitted across the boundary for angles of
incidence greater than the minimum elastic critical angle (≈29°).
The amplitude reflection and transmission coefficients are shown in Figure (6.1.5)b.

The coefficients for the exact anelastic model show gradual transitions for angles
of incidence in and beyond the SII 0 transition window. The normalized displacement
amplitude of the transmittedwave increases to a value near that of the incident wave for
an angle of incidence within the window, then gradually decreases to zero for grazing
incidence (Figure (6.1.5)b). The normalized displacement amplitude of the reflected
wave decreases to about 20 percent of that of the incident wave then asymptotically
approaches unity near grazing incidence. The “hll” model predicts abrupt changes in
the amplitude reflection and transmission coefficients near the elastic critical angle.
Phase shifts for the reflected and transmitted waves with respect to that for the

incident wave are specified by (5.4.18) and (5.4.19). They are shown for the anelastic
model under consideration in Figure (6.1.5)c. They show that the transmitted and
reflected waves are out of phase with the incident wave by amounts of about 4° and
180°, respectively, for angles of incidence less than those in the SII 0 transition window.
For larger angles of incidence the phase shift for the transmitted wave rapidly tends
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toward −80° and that for the reflected wave abruptly changes to −180° then
increases to about −90° before decreasing to about −180° near grazing incidence.
Determination of the correct values for the phase shifts requires inference of the
correct values for dβ and d 0

β as discussed for the inference of the correct direction
for the attenuation vector for the transmitted wave. The “hll”model predicts phase
shifts consistent with its assumed direction for the attenuation vector that differ
significantly from those for the exact anelastic model for angles of incidence
greater than the elastic critical angle.

6.1.2 Incident Inhomogeneous SII Wave

Theorem (5.4.21) establishes that a homogeneous SII wave transmitted across a
boundary between anelastic media with different amounts of intrinsic absorption
will, in general, be inhomogeneous for all angles of incidence except normal.
Consequently, to consider wave propagation in layered media, the inhomogeneity
of the transmitted wave must be taken into account in order to consider its propaga-
tion through a stack of anelastic layers. Notation for the problem of an incident
inhomogeneous SII wave is shown in Figure (6.1.7). Corresponding numerical
estimates for the physical characteristics of the reflected and refracted waves are
shown in Figures (6.1.8) through (6.1.10).
To ensure that the incident inhomogeneous wave will carry energy toward the

boundary, the direction of energy flux for the incident wave is constrained to be
toward the boundary. Considering that the direction of energy flux for an inhomo-
geneous wave in anelastic media is at an intermediate angle between that of phase
propagation and that of maximum attenuation, this constraint can be imposed by
considering only angles of phase incidence for which corresponding angles of
energy flux are toward the boundary. The angle between the direction of phase
propagation and that of energy flux for the incident SII wave, as implied by (3.4.6),
(3.6.17), (3.6.18), and (3.6.19), is given by

ffð~Pu1 ;
~I u1iÞ ¼ arccos

χSu1 þ χ 2
HS

χHS ð1þ χSu1Þ

" #
: (6:1:6)

Inhomogeneity of the incident wave is chosen to be −60°. This degree of
inhomogeneity corresponds to that of the SII wave transmitted at an angle of
incidence of 29° for the problem of an incident homogeneous wave considered in
the previous section. For this degree of inhomogeneity of the incident wave the
mean energy flux for the incident wave is directed at an angle of about −9° with
respect to the direction of phase propagation as implied by (6.1.6). Material
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Figure (6.1.8). Inhomogeneity (a), emergence angles for phase propagation and
maximum energy flux (b), phase and energy speeds (c), and 1 Q= for reflected and
refracted Type-II S waves at a sediment–sediment interface (Table (6.1.1))
generated by an incident inhomogeneous (γu1¼� 60�) Type-II S wave.
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Figure (6.1.7). Notation for the problem of an inhomogeneous (γu1¼�60�) Type-II S
wave incident on a plane viscoelastic interface withmaterial parameters corresponding
to water-saturated sediments (Table (6.1.1)). Directions of phase propagation ~P with
respect to maximum attenuation ~A and mean energy flux h~I i as predicted by the
numerical model are indicated.



parameters were chosen to be the same as those for the problem in the preceding
section (Table (6.1.1)) in order to facilitate comparison of results for an incident
homogeneous wave with those for an incident inhomogeneous wave.
Quantitative characteristics of the reflected and refracted inhomogeneous waves

are shown in Figures (6.1.8) through (6.1.10). Calculations for the “hll”model assume
the incident SII wave is homogeneous. The direction of the mean energy flux for the
incident inhomogeneous SII wave with γu1 ¼ �60� is parallel to the boundary for an
angle of phase incidence θu1 ¼ 81� as indicated in Figure (6.1.8)c. Negative compo-
nents of vertical energy flux for the incident wave for larger angles of phase incidence
are not of physical interest. Hence, calculations based on the exact anelastic model are
shown only for angles of phase incidence satisfying 0 � θu1 � 81�.
The physical characteristics of the transmitted SII wave generated by an incident

inhomogeneous SII wave differ significantly from those generated by an incident
homogeneous SII wave (compare Figures (6.1.8) through (6.1.10) with Figures
(6.1.3) through (6.1.5)). Inhomogeneity of the transmitted wave increases from
near −80° towards its physical limit of −90° as the angle of phase incidence
increases (Figure (6.1.8)a). The angle between the directions of phase propagation
and maximum energy flux for the transmitted wave varies from near −11° to
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Figure (6.1.9). Emergence angle (a) and magnitude for attenuation in direction of
propagation (b), maximum attenuation (c), and 1 Q= for reflected and refracted
Type-II S waves at a sediment–sediment interface (Table (6.1.1)) generated by an
incident inhomogeneous (γu1 ¼ �60�) Type-II S wave.
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about −16° (Figure (6.1.8)c). The energy speed for the wave transmitted by an
incident inhomogeneous SII wave exceeds the phase speed and both speeds are less
than those of a corresponding homogeneous wave by amounts up to 20 and 30
percent (Figure (6.1.8)d). The energy speed is less than the phase speed for the
corresponding incident and reflected waves.
The direction and magnitude of the maximum attenuation for the transmitted

wave show significant variations with increasing angle of incidence (Figures (6.1.9)
a, b, c). Q−1 for the transmitted wave (Figure (6.1.9)d) increases gradually from a
value that exceeds that of a homogeneous wave by 36 percent for angles of
incidence near normal to 79 percent for angles of incidence near grazing.
The energy reflection, transmission, and interaction coefficients for the assumed

incident inhomogeneous SII wave (Figure (6.1.10)a) differ significantly in amplitude
from those for an incident homogeneous SII wave (Figure (6.1.5)a). The normal
component of energy flux due to interaction of the velocity and stress fields of the
incident and reflected inhomogeneous SII waves varies gradually from less than 1
percent at normal incidence to 25 percent of the total incident energy for angles of
incidence near 76°, then undergoes a rapid increase towards 100 percent for angles of
incidence between 76° and 81°. The rapid increase in the interaction coefficient at these
angles of incidence corresponds to those angles for which the direction of mean energy
flux for the transmitted wave is reversed and into the incidence medium (Figure (6.1.8)
c). Amplitude and phase reflection and refraction coefficients also show gradual
variationswith angle of incidence that differ significantly from those for the correspond-
ing problem of an incident homogeneous wave (Figures (6.1.10)b and (6.1.10)c).
The quantitative results as reviewed for the example of an incident inhomogeneous

wave (Figures (6.1.8) through (6.1.10)) illustrate several physical phenomena for the
reflection–transmission problem not encountered for problems concerned only with
incident homogeneous waves (Figures (6.1.3) through (6.1.5)). The results differ
significantly from those predicted by the “hll” model (thin-dashed curves in Figures
(6.1.8) through (6.1.10)). The results indicate that inhomogeneity of the incident
wave plays a significant role in determining the physical characteristics of the
transmitted and reflected waves at an anelastic boundary. They imply that the physical
characteristics of a wave in a stack of anelastic layers will depend on the angle of
incidence and inhomogeneity of the initial wave and in turn its previous travel path.

6.2 P Wave Incident on a Low-Loss Viscoelastic Boundary
(Water, Stainless-Steel)

Quantitative results for the problem of a homogeneous P wave incident on a water,
viscoelastic-solid boundary will provide insight into the anelastic characteristics
of reflected P and SI waves. They will provide results for comparison with
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experimental measurements as evidence in confirmation of the theory for viscoe-
lastic wave propagation. The model also will provide quantitative estimates of
reflection coefficients for ocean, solid-Earth interfaces of interest in seismology.

6.2.1 Reflected and Refracted Waves

The numerical model considered here assumes a plane ultrasonic wave in water
incident on an immersed plane stainless-steel interface of type 304. Notation for the
problem is illustrated in Figure (6.2.1).
Material parameters for the water and stainless steel modeled as viscoelastic

media are specified in Table (6.2.2). Physical characteristics of the reflected and
transmitted waves as computed using the computer code WAVES based on these
equations are shown in Figures (6.2.3) through (6.2.5). Examination of these
characteristics provides insight into the nature of the incident P wave problem.
The assumption of homogeneity for the incident P wave implies that the reflected

P wave in water is homogeneous for all angles of incidence (Theorem (5.3.22)).
Generalized Snell’s Law (Theorem (5.3.16)) implies that the angle of reflection
equals the angle of incidence for both the directions of phase propagation and
maximum attenuation.
The contrast in anelastic properties at the interface implies that both the P wave

and the Type-I S wave transmitted into the stainless steel are inhomogeneous for all
angles of incidence except normal (Theorem (5.3.24); Figure (6.2.3)a). The degree of
inhomogeneity of the transmitted P and SI waves increases to a value near 90° for
angles of incidence within the P 0 and SI 0 transition windows. A rapid change in χ 0

Pf1

Incident P
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Reflected P
(Homogeneous)

Transmitted SI and P
(Inhomogeneous)

Water
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φ1 φ1φ1ψ1
ψ1

ψ1

φ1

→ →

→

→

→

→

→
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Figure (6.2.1). Notation for a homogeneous P wave incident in water on a plane,
anelastic stainless-steel interfacewithmaterial parameters as indicated in Table (6.2.2).
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and maximum energy flux (c), and phase and energy speeds (d) for inhomogeneous
transmitted P and Type-I S waves generated by a plane acoustic P wave in water
incident on an anelastic plane stainless-steel boundary.

Table (6.2.2). Material parameters for a water–stainless-steel boundary for the
problem of an incident P wave illustrated in Figure (6.2.1).

Medium ρ (g/cm3) νHS (km/s) Q�1
HS νHP (km/s) Q�1

HP

V: Water 1 1.49 0.00012*

V 0: Stainless steel 7.932 3.142 0.0127* 5.74 0.0073*

*As measured at 10 MHz by Becker and Richardson (1969, 1970).

and χ 0
Sψ1

for angles of incidence in these windows suggests a similar rapid change in
the physical characteristics of the transmitted waves (Figure (6.2.3)b).
The directions of phase and energy propagation for the transmitted P and SI

waves are predicted for all angles of incidence to be at some non-zero angle into the
stainless steel (Figure (6.2.3)c). In the case of the P wave, energy is carried closer to
the boundary than for the S wave; however, neither wave carries energy back into
the incident medium as occurred in previous examples (compare Figures (6.1.3)c
and (6.2.3)c). It is interesting to note that the P wave carries energy closer to the
boundary for angles of incidence within the P 0 transition window than it does for
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Figure (6.2.4). Emergence angle for direction of maximum attenuation (a),
attenuation in direction of propagation (b), maximum attenuation (c), and Q−1

for the inhomogeneous transmitted P and Type-I S waves generated by a plane
acoustic P wave in water incident on a plane anelastic stainless-steel boundary.

grazing incidence. The mean energy flux for each of the transmitted waves is
inclined at a small but finite angle greater than 0.6° away from the boundary for
all angles of incidence. The “hll”model incorrectly assumes that phase propagation
for each transmitted wave becomes exactly parallel to the boundary for angles
greater than the respective minimum elastic critical angles.
The small amount of attenuation specified for the incident P wave in water results in

a small component of apparent attenuation along the interface. As a consequence,
Generalized Snell’s Law (5.3.16) implies that themaximum attenuation vectors for the
transmitted waves are directed nearly vertically into the stainless steel (Figure (6.2.4)
a). As a result, the amplitudes of each wave decrease away from the boundary for all
angles of incidence and the degree of inhomogeneity γ for each transmitted wave
increases as the corresponding emergence angle increases (Figures (6.2.4)a and (6.2.3)
a)). The component of attenuation in the direction of phase propagation (Figure (6.2.4)
b) and the magnitude of the maximum attenuation (Figure (6.2.4)c) of each wave
abruptly decrease and increase, respectively, for angles of incidence in the correspon-
ding transition windows for each wave.Q−1 for each transmitted wave (Figure (6.2.4)
d) abruptly increases in its respective transition widow and asymptotically approaches
a value equal to twice that of a corresponding homogeneous SI wave, which is
consistent with results in Theorem (3.6.92) and inequalities (3.6.89). The Q−1 values
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for the inhomogeneous transmitted P and SI waves increase by 400 and 200 percent,
respectively to the value of 2Q 0�1

HS ¼ 0:0254. The “hll”model incorrectly assumes the
direction of maximum attenuation for each wave type is parallel to that of phase
propagation for angles of incidence less than corresponding elastic critical angles and
normal to the boundary for angles beyond critical (Figures (6.2.4)a and (6.2.4)b).
Energy reflection, transmission, and interaction coefficients are shown in Figure

(6.2.5). They indicate important characteristics of the reflected and refractedwaves that
are not predicted by elastic models. Inspection of the normalized mean energy flux
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Figure (6.2.5). Energy reflection (a), transmission (b), and interaction (b)
coefficients for a plane acoustic P wave incident on a plane water-stainless steel
interface. The coefficients show the existence of an SI′ transition window in which
the reflected and transmitted energy flow differ significantly from corresponding
predictions of an elastic model or the “hll” assumption (thin-dashed curves).
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normal to the boundary as carried by the reflected acoustic wave (Figure (6.2.5)a)
shows a significant reduction in amplitude for a range of angles of incidence near the
minimum elastic critical angle for the transmitted SI wave. For this range in angles of
incidence the “hll” model assumes total reflection of the incident energy.
Examination of the normalized mean energy flux coefficients shows that in the SI 0

transition window the normal component of energy flux associated with the reflected
P wave decreases substantially and that associated with that the of P and SI waves
transmitted into the stainless steel shows a significant increase (see Figures (6.2.5)a
and (6.2.5)b). In the SI 0 transition window the normal component of energy flow due
to interaction of the transmitted P and SI waves in the stainless steel increases to an
amount larger than that carried by either the transmitted SI or P wave. This normal
component of the energy flow due to interaction is opposite to that associated with the
transmitted waves and is directed into the water. The normal component of energy
flow due to interaction of the incident and reflected waves is also directed into the
water for angles of incidence in the SI 0 transition window. It increases to a maximum
of about 10 percent of that due to interaction of the transmitted waves in the transition
window. The normal component of energy flow associated with the transmitted wave
increases significantly for a range of larger angles of incidence near grazing. This
increase is offset by a corresponding increase in the energy flow due to interaction of
the incident and reflected waves giving rise to a mean energy flow at the boundary in
the opposite direction into the water.
The SI 0 transition window has also been referred to as the Rayleighwindow because

the apparent phase velocity for the incident P wave in this window is near that of a
Rayleighwave on stainless steel if modeled as an elastic half space (see Figure (6.2.3)d).
Considering that an elastic model of the water, stainless-steel boundary does not
predict the significant differences in reflected amplitude for angles of incidence in
this window, reference to the window as an SI 0 transition window seems preferable.
The amplitude of the reflected acoustic wave (Figure (6.2.6)a) and the amplitudes

of the transmitted P and SI waves (Figure (6.2.6)b) show significant reductions and
increases, respectively, in the SI 0 transition window. The amplitude of the reflected
wave reaches a minimum value that is about 30 percent of that of the incident wave.
The transmitted P and SI waves reach maxima that are 2.3 and 2.8 times, respec-
tively, as large as those of the incident wave.
Some characteristics of the transmitted P wave in the SI 0 transition window

that provide additional insight are (1) its degree of inhomogeneity is near its
upper limit, calculated to be 89.91° for the chosen material parameters (Figure
(6.2.3)a); (2) its phase and energy velocities decrease to nearly equal values at an
angle of incidence corresponding to an apparent phase speed near that of a Rayleigh-
Type surface wave (see Chapter 8) on a half space of anelastic stainless steel
(Figure (6.2.3)c); (3) its directions of phase and energy propagation are near their
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Figure (6.2.6). Amplitude reflection (a) and transmission (b) coefficients
characteristics for a plane acoustic P wave incident on a plane water–stainless-steel
interface. The coefficients show that the reflected and transmitted amplitudes in
the SI 0 transition window differ significantly from those predicted using an elastic
model or the “hll” assumption (thin-dashed curves).
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Figure (6.2.7). Eccentricity for the elliptical particle motion of the transmitted
P and SI waves (a) and phase shifts for the reflected and transmitted waves (b) for
a plane acoustic P wave incident on a plane water, stainless-steel interface.

asymptotic values, which are near but away from the boundary (Figure (6.2.3)b);
(4) its Q0�1

P rapidly approaches its limiting value which is within a few percent of
2Q 0�1

HS (Figure(6.2.4)d); and (5) its eccentricity reaches a value near 0.4, indicating
the particle motion deviates significantly from linearity (Figure (6.2.7)a).
Characteristics of the transmitted SI wave in the SI 0 transition window include

(1) its directions of phase andmaximum energy flux (Figure (6.2.3)c) rapidly approach
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a value near but away from the boundary; (2) its phase speed decreases with that of the
P wave to values less than that of a Rayleigh-Type surface wave (Figure (6.2.3)d); (3)
itsQ 0�1

SI increases to within about 75 percent of its limiting value near 2Q 0�1
HS (Figure

(6.2.4)d); (4) its attenuation in the direction of phase propagation decreases (Figure
(6.2.4)b) while its maximum attenuation increases (Figure (6.2.4)c); and (5) its particle
motion becomes elliptical (Figure (6.2.7)a) with the eccentricity changing from a value
near unity to a value near 0.7. Rapid shifts in phase are apparent in the SI 0 transition
window for each of the reflected and refracted waves (Figure (6.2.7)b).

6.2.2 Experimental Evidence in Confirmation of Theory for
Viscoelastic Waves

Experimental evidence observed in the laboratory in the 1960s was not consistent
with predictions of elastic reflection–refraction theory. Measurements of acoustic
amplitudes reflected from water–aluminum interfaces in the laboratory were
found to be significantly less than elastic-model predictions for a range of angles
of incidence greater than the minimum elastic critical angle for the transmitted
S wave. This lack of agreement (e.g. see Brekhovskikh, 1960, p. 34) raised issues
regarding the adequacy of plane-wave theory as then only developed for elastic
media. Subsequently, considerable experimental evidence concerning the nature
of the reflection and refraction of low-loss anelastic waves at water–metal
boundaries has been acquired for purposes of discovering material imperfections.
These data, some of which have been collected under carefully controlled
laboratory conditions provide an established experimental data set for compar-
ison with results predicted on the basis of the theory presented herein.
Experiments to determine the reflective characteristics of a liquid–metal interface

provide measurements of the amplitude and phase shift of the reflected acoustic
wave generated by a P wave incident on the metal at a known angle of incidence
(Becker and Richardson, 1969). Amplitude measurements at 10MHz and phase
measurements at 5MHz (solid squares) and 16 MHz (open squares) (Becker and
Richardson, 1970, pp. 116, 119) for a range of angles of incidence spanning the SI 0

transition window are shown in Figure (6.2.8). To approximate plane-wave condi-
tions, transducers 2.54 cm in diameter were used with corrections for diffraction
effects and lateral beam displacement. (An account of these effects and correspond-
ing references are available in Borcherdt et al. (1986). Theoretical predictions for
amplitude and phase reflection coefficients corresponding to the measured values
(Table (6.2.2)) and to other indicated values ofQ�1

HS are shown in Figure (6.2.8). The
reflection coefficients calculated for various values of Q�1

HS correspond approxi-
mately to frequencies of 1, 10, 15, 35, and 70MHz.
The measured amplitude and phase coefficients for the reflected acoustic wave

are in excellent agreement with those predicted theoretically as shown in Figures
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(6.2.8)a and (6.2.8)b. The measured and calculated amplitude reflection coefficients
show a significant dependence on the amount of intrinsic absorption in the stainless
steel (Figures (6.2.8)a and (6.2.8)b). The theoretical curves indicate the minimum in
the amplitude reflection coefficient decreases to zero then increases as the amount of
intrinsic absorption is increased. The theoretical curves predict that a reversal in the
phase shift occurs for an amount of intrinsic absorption in the solid that corresponds
to the amplitude of the reflected P wave being zero (Q�1

HS ¼ 43; f ¼ 15MHz). The
empirical measurements of phase shifts at 10 and 16MHz confirm this prediction
(see Figures (6.2.8)a and (6.2.8)b).
The excellent agreement between theoretical and laboratory results provides

empirical evidence in confirmation of the theory of viscoelastic wave propagation
presented herein. It illustrates the significant effect of intrinsic material absorption
on the physical characteristics of body waves in layered low-loss anelastic media for
certain ranges in angles of incidence. It explains the amplitude reflection observa-
tions reported by Brekhovskikh (1960) and the lack of agreement he found with
results predicted by an elastic model. It provides evidence for the validity of the
physical characteristics of the reflected and refracted waves in low-loss anelastic
media as predicted from theoretical considerations for this problem in Figures
(6.2.3) through (6.2.8).

6.2.3 Viscoelastic Reflection Coefficients for Ocean, Solid-Earth Boundary

A problem analogous to the water, stainless-steel problem is the problem of reflec-
tion of acoustic energy at the ocean floor. This problem is of interest in underwater
acoustics and geophysics.
Amplitude and phase reflection coefficients for the P wave generated by a

homogeneous P wave incident on various water, solid-Earth interfaces are shown
for a range of viscoelastic models in Figures (6.2.10) and (6.2.11). Three distinct
material shear-wave speeds as indicated by Ewing and Houtz (1979) and a range in
intrinsic absorption values in shear were chosen for the calculations (see Table
(6.2.9) and Figures (6.2.10) and (6.2.11)). Intrinsic absorption in bulk for the solid

Table (6.2.9). Material parameters for a water–solid interface with parameters
corresponding to those of ocean, solid-Earth interfaces.

Medium ρ (g/cm3) νHS (km/s) νHP (km/s)

V: Ocean 1.03 1.5
V 0: Sedimentary crust 2.75 2 3.46
V 0: Basaltic crust 2.85 2.8 4.85
V 0: Gabbro transition 2.85 3.7 6.41

From Ewing and Houtz (1979).
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Earth is assumed negligible with the reciprocal quality factor for a homogeneous P
wave given by Q�1

HP ¼ 4
9
Q�1

HS.
The calculated reflection coefficients (Figures (6.2.10) and (6.2.11)) show a

significant dependence on the amount of intrinsic absorption in the solid similar
to that observed for the water, stainless-steel boundary. They indicate that the
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Figure (6.2.10). Amplitude (a) and phase (b) reflection coefficients for water–
solid interfaces with shear and P wave speeds corresponding to ocean–basaltic
crust (b), and indicated amounts of intrinsic absorption in shear (see Table (6.2.9)).
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Figure (6.2.11). Amplitude (a) and phase (b) reflection coefficients for water–
solid interfaces with shear and P wave speeds corresponding to an ocean–gabbro
transition crust computed for indicated amounts of intrinsic absorption in shear
(see Table (6.2.9)).

amplitude of the reflected P wave vanishes and a phase-shift reversal occurs for
a specific amount of intrinsic absorption at a particular angle of incidence
for each model. Calculations show that the local minimum in the amplitude
reflection coefficient for each contrast in wave speed decreases to zero then
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increases as the amount of intrinsic absorption increases (Figures (6.2.10)a,
(6.2.11)a, and (6.2.12)).
The amplitude reflection coefficient varies with material shear-wave speed of the

solid (compare Figures (6.2.10)a and (6.2.11)a). As the shear velocity of the solid
approaches the P velocity of the water, the angle of incidence corresponding to the
local minimum in the reflected P wave amplitude increases and the amplitude of the
local minimum in the reflection coefficient decreases.
The distinguishing characteristics of the amplitude and phase reflection coeffi-

cients for the ocean, solid-Earth boundary suggest that their measurement could be
useful for inferring the intrinsic absorption characteristics of various crustal materi-
als. The local minima in amplitude reflection data and phase shifts as inferred from
wide-angle geophysical reflection data could be useful in developing Q�1

HS profiles
perpendicular to ocean ridges using techniques such as those described by Stoffa
and Buhl (1979). Such profiles if definitive could be useful for inferring geologic
age and tectonic spreading rates. The dependence of the reflection coefficients on
intrinsic absorption of the ocean bottom suggests that acoustic transmissions of
various frequencies, depths, and distances might be expected to propagate more
efficiently than others.
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Figure (6.2.12). Amplitude of local minimum in reflected P wave amplitude in the
SI 0 transition window as a function of intrinsic absorption in shear for three ocean–
solid-Earth interface models as characterized by indicated shear wave speeds
(Table (6.2.9)).
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6.3 Problems

(1) For the problem of a homogeneous Type-II S wave incident on a plane
viscoelastic sediment boundary with parameters of the material specified in
Table (6.1.1), sketch graphs showing the dependence on angle of incidence for
(a) a transmitted SII wave of

(i) the degree of inhomogeneity from a value of zero to one near its
physical limit of π 2= ,

(ii) emergence angles for phase propagation, direction of maximum
attenuation, and energy flux,

(iii) phase and energy speed,
(iv) reciprocal quality factor,

(b) normalized energy flux perpendicular to the boundary associated with
(i) incident SII wave,
(ii) reflected SII wave,
(iii) transmitted SII wave, and
(iv) interaction of incident and reflected SII waves.

(2) Compare the sketches in Problem 1 with corresponding sketches assuming the
media are elastic.

(3) Describe how the graphs in Problem 1 change if the incident wave is inhomo-
geneous with a fixed degree of inhomogeneity of −60°

(4) For the problem of a homogeneous P wave incident in water on a viscoelastic
stainless-steel boundary,
(a) sketch graphs of the amplitude reflection coefficient as a function of

angle of incidence for various amounts of intrinsic absorption in the
stainless steel,

(b) describe how the reflection coefficient for an elastic model of the stainless
steel differs from that for a linear anelastic model with Q−1≈ 1/80, and

(c) describe why the dependence of the reflection coefficient in the SI 0

transition window on the amount of intrinsic absorption in shear has
been useful for nondestructive testing of materials.
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7

General SI, P, and SII Waves Incident
on a Viscoelastic Free Surface

Solutions for problems involving wave propagation in a semi-infinite half space are
of interest for interpreting measurements of radiation fields at locations near or on
the free surface. Solutions to these problems as derived for elastic media have
formed the basis for the initial interpretation of seismograms and resultant infer-
ences concerning the internal structure of the Earth.
Analytic solutions and corresponding numerical examples for problems invol-

ving general SI, P, and SII waves incident on the free surface of a viscoelastic half
space are presented in this chapter (Borcherdt, 1971, 1988; Borcherdt and
Glassmoyer, 1989; Borcherdt et al., 1989). Closed-form expressions for displace-
ment and volumetric strain are included to facilitate understanding and interpreta-
tion of measurements as might be detected on seismometers and volumetric strain
meters at or near the free surface of a viscoelastic half space.
The procedures to solve the reflection–refraction problems for a general SI, P, or

SII wave incident on a free surface are analogous to those for the corresponding
problems for a welded boundary. For brevity, many of the expressions and results in
medium V for a welded boundary applicable to the free-surface problems will be
referred to here, but not rewritten.

7.1 Boundary-Condition Equations

Solutions of the equations of motion for problems of general P, SI, and SII waves
incident and reflected from the surface of a viscoelastic half space are specified by
(4.2.1) through (4.2.45) with respect to the coordinate system illustrated in Figure
(4.1.3), where medium V′ is assumed to be a vacuum. The plane boundary of
medium V for a half space is assumed to be stress free.
Steady-state propagation in the +x1 direction of the x1x3 plane implies the

components of the stress tensor may be expressed in terms of the displacement
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potentials, using equations (3.1.1), (2.3.5), and (2.3.12). The resulting equations
expressing the stresses acting on planes parallel to the free surface are

p31 ¼ M 2f;13 þ ψ;11 � ψ;33

� �
; (7:1:1)

p32 ¼ Mu2;3; (7:1:2)

and

p33 ¼ Kþ 4

3
M

� �
f;11 þ f;33

� �
þ 2M ψ;13 � f;11

� �
; (7:1:3)

where the notation f;ij denotes the partial derivative of f ¼ f1 þ f2 with respect to
the i th and j th component, respectively and ψ denotes the x̂2 component of
~ψ ¼ ~ψ1 þ~ψ2.

The boundary conditions for an infinite half space are that the stresses on the free
surface vanish, that is

p3j ¼ 0 for j ¼ 1; 2; 3: (7:1:4)

Substitution of the solutions (4.2.1), (4.2.2), and (4.2.26) into (7.1.1) through
(7.1.3) restricted by (7.1.4) implies that the complex spatially independent ampli-
tudes of the solutions must satisfy
for p31 = 0,

M 2dα k B1 � B2ð Þ þ dβ
2 � k2

� �
C12 þ C22ð Þ� 	 ¼ 0; (7:1:5)

for p32 = 0,

D1 ¼ D2; (7:1:6)

and for p33 = 0,

M � dβ
2 � k2

� �
B1 þ B2ð Þ þ 2dβ k C12 � C22ð Þ� 	 ¼ 0: (7:1:7)

Solution of these three equations involving six complex amplitudes and the
complex wave number k can be achieved upon consideration of a particular
problem, such as an incident P, SI, or SII wave on the free surface or consideration
of disturbances confined primarily to the free surface.
To consider a specific reflection problem, a single incident wave is assumed. This

assumption is equivalent to specifying the complex wave number k and the require-
ment that the complex amplitudes for the other two incident waves are zero. Hence,
the resulting three equations in four unknowns can be solved by expressing the
complex amplitudes of the reflected waves in terms of the complex amplitude and
complex wave number of the incident wave.
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To consider a surface-wave problem the steady-state disturbance is assumed
to be concentrated near the surface. This assumption is satisfied by setting
B1 ¼ C1 ¼ D1 ¼ 0 in (7.1.5) through (7.1.7). With these complex amplitudes set
to zero, the three equations in four unknowns can be solved for the complex wave
number k and one of the complex amplitudes in terms of the other.

7.2 Incident General SI Wave

The problem of a general Type-I S wave incident on the free surface is specified by
assuming the parameters of the incident Type-I S wave are given and that the
amplitudes of the solutions for the other incident waves as specified in (4.2.1) and
(4.2.26) vanish, namely B1 ¼ D1 ¼ 0. The incident general Type-I S wave as
specified by (4.2.2) is given in medium V by equations (5.2.3) through (5.2.11).
For brevity, these equations are not rewritten here. Solutions for the reflected P and
SI waves in medium V as specified by equations (4.2.1) and (4.2.2) are given by
equations (5.2.14) and (5.2.15). Parameters for the incident and reflected waves are
illustrated in Figure (7.2.1).

7.2.1 Reflected General P and SI Waves

For the problem of a general Type-I S wave incident on a free surface, the boundary
conditions (7.1.5) through (7.1.7) readily admit solutions for the complex ampli-
tudes of the reflected waves in terms of the complex amplitude and complex wave
number for the incident wave, namely

B2=C12 ¼ 4 dβ k dβ
2 � k2Þ=g kð Þ;�

(7:2:2)

V : ρ, vHS, vHP, QHS, QHP
–1 –1 Pψ

1

→

Pψ
2

→

Pφ
2

→

Aφ
2

→
Aψ

1

→

Aψ
2

→

θψ
1

θψ
2

θφ
2

γφ
2γψ1

γψ2

Incident SI Reflected SI
x3 x3

Reflected P

x1

Figure (7.2.1). Diagram illustrating notation for directions and magnitude of
propagation and attenuation vectors for the problem of a general SI wave
incident on the free surface of a HILV half space.
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D2 ¼ D1 ¼ 0; (7:2:3)

and

C22=C12 ¼ 4 dα dβ k
2 � dβ

2 � k2
� �2� �.

g kð Þ; (7:2:4)

where

g kð Þ ¼ 4dα dβ k
2 þ dβ

2 � k2
� �2

(7:2:5)

for

g kð Þ 6¼ 0: (7:2:6)

The complex wave number k for the incident general SI wave is given by

k ¼ ω
vHS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χSψ1
1þ χHS

s
sin θψ1 � i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ χSψ1
1þ χHS

s
sin½θψ1 � γψ1 �

 !
; (7:2:7)

which simplifies for an elastic half space to

k ¼ ω
vHS

sin θψ1 ; (7:2:8)

where χSψ1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HS sec
2 γψ1

q
and χHS ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HS

q
. The propagation and

attenuation vectors as specified by (5.2.5) and (5.2.6) for the incident and reflected
waves are completely determined upon specification of the angle of incidence θψ1 ,
the degree of inhomogeneity γψ1, and the circular frequency ω for the incident
general SI wave together with the material parameters for V as specified by ρ, kS or
vHS and Q�1

HS. Hence, the propagation and attenuation vectors for the reflected
general P and SI waves are determined in terms of those for the incident general
SI wave, from which it follows that (7.2.2) and (7.2.4) provide the desired solution
for the complex amplitude of the reflected general P and SI waves in terms of that
given for the incident general SI wave.
For a non-trivial incident wave C12 ≠ 0, so equations (7.1.5) and (7.1.7) imply

g(k) ≠ 0. Roots of equation (7.2.5) will be shown to specify k for a Rayleigh-Type
surface wave. Hence, this result shows that a general Type-I S wave incident in a
plane perpendicular to the free surface does not generate a Rayleigh-Type surface
wave. Also, boundary-condition equation (7.2.3) shows that no Type-II S waves
are generated by a Type-I S wave incident in a plane perpendicular to the interface.
The existence of solutions (7.2.2) and (7.2.4) confirms equality of the complex

wave number k in the assumed solutions for the incident and reflected waves as
specified by (4.2.1) and (4.2.2). Hence, the components of phase propagation and
maximum attenuation parallel to the boundary for the incident and reflected waves
are equal, that is,
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kR ¼ Re Kψ1x

� 	 ¼ ~Pψ1

�� �� sin θψ1 ¼ ~Pψ2

�� �� sin θψ2 ¼ ~Pf2

�� �� sin θf2
(7:2:9)

and

�kI ¼ �Im Kψ1x

� 	 ¼ j~Aψ1 j sin½θψ1 � γψ1 � ¼ j~Aψ2 j sin½θψ2 � γψ2 �
¼ j~Af2

j sin½θf2
� γf2

�;
(7:2:10)

establishing Generalized Snell’s Law for the problem of a general Type-I S wave
incident on the free surface of a viscoelastic half space, as stated for medium V by
Theorem (5.2.22).
It follows, as for the corresponding welded-boundary problem, that

θψ1 ¼ θψ2 and γψ1 ¼ γψ2 . Hence, for the incident and reflected SI waves, the reflec-
tion angle equals the angle of incidence and their degrees of inhomogeneity
are equal.
The conditions of homogeneity and inhomogeneity for the waves reflected

from the free surface for an incident general SI wave are as stated for the reflected
waves in medium V by (5.2.28) through (5.2.43). In brief, the reflected SI wave is
homogeneous if and only if the incident SI wave is homogeneous. Theorem (5.2.34)
indicates that the P wave reflected from the free surface of a HILV half space is
homogeneous if and only if Q�1

HS ¼ Q�1
HP and sin2 θψ1 � v2HS=v

2
HP. These results

indicate that for elastic media the reflected P wave will be homogeneous for angles
of incidence less than some elastic critical angle, but for anelastic Earth-type media
whereQ�1

HS 6¼ Q�1
HP, the reflected P wave, in general, will be inhomogeneous for all

angles of incidence.
The degree of inhomogeneity of the reflected P wave in anelastic media will be

shown to increase with angle of incidence and hence the phase velocity of the
reflected P wave will decrease, the maximum attenuation will increase, and frac-
tional energy loss and other characteristics will be shown to vary with angle of
incidence. As Q�1

HS 6¼ Q�1
HP in an anelastic Earth the preceding results show that P

waves generated by a SI body wave incident on the free surface, in general, are
inhomogeneous with the degree of inhomogeneity and the physical characteristics
of the wave dependent on the angle of incidence and the degree of inhomogeneity of
the incident wave.
The conditions for propagation of the reflected P wave parallel to the free surface

are similar to those for the reflected P wave generated by an SI wave incident on a
welded boundary (see the section of Theorem (5.2.45)). The results as stated in
Theorems (5.2.45) through (5.2.47) for the P wave reflected in medium V are the
same with similar proofs. Hence, for brevity they are not restated in this section. In
brief, the results show that for elastic media a critical angle or phase propagation
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parallel to the boundary exists whenever the apparent phase velocity along the inter-
face of the incident SI wave is less than or equal to that of a homogeneous P wave. In
contrast, for anelastic Earth materials, the results indicate that phase propagation for
the reflected P wave is away from the boundary for all angles of incidence.
In the case of an elastic medium, a normally incident SV (SI) wave does not

generate a dilatational disturbance upon interacting with the free surface. However,
in the case of a vertically incident inhomogeneous SI wave in anelastic media,
a dilatational disturbance is reflected from the free surface. To show this result,
suppose no dilatational disturbance is generated, that is B2 = 0, then equation (7.2.2)
implies k ¼ 0; dβ ¼ 0; or dβ

2 � k2 ¼ 0. The first alternative is not possible,
because if the incident wave is vertically incident then k ¼ ij~Aψ1 j sin γψ1 6¼ 0 in
order for the wave to propagate. The two other alternatives are not possible because
the medium is anelastic. Hence, the amplitude of the reflected P wave is not zero and
a dilatational disturbance is reflected from the free surface. If the normally incident
SI wave is homogeneous, then k ¼ kS sin θψ1 ¼ 0 and equation (7.2.2) shows the
amplitude of the reflected P wave vanishes.
For an elastic half space, angles of incidence exist such that the incident SV (SI) wave

is entirely reflected as a dilatational disturbance. For anelastic media it will be evident
that such angles in general do not exist. The following theorem indicates that such angles
exist for only a restricted class of viscoelastic solids of which elastic is a special case.

Theorem (7.2.11). If the incident SI wave is homogeneous and a non-zero angle of
incidence exists for which the amplitude of the reflected SI wave is zero, then the
solid is such that Q�1

HS ¼ Q�1
HP.

The contrapositive of this theorem shows that because Q�1
HS 6¼ Q�1

HP for anelastic
Earth materials, the amplitude of the reflected SI wave is non-zero for every non-
vertical angle of incidence for an incident homogeneous SI wave.
To prove the theorem suppose the angle of incidence θψ1 6¼ 0 and the amplitude

of the reflected SI wave C22 = 0 from which (7.2.4) implies

16
dα
2

k2
dβ
2

k2
¼ d β

2

k2
� 1

� �4
: (7:2:12)

By assumption the incident SI wave is homogeneous, hence k ¼ kS sin θψ1 and
(4.2.10) implies

d β
2

k2
¼ tan�2 θψ1 : (7:2:13)

The preceding two equations imply that d β
2=k2 and d α

2=k2 are real numbers.
Definition (4.2.9) of dα implies
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Im
d α

2

k2

� 

¼ 1

sin2 θψ1
Im

kP
2

kS
2

� 

¼ 0; (7:2:14)

from which it follows that k2P=k
2
S is a real number. Hence, Lemma (5.2.35) implies

the desired result namely, Q�1
HS ¼ Q�1

HP.

7.2.2 Displacement and Volumetric Strain

Consideration of the effects of the free surface on the displacement fields and
volumetric strain associated with an incident general SI wave at or near the free
surface is of special interest for interpreting recordings of signals from three-
component seismometers and volumetric strain transducers (Borcherdt et al.,
1989). Comparison of simultaneous displacement fields and corresponding volu-
metric strain is of interest, because, theoretically, volumetric strain is associated only
with the P wave reflected from the free surface, but not with either the incident or the
reflected SI waves. Consequently, simultaneous measurements from corresponding
sensors suggest that characteristics of the wave fields might be inferred that cannot
be inferred from either measurement alone.
To further investigate the effect of the free surface on the general reflected P wave,

equations (7.2.9) and (7.2.10) allow the reflection angle for the P wave to be expressed
in terms of the given incidence angle for the incident SIwave, using identities (3.6.21) as

sin θf2
¼ ~vf 2

�� ��
~vψ1
�� �� sin θψ1 ¼ vHP

vHS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χHP

1þ χHS

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χSψ1
1þ χPf2

vuut sin θψ1
(7:2:15)

and the angle that the attenuation vector for the reflected P wave makes with respect
to the vertical (3.6.23) in terms of that for the incident SI wave by

sin½θf2
� γf2

� ¼ j~Aψ1 j
j~Af2

j sin½θψ1 � γψ1 �

¼ vHP

vHS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χHP

1þ χHS

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ χSψ1
�1þ χPf2

vuut sin½θψ1 � γψ1 �: (7:2:16)

Substitution of these expressions into the definitions (3.10.12) and (3.10.13) reveals
two identities relating parameters of the reflected P wave to those of the incident
SI wave, namely

FPf2
sin θf2

� 	 ¼ kSj j
kPj jFSψ1

sin θψ1
� 	 ¼ vHP

vHS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χHP

1þ χHS

χHS

χHP

s
FSψ1

sin θψ1
� 	

(7:2:17)
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and

ΩPf2
sin θf2

� 	 ¼ ΩSψ1
sin θψ1
� 	

: (7:2:18)

These identities when substituted into the expression for the radial or x̂1 xð Þ
component of displacement for the reflected P wave as described by (3.10.10)
yield the following expression for the radial component of displacement associated
with the general reflected P wave, namely,

uRf2x¼ B2kPj j exp �~Af2
.~r

h i kSj j
kPj jFSψ1

sin θψ1
� 	

cos ζ Pf2
tð ÞþψP � ΩSψ1

sin θψ1
� 	� 	

;

(7:2:19)

where the amplitude B2j j and the phase term ζ Pf2
tð Þ � ωt� ~Pf2

.~r þ arg B2kP½ � �
π=2 from (3.10.2) are given in terms of parameters of the incident wave by (7.2.2).
Expression (7.2.19) provides a complete specification of the radial component of
displacement for the reflected P wave in terms of the given parameters of the
incident general SI wave. It provides an explicit description of the reflected P
wave contribution to the radial component of displacement in terms of the given
parameters of a general incident SI wave as might be measured on a radial
seismometer.
If the incident SI wave is homogeneous, then (3.10.22) and (3.10.23) imply

FSψ1
sin θψ1
� 	 ¼ sin θψ1and ΩSψ1

sin θψ1
� 	 ¼ tan�1 Q�1

HS= 1þ χHSð Þ� 	 ¼ ψS, so the
expression (7.2.19) for the radial component of displacement simplifies to

uRf2x ¼ B2kPj j exp �~Af2
.~r

h i kSj j
kPj j sin θψ1 cos ζ Pf2

tð Þ þ ψP � ψS

� 	
: (7:2:20)

If the amount of intrinsic absorption in the medium is assumed to be small,
then χHS � χHP � 1, so (7.2.17) implies the amplitude-modulation factor for the
reflected general P wave is approximately that of the incident general SI wave scaled
by the ratio of the wave speed of a homogeneous P wave to that of a homogeneous
S wave, that is

FPf2
sin θf2

� 	 � vHP

vHS

FSψ1
sin θψ1
� 	

; (7:2:21)

and the phase term ψP � ψS is approximately given by

ψP � ψS � Q�1
HP

2
� Q�1

HS

2
: (7:2:22)

This expression shows that the radial component of displacement for the reflected
P wave in a low-loss half space is shifted in phase due to the difference in anelastic
response of the medium to homogeneous P and S waves. It shows that the radial
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component of displacement for the reflected P wave varies sinusoidally with the
given incidence angle of the incident SI wave. It provides an explicit description of
the reflected P wave contribution to the radial component of displacement as might
be measured on a radial seismometer due to a homogeneous SI wave incident on the
free surface of a low-loss anelastic half space.
The volumetric strain generated by a general SI wave incident on the free surface

results from the generation of the reflected P wave. Equation (3.10.29) implies the
volumetric strain as initially derived by Borcherdt (1988) is given by

ΔR tð Þ ¼ B2kPj j exp �~Af2
.~r

h i
kPj j cos ζPf2

tð Þ � ψP � π=2
h i

; (7:2:23)

where the amplitude and phase terms are given in terms of those for the incident SI
wave by (7.2.2). For media with small amounts of absorption, identities (3.6.16) and
(3.10.3) imply

kPj j � ω=vHP (7:2:24)

and

ψP � Q�1
HP=2; (7:2:25)

which in turn imply that the expression (7.2.23) for the volumetric strain of the P
wave reflected from the free surface of a low-loss half space may be simplified
further.
The times t1 and t2 at which the volumetric strain (7.2.23) assumes its zero and

maximum values are given by ζPf2
t2ð Þ ¼ ψP þ π and ζ Pf2

t1ð Þ ¼ ψP þ π=2,
respectively. Substitution of these times into the expression for the radial component
of displacement (7.2.20) for the P wave reflected from the free surface for an
incident homogeneous SI wave yields

uRf2x t2ð Þ
uRf2x t1ð Þ ¼ tan 2ψP � ψS½ �; (7:2:26)

suggesting that if times t1 and t2 can be determined from a volumetric-strain
recording and the radial component of displacement is discernible for the reflected
P wave then the anelastic characteristics of the material might be inferred. For
example, for materials with small amounts of absorption, (7.2.26) implies

Q�1
HP � Q�1

HS =2 � tan�1 uRf2x t2ð Þ
uRf2

t1ð Þ
� 


: (7:2:27)

Hence, if an independent estimate of the specific absorption of either P or S can be
made then the other can be inferred or if the amount of absorption in P is much less
than that in S then (7.2.27) might be used to infer the specific absorption in S.
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Similar inferences regarding intrinsic absorption might be made by inferring phase
differences between collocated measurements of inferred displacement and volu-
metric strain using expressions (7.2.19) and (7.2.23).
To consider free-surface amplitude and phase reflection coefficients for a general

viscoelastic half space it is useful to extend the definition of free-surface reflection
coefficients given for homogeneous waves in elastic media to more general cases that
include both homogeneous and inhomogeneous waves. One convention that can be
adopted to accommodate both homogeneous and inhomogeneous waves is to define
reflection coefficients by considering ratios of the various components of motion and
volumetric strain to that of themaximumparticle motion displacement amplitude. The
maximumdisplacement amplitude for each general wave is the amplitude of the wave
multiplied by the length of themajor axis of the particle motion ellipse j~�1j as given by
(3.2.12) and (3.3.24) for P and SI waves. This convention includes as a special case
the definition given for homogeneous waves in elastic media, because for homoge-
neous waves the elliptical particle motion degenerates to linear particle motion either
parallel or perpendicular to the direction of phase propagation.
In terms of the notation introduced here the amplitude reflection coefficient for

the reflected P wave is defined as the ratio of its maximum particle displacement to
that of the incident SI wave, namely

rP � B2kPj j
C12kSj j

j~�1Pf2 j
j~�1Sψ1 j

exp � ~Af2
�~Aψ1

� �
.~r

h i
: (7:2:28)

The phase coefficient for the maximum particle displacement of the reflected P
wave is defined as the phase difference between that of the reflected P wave and the
incident SI wave at the time of the maximum particle displacement for the incident
SI wave. This phase shift, advanced by 180° for convenience, is given from (3.2.11)
and (3.3.23), by

fP þ π � arg
B2

C12

kP
kS

� 

� ~Pf2

� ~Pψ1

� �
.~r: (7:2:29)

Free-surface reflection coefficients for the radial and vertical components of
displacement for the reflected P wave with respect to the maximum particle dis-
placement for the incident SI wave can be defined respectively as

rPx � rPFPf2
sin θf2

� 	
(7:2:30)

and

rPz � rPFPf2
cos θf2

� 	
; (7:2:31)
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which can be rewritten in terms of the modulation factors for the given incident SI
wave from (7.2.17) as

rPx ¼ rP
kSj j
kPj jFSψ1

sin θψ1

� 	
(7:2:32)

and

rPz ¼ rP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χPf2

χHP

� v 2
HP

v 2
HS

1þ χHP

1þ χHS

χHS

χHP

FSψ1
sin θψ1
� 	� �2s

: (7:2:33)

Corresponding expressions for the reflected SI wave may be defined and derived in
a similar fashion.
Phase coefficients for the horizontal and vertical components of particle motion

for the reflected P wave are specified as the phase difference between that of the
corresponding component of motion for the reflected P wave and the incident SI
wave at the time of the maximum particle motion for the incident SI wave. These
phase coefficients, advanced by 180° for convenience, may be defined in terms of
the phase difference for the maximum particle motion, namely fP, and simplified
with (7.2.18) for the radial component of motion to yield

fPx þ π � fP þ ψP � ΩPf2
sin θf2

� 	 ¼ fP þ ψP � ΩSψ1
sin θψ1
� 	

(7:2:34)

and for the vertical component of motion by

fPz þ π � fP þ ψP � ΩPf2
cos θf2

� 	 ¼ fP þ ψP � ΩSψ1
cos θψ1
� 	

: (7:2:35)

If the incident SI wave is homogeneous then the difference between the
phase coefficients for the radial and maximum motions, advanced by 180°, is
given by

fPx � fP þ π ¼ ψP � ψS: (7:2:36)

For low-loss media it simplifies to

fPx � fP þ π � Q�1
HP �Q�1

HS

� �
=2: (7:2:37)

These equations show that the difference of the phase coefficients for the radial and
maximum particle motions is dependent on the difference in intrinsic material
absorption for homogeneous P and S waves.
Following the convention of normalizing by the maximum displacement ampli-

tude the amplitude reflection coefficient for volumetric strain normalized by ωmay
be defined by
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rΔ � B2kPj j
C12kSj j

1

j~�1Sψ1 j
kPj j
ω

exp � ~Af2
� ~Aψ1

� �
.~r

h i
: (7:2:38)

The corresponding phase coefficient for volumetric strain can be defined as the
phase of the volumetric strain at the time of the maximum displacement amplitude
of the incident wave, advanced by 180° . The resulting phase shift is defined by

fΔ þ π � arg
B2

C12

kP
kS

� 

� ð~Pf2

� ~Pψ1Þ.~r� ψP þ π
2

� �
: (7:2:39)

The difference between the phase coefficient for the volumetric strain and that for
the radial component of particle motion is

fΔ � fPx ¼ �2ψP þ ψS þ
π
2
: (7:2:40)

The corresponding difference for the vertical component of particle motion is

fΔ � fPz ¼ �2ψP þ ΩPf2 cos θPf2Þ þ π=2:
�

(7:2:41)

These relations show that volumetric strain is shifted in phase with respect to the
radial component of displacement by a fixed amount dependent on the intrinsic
absorption characteristics of the medium. The vertical component shows a phase
shift with respect to volumetric strain that also is dependent on the inhomogeneity of
the reflected wave field.
For elastic media ψP=ψS= 0, hence for angles of incidence less than critical

fΔ � fPx
¼ fΔ � fPz ¼

π
2
; (7:2:42)

so for elastic media the volumetric strain for the reflected P wave is advanced with
respect to that of the particle motion components by 90°.

7.2.3 Numerical Model for Low-Loss Media (Weathered Granite)

Quantitative results for the problem of an SI wave incident on the free surface
of an anelastic half space are useful in understanding the effect of anelasticity on
free-surface reflections. They will provide insight regarding the interpretation of
collocated inferences of displacement and volumetric strain as might be detected
simultaneously with separate sensors (Borcherdt and Glassmoyer, 1989).
The simplest problem to consider is that in which the incident SI wave is

homogeneous. This assumption implies that the reflected SI wave is homogeneous
with characteristics of phase and energy speed equal to those of the incident wave.
It implies that for media with Q�1

HS 6¼ Q�1
HP the reflected P wave is inhomogeneous

7.2 Incident general SI wave 181



for all angles of incidence except normal with phase and energy speeds and other
physical characteristics that depend on angle of incidence (Theorem (5.2.34)).
Material parameters chosen to represent the viscoelastic half space (Table

(7.2.43)) correspond to those measured for Pierre Shale (McDonal et al., 1958)
and weathered granite (Fumal, 1978). Physical characteristics of the reflected P
wave calculated on the basis of (7.2.2) through (7.2.42) are shown in Figures
(7.2.45) through (7.2.52).
The degree of inhomogeneity of the reflected P wave (Figure (7.2.45)a) rapidly

increases from zero to a value near its physical limit (90°) for angles of incidence
near and beyond an angle near 22°. This inhomogeneity of the reflected P waves
gives rise to a number of wave–field characteristics not predicted by conventional
elasticity treatments of the free-surface reflection problem.
The direction of phase propagation for the reflected P wave is at some finite angle

>3.1° away from the free surface for all angles of incidence (Figure (7.2.45)b). The
direction of maximum energy flux is closer to the interface than phase propagation
Figure (7.2.45)b. It increases with angle of incidence to a value greater than 90°. For
these angles of incidence the normal component of energy flow associated with the
reflected P wave is toward the free surface. For the low-loss anelastic half space
under consideration, the phase and energy speeds associated with the reflected P
wave are approximately equal. Abrupt changes in the speeds are apparent only for
angles of incidence in the P transition window which includes angles near and
greater than 22° (Figure (7.2.45)c).
The direction of maximum attenuation for the reflected P wave shows a depen-

dence on angle of incidence that is significantly different from that of the “hll”
assumption, which assumes the direction is parallel to phase propagation for angles
of incidence less than critical and directed into the medium perpendicular to the
interface for larger angles of incidence. Figure (7.2.46)a shows that the direction of
maximum attenuation for the reflected P wave is parallel to that of phase propagation
only for normal incidence. As the angle of incidence increases, its deviation from
phase propagation increases. At one angle of incidence of about one-half the elastic
critical angle (� −12°), it is parallel to the free surface. For larger angles of incidence,
the direction of maximum attenuation increases to a value of 176° which is near

Table (7.2.43).Material parameters for the problem of a Type-I S wave incident on
the free surface of a low-loss anelastic half space.

Medium ρ (g/cm3) νHS (km/s) Q�1
HS νHP (km/s) Q�1

HS

Pierre Shale or weathered granite 2.5 0.802 0.1 2.16 0.03

From McDonal et al. (1958) and Fumal (1978).
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Figure (7.2.45). Inhomogeneity γf2
and χPf2

(a), emergence angle for phase
propagation and maximum energy flux (b), and phase and energy speeds (c) for
the P wave generated by a homogeneous SI wave incident on the free surface of an
anelastic half space with parameters corresponding to Pierre Shale (Table (7.2.43)).
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with parameters corresponding to Pierre Shale (Table (7.2.43)).
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vertical. For all angles of incidence greater than � −12° the direction of maximum
attenuation indicates that amplitudes of the reflected P wave actually increase with
depth (Figure (7.2.46)) as measured perpendicular to the free surface. No physical
principles are violated. This characteristic of the reflected P wave is required in order
that the solutions satisfy the boundary conditions. This result is similar to a previous
result encountered for an SII wave transmitted at an anelastic boundary for which the
intrinsic material absorption of the transmission medium for the corresponding wave
type is greater than that of the incident medium (see Figure (6.1.3)c).
Rapid changes in several of the physical characteristics of the reflected P wave

are apparent for angles of incidence in the reflected P transition window. For angles
of incidence larger than about 22°, the direction of phase propagation decreases
more rapidly (Figure (7.2.46)b), QP

�1increases from its initial value of 1/30 to its
limiting value of 2Q�1

HS ¼ 0:2 as implied by Theorem (3.6.92) (Figure (7.2.46)c),
the particle motion ellipse increases in tilt with respect to the direction of phase
propagation by about a degree at grazing incidence (Figure (7.2.47)a), and the
ellipticity of the particle motion tends toward circularity as indicated by the ratio
of the minor to major axis which approaches a value near unity (0.929; Figure
(7.2.47)b). These physical characteristics of the reflected wave field are in contrast
to the familiar characteristics that would be anticipated on the basis of an elastic
model.
Consideration of the energy reflection and interaction coefficients provides

additional insight into the free-surface reflection problem for a viscoelastic half
space. For normal incidence, the energy reflection and interaction coefficients
(Figure (7.2.48); see (5.4.59) through (5.4.65) for definitions of the coefficients)
indicate that all of the incident SI energy is reflected as SI energy. However, with
increasing angles of incidence, the reflection coefficients (Figure (7.2.48)a) indicate
that the proportion of energy converted from incident SI energy to reflected dilata-
tional energy increases and reaches a maximum (40 percent for this model) at an
angle (�18°) just prior to 22°. For larger and an intermediate range of angles of
incidence (� 40° to about 47° for this model), energy converted to dilatational
energy is approximately zero, then for larger angles of incidence the dilatational
energy carried by the reflected P wave reverses direction and flows toward the free
surface. The proportion of dilatational energy carried by the reflected P wave toward
the free surface increases to a maximum of about 28 percent for larger angles of
incidence (�78°) then vanishes at grazing incidence. The fact that the reflection
coefficient for the P wave reverses sign, indicating that the reflected P wave actually
carries energy toward the free surface, is consistent with the earlier observation that
the direction of mean energy flux for the reflected P wave is out of the media away
from the free surface (Figure (7.2.45)b).
Inspection of the various interaction coefficients (Figure (7.2.48)) shows that

for angles of incidence up to about 19°, the amount of energy flow as a result of
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Figure (7.2.47). Tilt (a) and ratio of minor to major axis (b) of the particle motion
ellipse for the P wave generated by a homogeneous SI wave incident on the free
surface of an anelastic half space with parameters corresponding to Pierre Shale
(Table (7.2.43)).

wave–field interaction represents a small proportion of the incident energy. For
larger angles of incidence, the coefficient for the total energy flow due to wave–field
interaction (ICtotal; Figure (7.2.48)b) shows that the energy flow due to interaction
becomes a significant part of the energy budget at the interface. For the range of
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angles for which the reflected P wave carries energy toward the boundary, the total
or net energy flow due to the various wave–field interactions is in the opposite
direction into the medium. As a consequence for these larger angles of incidence,
the energy flow normal to the boundary due to wave–field interactions counteracts
that carried toward the boundary by the reflected P wave. For these larger angles of
incidence, most (>99 percent), but not all, of the incident energy that is carried away
from the boundary is carried by the reflected SI wave (RSI; Figure (7.2.48)a).
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Figure (7.2.48). Energy reflection and total interaction coefficient (a) and
individual interaction coefficients for incident and reflected waves (b) generated
by a homogeneous SI wave incident on the free surface of an anelastic half space
with parameters corresponding to Pierre Shale (Table (7.2.43)).
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The interactions of the reflected P wave with the incident SI wave (ICP) and the
reflected SI wave (ICPSI) result in a normal component of energy flow at the
boundary into the medium (Figure (7.2.48)b). This normal component of energy
flow is partially counteracted by the normal component carried by the reflected P
wave RP and that due to interaction of the incident and reflected SI waves (ICSI). The
angles of incidence for which the interaction energy coefficients achieve their
largest values correspond to a slight decrease (<1 percent for this model) in the
energy reflection coefficient for the reflected SI wave.
Amplitude reflection coefficients and phase shifts for the maximum displacement

and volumetric strain as defined by (7.2.28), (7.2.29), (7.2.38), and (7.2.39) are shown
in Figures (7.2.49) and (7.2.50). They indicate that the maximum amplitude of the
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Figure (7.2.49). Reflection coefficients for maximum displacement (a) and
volumetric strain (b), for the P and SI waves generated by a homogeneous SI
wave incident on the free surface of an anelastic half space with parameters
corresponding to Pierre Shale (Table (7.2.43)).
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reflected SI wave decreases to about 80 percent of that of the incident SI wave at an
angle of incidence of about 19°, then increases toward the amplitude of the incident
wave as grazing incidence is approached (Figure (7.2.49)a). They indicate that the
maximum amplitude of the reflected P wave shows maxima at about (29°, 70°) and
minima at (0°, 45°, 90°). Corresponding maxima and minima for volumetric strain
occur at (28°, 68°) and (0°, 45°, 90°). With the exception of maxima at 68° and 70°,
the local maxima and minima in the reflected amplitudes occur at angles of incidence
for which the total energy flow due to interaction is near zero. Phase-shift variations
occur with increasing angle of incidence for the reflected SI and P waves at about 22°,
which correspond to angles for which energy flow due to interaction is apparent.
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Figure (7.2.50). Phase shifts for maximum displacement (a) and volumetric strain
(b) for the P and SI waves generated by a homogeneous SI wave incident on the
free surface of an anelastic half space with parameters corresponding to Pierre
Shale (Table (7.2.43)).
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The maxima, which occur in the maximum displacement amplitude and volu-
metric strain for the reflected P wave, occur at angles of incidence for which the
degree of inhomogeneity of the reflected P wave is large (>89.5°). As a result the
physical characteristics of the reflected P wave differ significantly from those for
a corresponding homogeneous P wave. More specifically, at angles of incidence for
which the particle displacement and volumetric strain for the reflected inhomoge-
neous P wave reach local maxima,
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Figure (7.2.51). Reflection coefficients for the radial and vertical components of
displacement for the reflected P wave (a) and the reflected SI wave (b) generated by
a plane SI wave incident on the free surface of an anelastic half space with
parameters corresponding to Pierre Shale (Table (7.2.43)).
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(1) the phase and energy velocities are about 22 and 61 percent less than those for a
homogeneous P wave,

(2) Q�1
P is about 233 and 568 percent greater than that for a homogeneous P wave,

(3) the elliptical particle motion of the reflected P wave approaches circularity as
indicated by the ratio of minor to major axis with values near 0.6 and 0.9,

(4) the normal component of energy flow carried by the reflected P wave at the first
and second local maxima will represent about 11 and 21 percent of the total
incident energy, and
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Figure (7.2.52). Phase shifts for the radial and vertical components of
displacement for the reflected P wave generated by a plane SI wave incident on
the free surface of an anelastic half space with parameters corresponding to Pierre
Shale (Table (7.2.43)).
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(5) the amplitude of the P wave reflected at�28° increases with depth to a value at a
depth of one wavelength that is about 6 percent larger than its amplitude at the

free surface (exp½0:5854 þ 0:997j~APjz� for z ¼ λ).

Amplitude reflection coefficients for the horizontal and vertical components of
displacement as implied by (7.2.32) and (7.2.33) are shown in Figure (7.2.51). These
coefficients for the reflected P wave (Figure (7.2.51)a) show that the vertical ampli-
tude becomes comparable to the radial amplitude and the ellipticity tends toward
circularity as the angle of incidence increases (see Figure (7.2.47)b). The local
minimum in the vertical component for the reflected P wave near 22° corresponds
to changes in several physical characteristics and a local maximum in the vertical
phase shift (see Figures (7.2.51)a and (7.2.52)a). It also corresponds to a local
minimum near 19° in the horizontal reflection coefficient for the reflected SI wave.
The amounts that the phase shifts for the horizontal and vertical displacements

differ from that for the maximum displacement and volumetric strain as implied by
(7.2.36) and (7.2.40) are shown in Figure (7.2.52). For low-loss media correspond-
ing to Pierre Shale, these expressions imply from (7.2.37) that these differences are
approximately 2.0° and 90° + 1.1°, respectively. The differences are small and
barely discernible at the plotting scales shown in Figure (7.2.52).
The dependence of the vertical phase coefficient on angle of incidence and in

turn inhomogeneity of the reflected P wave is evident from Figure (7.2.52)b, where
the quantity ψP � ΩPf2

f θf2

� 	� 	 ¼ ψP � ΩSψ1
½ f ½θψ1 �� is plotted. The rapid change

from 0 to 90°, which takes place in this quantity near 22° with f θψ1
� 	 ¼ cos θψ1

(Figure (7.2.52)), manifests itself as a local maximum in the vertical phase
coefficient (Figure (7.2.52)a). This local maximum predicted for the reflected
inhomogeneous wave field would not be anticipated on the basis of the “hll”model.

7.3 Incident General P Wave

The solution to the problem of a general P wave incident on the free surface of a
viscoelastic half space may be derived in a manner analogous to that for a general P
wave incident on a welded boundary.

7.3.1 Reflected General P and SI Waves

The problem of a general P wave incident on the free surface of a HILV half space is
specified by assuming the parameters of the incident P wave are given and that the
amplitudes of the solutions for the incident SI and SII waves vanish, that is

~C1 ¼ C11x̂1 þ C12x̂2 þ C13x̂3 ¼ 0: (7:3:1)

192 Waves incident on a viscoelastic free surface



The boundary conditions imply that no SII waves are generated at the boundary,
hence without loss of generality C21 ¼ C23 ¼ 0. The incident P wave as specified
by (4.2.2) is given in medium V by equations (5.3.3) through (5.3.11). The expres-
sions provide a complete specification of the given general P wave in terms of a
given angle of incidence, θf1

, a given angle between its attenuation and propagation
vectors, γf1

(0 � jγf1
j5 π=2), and a given complex amplitude B1.

The assumed incident general P wave is either an inhomogeneous wave with
elliptical particle motion in the x1x3 plane or a homogeneous wave with linear
particle motion in the direction of propagation, depending on the degree of inho-
mogeneity, γψ1 , chosen for the incident wave. Solutions for the reflected P and SI
waves in medium V as specified by equations (4.2.1) and (4.2.2) are given by
equations (5.2.14) and (5.2.15). Notation for the problem of a general P wave
incident on the free surface of a HILV half space is illustrated in Figure (7.3.2).
For the problem of a general P wave incident on a free surface the boundary

conditions (7.1.5) through (7.1.7) permit the complex amplitudes of the displace-
ment potentials for the reflected waves to be solved in terms of the complex
amplitude and complex wave number of the incident general P wave, namely

B2=B1 ¼ 4dβ dαk
2 � dβ

2 � k2
� �2h i�

g kð Þ; (7:3:3)

D2 ¼ D1 ¼ 0; (7:3:4)

and

C22=B1 ¼ 4kdα dβ
2 � k2

� �
g kð Þ= ; (7:3:5)

Aφ1

→

→
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→
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Figure (7.3.2). Diagram illustrating notation for directions and magnitude of
propagation and attenuation vectors for the problem of a general P wave incident
on the free surface of a HILV half space.
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where

g kð Þ ¼ 4dα dβ k
2 þ dβ

2 � k2
� �2

(7:3:6)

for
g kð Þ 6¼ 0: (7:3:7)

With the complex wave number k for the incident general P wave given by

k ¼ ω
vHP

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χPf1

1þ χHP

s
sin θf1

� i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ χPf1

1þ χHP

s
sin θf1

� γf1

h i0
@

1
A; (7:3:8)

which for an elastic half space reduces to

k ¼ ω
vHP

sin θf1
; (7:3:9)

where χPf1
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HP sec
2 γf1

q
and χHP ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HP

q
, the propagation and

attenuation vectors as specified by (5.2.5) and (5.2.6) for the incident and reflected
waves are completely determined upon specification of the angle of incidence θf1

, the
degree of inhomogeneity γf1

, and the circular frequency ω for the incident general P
wave together with the material parameters for V as specified by kP or vHP and Q�1

HP.
Hence, the propagation and attenuation vectors for the reflected general P and SIwaves
are determined in terms of those for the incident general P wave, fromwhich it follows
that (7.3.3) and (7.3.5) provide the desired solution for the complex amplitude of the
reflected general P and SI waves in terms of that given for the incident general P wave.
The existence of solutions (7.3.3) and (7.3.5) confirms equality of the complex

wave number k in the assumed solutions for the incident and reflected waves as
specified by (4.2.1) and (4.2.2). Hence, the components of phase propagation and
maximum attenuation parallel to the boundary for the incident and reflected waves
are equal, that is,

kR ¼ Re Kf1x

� 	 ¼ j~Pf1
j sin θf1

¼ j~Pψ2 j sin θψ2 ¼ j~Pf2
j sin θf2

(7:3:10)

and

�kI ¼ �Im Kf1x

� 	 ¼ j~Af1
j sin½θf1

� γf1
� ¼ j~Aψ2

j sin½θψ2 � γψ2 �
¼ j~Af2

j sin½θf2
� γf2

�;
(7:3:11)

establishing Generalized Snell’s Law for the problem of a general P wave
incident on the free surface of a viscoelastic half space, as stated for medium V by
Theorem (5.2.22).
For a non-trivial incident wave B1 ≠ 0, so equations (7.1.5) and (7.1.7) imply

g(k) ≠ 0. As for the problem of an incident SI wave, roots of equation (7.3.6) will be
shown to specify k for a Rayleigh-Type surface wave. Hence, this result shows that
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a general P wave incident in a plane perpendicular to the free surface does not
generate a Rayleigh-Type surface wave. Also, boundary-condition equation (7.2.3)
shows that no Type-II S waves are generated by a P wave incident in a plane
perpendicular to the interface.
It follows, as for the corresponding welded-boundary problem, that θf1

¼ θf2

and γf1
¼ γf2

. Hence, for the incident and reflected P waves, the reflection angle
equals the angle of incidence and their degrees of inhomogeneity are equal.
The conditions of homogeneity and inhomogeneity for the waves reflected

from the free surface for an incident general P wave are the same and the proofs
are similar for the reflected waves in medium V by Theorems (5.3.22) through
(5.3.25). In brief, the reflected P wave is homogeneous if and only if the incident P
wave is homogeneous. Theorem (5.3.24) indicates that the SI wave reflected from the
free surface of a HILV half space is homogeneous if and only if Q�1

HS ¼ Q�1
HP. These

results indicate that for elastic media the reflected SI wave will be homogeneous for
all angles of incidence, but for anelastic Earth-type media where Q�1

HS 6¼ Q�1
HP the

reflected SI wave, in general, will be inhomogeneous for all angles of incidence.
Thedegreeof inhomogeneity of the reflectedSIwave in anelasticmediawill be shown

to increase with angle of incidence and hence the phase velocity of the reflected SI wave
will decrease, the maximum attenuation will increase, and fractional energy loss and
other characteristicswill be shown to varywith angle of incidence.AsQ�1

HS 6¼ Q�1
HP in an

anelastic Earth the preceding results show that SI waves generated by a P body wave
incident on the free surface, in general, are inhomogeneous. As a result the degree of
inhomogeneity and physical characteristics of the reflected SIwave are dependent on the
angle of incidence and the degree of inhomogeneity of the incident P wave.
In the case of an elastic medium, a normally incident P wave does not generate an

S wave upon interacting with the free surface. However, in the case of a vertically
incident inhomogeneous P wave in anelastic media, a shear wave is reflected from
the free surface. The proof of this result is similar to that for the problem of a
vertically incident inhomogeneous SI wave.
Avolumetric strain sensor near the surface will detect the incident P wave and the

corresponding P wave reflected from the free surface. The fact that θf1
¼ θf2

and

γf1
¼ γf2

for the incident and reflected P waves implies that the total radial and vertical
components of displacement and the total volumetric strain due to the incident and
reflected P waves may be written using equations (3.10.10), (3.10.11), and (3.10.29) as

uRf1x
þ uRf2

x

A
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p ¼ FPf1
sin θf1

� 	
cos & tð Þ þ ψP � ΩPf1

sin θf1

� 	þ j
� 	

; (7:3:12)

uRf1 z
þ uRf2

z

A
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p ¼ FPf1
cos θf1

� 	
cos & tð Þ þ ψP � ΩPf1

cos θf1

� 	þ j
� 	

; (7:3:13)
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and
ΔRf1

þ ΔRf2

A
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p ¼ kPj j cos & tð Þ � ψP � π=2þ j½ �; (7:3:14)

where

A � B1kPj j exp½�~Af1
.~r �; (7:3:15)

& tð Þ � ωt� Pf1x x� π=2; (7:3:16)

j � tan�1½b=a�; (7:3:17)

a � cos d1 þ R cos d2; (7:3:18)

b � sin d1 þ R sin d2; (7:3:19)

R � B2j j
B1j j exp½�ð~Af2

� ~Af1
Þ .~r �; (7:3:20)

d1 � �Pf1z þ arg B1kP½ �; (7:3:21)

d2 � �Pf2z þ arg B2kP½ �: (7:3:22)

These expressions show that the total of the components of displacement for the
reflected and incident P wave differs from that for the volumetric strain only in an
amplitude modulation factor and a phase shift that depend on degree of inhomo-
geneity and the angle of incidence of the incident P wave. Hence, depending on
characteristics of interest simultaneous inferences of displacement (7.3.12),
(7.3.13), and volumetric strain (7.3.14) can permit deduction of additional charac-
teristics of the wave fields and local material properties.

7.3.2 Numerical Model for Low-Loss Media (Pierre Shale)

Quantitative results for the problem of a P wave incident on the free surface of an
anelastic half space provide insight for interpretation of displacements and volu-
metric strains as might be inferred from sensors at or near the surface.
The theoretical problem of a general P wave incident on the free surface of an

arbitrary viscoelastic half space is illustrated in Figure (7.3.2). Physical characteristics
of the P and SI waves reflected from the free surface can be specified by (7.3.3) and
(7.3.5) in terms of the given parameters of the incident wave. Reflection coefficients
for the problem of an incident P wave can be defined in a similar way to those for the
problem of an incident SI wave. For brevity, the definitions are not repeated.
To easily compare numerical results with those previously computed for an

incident SI wave, the incident P wave is assumed here to be homogeneous and the
material parameters chosen for the half space are those for a low-loss material
corresponding to Pierre Shale or weathered granite (see Table (7.2.43)).
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The assumption of homogeneity for the incident P wave implies that the reflected
P wave is homogeneous. As a result angles of emergence for phase and energy flux
are equal to the angle of incidence for the reflected P wave (Figure (7.3.23)a). In
addition, phase and energy velocities are equal to that of the incident homogeneous
wave and constant as a function of angle of incidence.
The different amounts of intrinsic material absorption for P and S waves in Pierre

Shale imply the reflected SI wave is inhomogeneous for all non-normal angles
of incidence. The degree of inhomogeneity, the χ parameter, and the angle of
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Figure (7.3.23). Emergence angles for phase propagation for reflectied P and SI
waves (a), inhomogeneity and parameter χS for the reflected SI wave (b) due to a
homogeneous P wave incident on the free surface of a low-loss anelastic half space
corresponding to Pierre Shale.
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Figure (7.3.24). Energy reflection and total interaction coefficient (a) and
individual interaction coefficients (b) for the reflected P and SI waves due to an
incident homogeneous P wave on the free-surface of a low-loss anelastic half space
with parameters corresponding to Pierre Shale.

emergence for phase and energy, as calculated using the computer codeWAVES, are
shown for the reflected SI wave in Figure (7.3.23). The degree of inhomogeneity of
the reflected SI wave increases asymptotically toward a maximum value less than
16° (Figure (7.3.23)b) and the parameter χψ2 does not differ significantly from unity
as the angle of incidence approaches grazing incidence (Figure (7.3.23)b).
Consequently, for the problem under consideration the physical characteristics of
the reflected waves can be described using the low-loss expressions for homoge-
neous waves as specified by (3.7.6) through (3.7.43).
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Figure (7.3.25). Reflection coefficients for maximum displacement (a) and
volumetric strain (b) for the P and SI waves generated by a homogeneous P
wave incident on the free surface of an anelastic half space with parameters
corresponding to Pierre Shale (Table (7.2.43)) .

Energy reflection and interaction coefficients are shown in Figure (7.3.24). The
coefficients indicate that the largest conversion of incident P to SI energy at the
boundary occurs for an angle of incidence of about 60° with no conversion of energy
at normal and grazing incidence (see RSI, Figure (7.3.24)a). The coefficients indicate
that the energy flow normal to the boundary due to the interaction of the incident
P wave with the reflected P and SI waves (ICP, ICSI) and the interaction of the
reflected waves (ICPSI) is small (<0.2%; Figure (7.3.24)b). Hence, the coefficients
indicate that for this problem the majority of the incident energy for each angle of
incidence is transported away from the boundary by the reflected P and SI waves.
Amplitude and phase reflection coefficients for the maximum displacement and

volumetric strain, defined with respect to the maximumparticle motion of the incident
wave as theywere for the incident SI wave problem, are shown in Figures (7.3.25) and
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(7.3.26). The reflection coefficients for maximum particle motion (Figure (7.3.25)a)
imply that the reflected SI wave vanishes for normal and grazing incidence. The
amplitudes of the reflected P and SI waves at an intermediate angle (~50°) are nearly
equal and are about 80 percent of those of the incident P wave. The phase shifts for
the maximum displacement for the reflected P and SI waves change by less than 2° as
the angle of incidence varies from normal to grazing incidence (Figure (7.3.26)a).
The volumetric strain associated with the reflected P wave as normalized by the

maximum displacement amplitude of the incident P wave varies by less than 20
percent with angle of incidence (Figure (7.3.25)b). The dependence of the volu-
metric strain amplitudes on angle of incidence is similar to that of the maximum
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Figure (7.3.26). Phase shifts for maximum displacement (a) and volumetric strain
(b) for the P and SI waves generated by a homogeneous P wave incident on the free
surface of an anelastic half space with parameters corresponding to Pierre Shale
(Table (7.2.43)).
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displacement of the reflected P wave (compare Figures (7.3.25)a and b). This result
might be expected because the amount of energy flow due to interaction is small.
The phase shift for volumetric strain of the reflected P wave (Figure (7.3.26)b)
varies by less than 2° as a function of angle of incidence from the 180° phase shift
introduced by reflection from the free surface.
Amplitude and phase reflection coefficients for the horizontal (radial) and vertical

components of motion for the reflected P and SI waves are shown in Figure (7.3.27).
They indicate the relative contributions of the displacement components of the
reflected waves to the total horizontal and vertical components as might be inferred
from measurements on radial and vertical seismometers. The coefficients indicate
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Figure (7.3.27). Reflection coefficients for the radial and vertical components of
displacement for the reflected P wave (a) and the reflected SI wave (b) generated by
a homogeneous P wave incident on the free surface of an anelastic half space with
parameters corresponding to Pierre Shale (Table (7.2.43)).
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Figure (7.3.28). Phase shifts for the radial and vertical components of
displacement for the reflected SI wave generated by a homogeneous P wave
incident on the free surface of an anelastic half space with parameters
corresponding to Pierre Shale (Table (7.2.43)).

that the horizontal component of motion for the reflected SI wave exceeds the
horizontal component for the reflected P wave for angles of incidence less than
about 60° (Figures (7.3.27)a and b). Consequently, for such angles of incidence the
reflected energy as detected by a horizontal radial seismometer could be expected to
be comprised of motion due to both the reflected SI and P waves with the reflected
SI being somewhat larger. In contrast, a vertical seismometer would be expected to
respond primarily to the reflected P wave with the vertical component of motion for
reflected P only approaching the size of that for reflected SI as grazing incidence is
approached, where the reflected vertical amplitudes become vanishingly small. As a
result of the reflected P wave being homogeneous the horizontal and vertical
reflection coefficients for the reflected P wave are simply the maximum reflection
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coefficient modulated by the sine and cosine functions, respectively. Variations in
phase shifts for the horizontal and vertical components of the displacement for the
reflected SI wave are less than 2° for the reflected SI wave as a function of angle of
incidence (Figure (7.3.28)).

7.4 Incident General SII Wave

The simple problem of a general Type-II S wave incident on the free surface with
particle motion parallel to the boundary and perpendicular to the plane of incidence
may be readily solved in a manner analogous to that for an SII wave incident on a
welded boundary. Solutions for the displacement field of the assumed incident and
reflected general SII waves are given by (4.2.26), where the amplitudes of the incident
SI and P waves are set to zero. The general incident SII wave is completely specified
by (5.4.2) through (5.4.8) for a given angle of incidence, θu1 , a given angle between its
attenuation and propagation vectors, γu1(0 � ��γu1��5π=2), a given complex amplitude
D1, and circular frequencyω. The assumed incident general Type-II Swave is either an
inhomogeneous wave or a homogeneous wave depending on the degree of inhomo-
geneity, γu1 , chosen for the wave. In both cases the particle motion of the incident wave
is linear parallel to the interface and perpendicular to the direction of propagation. The
solution for the reflected Type-II S wave in medium V is given by (4.2.26).
Parameters for the incident and reflected SII waves are illustrated in Figure (7.4.1).

Au2

→

Pu1

→

Au1

→ θu1 θu2

γu2

γu1

Pu2

→

Reflected SIIIncident SII

x1

x3

V : ρ, vHS, QHS
–1

Figure (7.4.1). Diagram illustrating notation for directions and magnitude of
propagation and attenuation vectors for the problem of a general Type-II S wave
incident on the free surface of a HILV half space.

The boundary condition of vanishing stress at the free surface immediately
implies from (7.1.6) that the complex amplitude of the reflected general SII wave
equals that of the incident general SII wave, that is,
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D1 ¼ D2: (7:4:2)

Hence, the boundary conditions are satisfied with the assumed solutions for the
incident and reflected general SII waves showing that no P or Type-I S waves are
generated by the incident SII wave. This solution establishes equality of the com-
plex wave number k in the assumed solutions. Hence, with k given by (5.4.9) and
(5.4.10) the propagation and attenuation vectors for the reflected general SII wave
are completely determined upon specification of the angle of incidence θu1 , the
degree of inhomogeneity γu1, and the circular frequencyω for the incident general SI
wave together with the material parameters for V as specified by kS or vHS and
Q�1

HS. These expressions and equality of the complex wave number k for each of the
solutions yields the components of Generalized Snell’s Law, namely,

kR ¼ ~Pu1

�� �� sin θu1 ¼ ~Pu2

�� �� sin θu2 (7:4:3)

or

kR
ω

¼ sin θu1
~vu1
�� �� ¼ sin θu2

~vu2
�� �� : (7:4:4)

and

�kI ¼ j~Au1 j sin½θu1 � γu1 � ¼ j~Au2 j sin½θu2 � γu2 �; (7:4:5)

which indicate that the apparent phase velocity and apparent attenuation along the
boundary of the general reflected SII wave equal those of the general incident SII
wave. It follows that θu1 ¼ θu2 and γu1 ¼ γu2 , hence the reflected SII wave is
homogeneous if and only if the incident SII wave is homogeneous.
Results concerning energy flow derived for the problem of an SII wave on a

welded boundary ((5.4.27) through (5.4.58)) are valid for the problem of an SII
wave incident on a free surface with the understanding that the normal component of
energy flux across a free surface is zero. For brevity, the results are not restated here.

7.5 Problems

(1) For the problem of a homogeneous SI wave incident on the free surface of a
viscoelastic half space,
(a) show that the reflected P wave is homogeneous if and only if the amount

of intrinsic absorption for a homogeneous shear wave equals that for a
homogeneous P wave (i.e. Q�1

HS ¼ Q�1
HP) and the angle of incidence

satisfies sin2 θψ1 � v2HS=v
2
HP,

(b) describe Generalized Snell’s Law for the reflected SI and P waves.
(2) For the problem of a homogeneous SI wave incident on the free surface

of a viscoelastic half space with parameters corresponding to Pierre Shale
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(Table (7.2.43), sketch graphs showing the dependence on angle of incidence
for the reflected P wave of the
(a) degree of inhomogeneity,
(b) emergence angles for directions of phase propagation, maximum

attenuation, and energy flux,
(c) reciprocal quality factor,
(d) tilt of the particle motion ellipse,
(e) ratio of minor to major axis of the particle motion ellipse,
(f) normalized vertical energy flux associated with reflected SI, reflected P,

and interaction of each of the incident and reflected waves,
(g) normalized maximum displacement amplitude, and
(h) normalized volumetric strain.

(3) For the preceding problem,
(a) find the angles of incidence for which the amplitudes of horizontal and

vertical displacement and volumetric strain are the largest,
(b) determine the magnitude of Q�1

P , the ratio of minor to major axis for
particle motion ellipse, and normal components of energy flow at the
boundary at angles of incidence determined in part (a), and

(c) compare the values determined in part (b) for the reflected inhomoge-
neous P wave with corresponding quantities for a homogeneous P wave
in the same material.
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8

Rayleigh-Type Surface Wave on a
Viscoelastic Half Space

The problem of a surface wave on a half space is solved by determining if steady-state
solutions describing wave fields concentrated near the surface can be chosen such that
the boundary conditions are satisfied. This problemwas first solved for an elastic half
space by Rayleigh (1885). The solution and corresponding numerical results pre-
sented here are for a viscoelastic half space (Borcherdt, 1971, 1973b, 1988).

8.1 Analytic Solution

The postulated surface wave on a viscoelastic half space is specified by considering
solutions for superimposed inhomogeneous P and SI solutions as specified in
(4.2.1) and (4.2.2) with propagation in the þx̂1 direction, with attenuation away
from the free surface in theþx̂3 direction, and with the same complex wave number
k assumed for each solution. Selection of solutions to represent these assumptions is
most easily accomplished by setting

B1 ¼ C12 ¼ C21 ¼ C23 ¼ 0 (8:1:1)

in (4.2.1) and (4.2.2) then by defining

bα �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � kP

2
q

¼ idα (8:1:2)

and

bβ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � kS

2
q

¼ idβ; (8:1:3)

where “
ffip
” is understood to represent the principal value of the square root, which

ensures that the real part of the corresponding complex number is not negative. With
these conventions the solutions for the P and SI components of the postulated
surface wave are
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f ¼ f2 ¼ B2 exp i ωt� ~Kf2
.~r

� �h i
(8:1:4)

and

~ψ ¼ ~ψ2 ¼ C22 exp i ωt� ~Kψ2
.~r

� �h i
x̂2; (8:1:5)

where

~Kf2
¼ ~Pf2

� i ~Af2
¼ kx̂1 � ibα x̂3 (8:1:6)

~Kψ2
¼ ~Pψ2 � i ~Aψ2 ¼ kx̂1 � ibβ x̂3; (8:1:7)

and the corresponding propagation and attenuation vectors are given by

~Pf2
¼ kR x̂1 þ bαI x̂3; (8:1:8)

~Pψ2
¼ kR x̂1 þ bβI x̂3; (8:1:9)

and

~Af2
¼ �kI x̂1 þ bαRx̂3; (8:1:10)

~Aψ2
¼ �kI x̂1 þ bβR x̂3: (8:1:11)

Choice of the principal value for the square root in the definitions of bα and bβ
implies bαR � 0 and bβR � 0. This choice ensures that the direction of attenuation
for the chosen solutions is in the þx̂3 direction and hence, the chosen solutions
represent a wave concentrated near the surface.
Solutions (8.1.4) and (8.1.5) for viscoelastic media differ from those chosen by

Rayleigh for elastic media. The directions of the propagation and attenuation
vectors for each of the postulated component solutions for viscoelastic media are
not necessarily confined to be parallel and perpendicular respectively to the free
surface as they are for elastic media. The directions and magnitude of these vectors
for each of the component solutions will be implied by the condition of vanishing
stress at the free surface. It will be shown that for anelastic media these vectors are,
in general, not parallel and perpendicular to the boundary.
For the postulated surface wave disturbance, the boundary condition of vanishing

stress at the free surface may be expressed in terms of the assumed displacement
potential solutions with propagation in the +x1 direction as

P31 ¼ M 2f;13 þ ψ;11 � ψ;33

� � ¼ 0 (8:1:12)

and
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P33 ¼ Kþ 4

3
M

� �
f;11 þ f;33

� �þ 2M ψ;33 � f;11

� � ¼ 0: (8:1:13)

Substitution of (8.1.4) and (8.1.5) into these expressions implies the parameters of
the assumed solutions must satisfy

2 ibαkB2 ¼ 2k2 � k
S
2

� �
C22 (8:1:14)

and

2k2 � k
S
2

� �
B2 ¼ �2ibβ kC22: (8:1:15)

These two equations involve three complex unknowns, k, B2, and C22, and hence
provide a unique solution for two of the parameters in terms of a third. Assuming
C22 ≠ 0 and solving the second equation for B2/C22 implies

B2

C22

¼ �2ibβk

2k2 � k
S
2
: (8:1:16)

Substitution of this result into the first equation yields

4bα bβ k
2 ¼ 2k2 � k

S
2

� �2
: (8:1:17)

Solution of (8.1.17) for kwill establish that a solution for the postulated surface wave
exists. Substitution of the solution for k into (8.1.16) will provide the solution for the
amplitude of the P component of the solution in terms of that for the SI component and
hence the solution for the physical characteristics of the postulated surface wave. For
convenience, the solution for the quantity k for a viscoelastic half space is termed the
solution for the complex apparent wave number for a Rayleigh-Type surface wave.
For k ≠ 0 roots of (8.1.17) are the same as roots of the rationalized equation

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k

P
2

k2

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k

S
2

k2

r
¼ 2� k

S
2

k2

� �2
: (8:1:18)

Squaring each side of the equation introduces extraneous roots, but permits the
equation to be written as a cubic polynomial, namely

k
S
2

k2

� �3
� 8

k
S
2

k2

� �2
þ 24� 16

k
P
2

k
S
2

� �
k
S
2

k2

� �
� 16 1� k

P
2

k
S
2

� �
¼ 0: (8:1:19)

This equation may be written in terms of complex velocities by defining c ≡ω/k and
using definitions (3.1.5) and (3.1.6) as

c2

β 2

� �3
� 8

c2

β 2

� �2
þ 24� 16

β 2

α2

� �
c2

β 2

� �
� 16 1� β 2

α2

� �
¼ 0: (8:1:20)
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This equation for viscoelastic media termed here the complex Rayleigh equation
differs from the equation for elastic media derived by Rayleigh (1885, p. 7) in that
the velocities are complex. Hence, the equation is a cubic polynomial with complex
coefficients. The set of roots of this equation includes those for which the coeffi-
cients are real as a special case. It will be shown that complex roots of the equation
corresponding to anelastic media imply significantly different physical character-
istics for the corresponding surface wave than those for a Rayleigh wave on an
elastic half space with roots that are real numbers.
The Fundamental Theorem of Algebra implies the cubic polynomial (8.1.20) has

three roots in the complex field, not all of which are necessarily unique. The solution
of the equation is provided in Appendix 4. Roots of this cubic polynomial with
coefficients in the complex field are given by

yj ¼ �q

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q

2

� �2
þ p

3

� �3r !1=3
u j�1

� p

3

�q

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q

2

� �2
þ p

3

� �3r !�1=3

u� j�1ð Þ þ 8

3
for j ¼ 1; 2; 3;

(8:1:21)

where

p � 8

3
� 16

β 2

α 2
; (8:1:22)

q � 272

27
� 80

3

β 2

α 2
; (8:1:23)

and

u � exp 2πi=3½ �: (8:1:24)

The roots specified by (8.1.21), which in turn satisfy the original equation (8.1.18)
together with the solutions (8.1.4) and (8.1.5), provide the analytic solution for the
postulated surface wave on a HILV half space. Roots that satisfy (8.1.19), but do not
satisfy (8.1.18), are extraneous. The wave represented by the analytic solution is
referred to as a Rayleigh-Type surface wave on a HILV half space to distinguish it
and its distinctly different physical characteristics from that derived by Rayleigh for
an elastic half space. Results for an elastic half space will follow as a special case.
A lemma useful in determining which root specified by (8.1.21) is the appropriate

root of (8.1.18) for a Rayleigh-Type surface wave is

Lemma (8.1.25). If yj ¼ c 2=β 2 for j ¼ 1; 2; 3 as given by (8.1.21) is a root of
(8.1.20) and yj

		 		51, then yj ¼ c 2=β 2 is a root of complex Rayleigh equation
(8.1.18) and in turn a solution for a Rayleigh-Type surface wave on a HILV half space.
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The proof of this lemma is provided in Appendix 5.
A result which shows that the roots of (8.1.20) as derived by Rayleigh are a

special case of a larger class of viscoelastic solids, namely those for which
Q�1

HS ¼ Q�1
HP, is

Theorem (8.1.26). If Q�1
HS ¼ Q�1

HP, then the root c
2=β 2 of the Rayleigh-Type surface

wave equation (8.1.18) is a real number that satisfies inequalities 05c 2=β 251.

To prove this result, assume Q�1
HS ¼ Q�1

HP, then (3.5.8) and (3.5.9) imply β2=α2

may be written as

β 2

α 2
¼ v 2HS

v 2HP

� � 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HS

q
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HP

q 1� iQ�1
HP

1� iQ�1
HS

¼ v 2HS

v 2HP

; (8:1:27)

which shows that β 2=α 2 is a real number and hence the coefficients of equation
(8.1.20) are real. If f c 2=β 2Þ�

is used to represent the left-hand side of (8.1.20), it
follows that f 0ð Þ5 0 and f 1ð Þ4 0, hence equation (8.1.20) has a real root c 2=β 2

satisfying 05c 2=β 2 5 1. Hence, Lemma (8.1.25) implies the desired conclusion
that c 2=β 2 is a root of equation (8.1.18).

8.2 Physical Characteristics

Physical characteristics of a Rayleigh-Type surface wave on a viscoelastic half
space are derived in this section for comparison with those inferred as a special
case for an elastic half space.

8.2.1 Velocity and Absorption Coefficient

The magnitude of the velocity (wave speed) and the absorption coefficient for a
Rayleigh-Type surface wave along the surface are given by

vB ¼ ω=kR (8:2:1)

and

aB ¼ �kI: (8:2:2)

The wave speed and absorption coefficient may be written in terms of the appro-
priate root c=β for a Rayleigh-Type surface wave as

vB ¼ vHS Re
β
c


 �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χHS � 1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χHS þ 1

p Im
β
c


 � !�1

(8:2:3)
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and

aB ¼ ~AHS

			 			 Re
β
c


 �
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χHS � 1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χHS þ 1

p Im
β
c


 � !
; (8:2:4)

where χHS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HS

q
and vHS; aHS � ~AHS

			 			; and Q�1
HS represent the speed

(3.5.5), absorption coefficient (3.6.6), and reciprocal quality factor for a homoge-
neous S wave (3.5.2). Expressions (8.2.3) and (8.2.4) follow immediately from the
relation for any two complex numbers z and z1 that

zR
z1R

¼ Re
z

z1


 �
� z1I

z1R
Im

z

z1


 �
(8:2:5)

and the identity

kSI
kSR

¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χHS � 1

χHS þ 1

s
: (8:2:6)

8.2.2 Propagation and Attenuation Vectors for Component Solutions

The solutions (8.1.4) and (8.1.5) suggest that the propagation and attenuation
vectors for the component solutions for a Rayleigh-Type surface wave on an
anelastic half space form acute angles ef and eψ with respect to the free surface
(see Figure (8.2.11)) given by

tan ef ¼ �bαI=kR ¼ �bαI
vB
ω

(8:2:7)

and

tan eψ ¼ �bβI=kR ¼ �bβI
vB
ω
: (8:2:8)

Similarly, the attenuation vectors for the component solutions form acute angles
df and dψ with respect to the normal to the surface as given by

tan df ¼ �kI
bαR

¼ aB
bαR

; (8:2:9)

tan dψ ¼ �kI
bβR

¼ aB
bβR

: (8:2:10)

For an elastic half space bαI ¼ bβI ¼ kI ¼ 0, hence the propagation vectors (8.1.8)
and (8.1.9) are parallel and perpendicular, respectively, to the undisturbed free
surface. For an anelastic half space, the propagation and attenuation vectors for
the component solutions cannot be perpendicular, because such a wave cannot
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propagate in an anelastic medium as stated in Theorem (3.1.18). In addition, it is
possible to show that, for an anelastic medium, both of the propagation vectors cannot
be parallel to the free surface. A proof of this result is provided by Borcherdt (1973b).
The directions of the propagation and attenuation vectors as indicated by (8.2.7)

through (8.2.10) are indicative of significant distinctions in the displacement field
for a surface disturbance on an anelastic half space as opposed to that derived by
Rayleigh (1885) for an elastic half space (Borcherdt, 1973b). Inclinations of the
various vectors as given by (8.2.7) through (8.2.10) for anelastic media will be
shown to imply variations in amplitude with depth, tilt of the particle motion ellipse,
and other displacement field characteristics not predicted by elastic models.

8.2.3 Displacement and Particle Motion

The physical displacement field is given from (3.1.1) in terms of the displacement-
potential solutions by

~uR ¼ Re

Δ

fþ Δ�~ψ½ �: (8:2:12)

Substitution of solutions (8.1.4) and (8.1.5) into (8.2.12) together with identities in
Appendix 2 allow the components of the physical displacement field for a Rayleigh-
Type surface wave to be written as

Aψ
2

→

Pψ
2

→

Pφ
2

→

eψ

Aφ
2

→

V: ρ, vHS 
, vHP,

     QHS
–1, QHP

–1
dφ

bβ
R

bβ
I

bα
I

bα
R

eφ

dψ

–kI kR

z

x

Figure (8.2.11). Notation and relative orientations for the P and SI solutions
comprising a Rayleigh-Type surface wave on a viscoelastic half space.
Inclinations of the propagation and attenuation vectors with respect to the
horizontal and vertical, respectively, result in volumetric strain and displacement
components showing an exponentially damped sinusoidal dependence on depth
which does not exist for elastic media.
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uRx1 ¼ B2kj j exp kIx1½ �
exp½�bαRx3� sin ωt� kRx1 � bαIx3 þ arg kB2½ �� 


�
k2 þ b2β

			 			
2 k2j j

exp½�bβRx3� sin ωt� kRx1 � bβIx3 þ arg ðk2 þ b2βÞ=k2
h i

þ arg B2k½ �
h i

0
BBBBB@

1
CCCCCA
; (8:2:13)

and

uRx3 ¼ B2kj j exp kIx1½ �

� bα
k

				
				 exp½�bαRx3� sin ωt� kRx1 � bαIx3 þ arg bαB2½ � þ π

2

h i

þ
k2 þ b2β

			 			
2 bβk
		 		 exp½�bβRx3�

sin ωt� kRx1 � bβIx3 þ arg k2 þ b2β

� ��
bβ


 �
þ arg B2½ � þ π

2


 �

0
BBBBBBBBBB@

1
CCCCCCCCCCA
;

(8:2:14)

where k is given by (8.1.17). These equations simplify to

uRxj ¼ D exp½kIx1� Fj sin ωtþ fj þ g1j
� 
þ Gj sin ωtþ fj þ g3j

� 
� �
for j ¼ 1; 3 upon introducing notation

(8:2:15)

D � kB2j j;

F1 � exp½�bαRx3�; F3 � � bαj j
kj j exp½�bαRx3� ¼ � bαj j

kj j F1;

G1 � �
		k2 þ b2β

		
2 k2j j exp½�bβRx3�; G3 �

		k2 þ b2β
		

2 kbβ
		 		 exp½�bβRx3� ¼ � kj j

bβ
		 		G1;

f1 � �kRx1 þ arg kB2½ �; f3 � f1 þ π
2
; ð8:2:16Þ

g11 � �bαIx3; g13 � �bαIx3 þ arg
bα
k


 �
;

g31 � �bβIx3 þ arg
k2 þ b2β

k2

" #
; g33 � �bβIx3 þ arg

k2 þ b2β
kbβ

" #
:

Equation (8.2.15) may be further simplified to

uRxj ¼ D exp½kIx1� Hj sin ωtþ fj þ &j
� 
� �

for j ¼ 1; 3 (8:2:17)

with the additional notation defined as follows
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Hj �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F 2
j þ Gj

2 þ 2FjGj cos g1j � g3j
� 
q

(8:2:18)

and

&j � tan�1 Fj sin g1j
� 
þ Gj sin g3j

� 

Fj cos g1j

� 
þ Gj cos g3j
� 


" #
for j ¼ 1; 3: (8:2:19)

The form of equation (8.2.17) shows that the normalized component amplitude
distributions at a fixed time “t”when the corresponding amplitude at the surface is a
maximum are given by

Hj x3ð Þ
Hj 0ð Þ cos &j x3ð Þ � &j 0ð Þ� 


for j ¼ 1; 3: (8:2:20)

For an elastic solid this equation reduces to

Hj x3ð Þ
Hj 0ð Þ cos½&j x3ð Þ � &j 0ð Þ� ¼Fj x3ð Þ þ Gj x3ð Þ

Fj 0ð Þ þ Gj 0ð Þ for j ¼ 1; 3: (8:2:21)

Equation (8.2.20) shows that, in general, for anelastic solids the normalized amplitude
distributions show a superimposed sinusoidal dependence on depth. Equation (8.2.21)
shows that for elastic solids the amplitudes do not show this sinusoidal dependence.
The maximum amplitudes during a cycle of oscillation normalized by the corre-

sponding maximum during a cycle of oscillation at the surface are given by

Hj x3ð Þ
Hj 0ð Þ for j ¼ 1; 3: (8:2:22)

For elastic solids, this expression is the same as the amplitude distribution for a fixed
time t (8.2.21).
The components of the physical displacement field, (8.2.17), may be written as a

pair of simple parametric equations in terms of the absorption coefficient for a
Rayleigh-Type surface wave as given by (8.2.2) as

uRx1 ¼ D exp½�aBx1�H1 x3ð Þ sin#B tð Þ (8:2:23)

and

uRx3 ¼ D exp½�aBx1�H3 x3ð Þ cos #B tð Þ þ S x3ð Þ½ � (8:2:24)

upon introducing additional definitions

#B tð Þ � ωtþ f1 x1ð Þ þ &1 x3ð Þ and S x3ð Þ � &3 x3ð Þ � &1 x3ð Þ: (8:2:25)
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These parametric equations describe the motion of a particle in space with respect to the
chosen coordinate system as a function of time during the passage of a Rayleigh-Type
surface wave. They indicate that the particle motion for a Rayleigh-Type surface wave
traces an ellipsewith timewhose properties are stated explicitly in the following theorem.

Theorem (8.2.26). The motion of a particle as a function of time as described by
parametric equations (8.2.23) and (8.2.24) for a Rayleigh-Type surface wave on a
HILV half space describes an ellipse with characteristics that,
(1) the direction in which the particle describes the ellipse with time is

(a) retrograde (counter clockwise) if cos S x3ð Þ½ �40,

(b) prograde (clockwise) if cos S x3ð Þ½ �5 0, and

(c) linear if cos S x3ð Þ½ � ¼ 0,

(2) the tilt ηB of the major axis of the ellipse with respect to the vertical axis x3ð Þ
is given by

tan½2ηB� ¼
2 sinS x3ð Þ

�
H3

H1

�H1

H3

� �
if H1 6¼ H3

π=4 if H1 ¼ H3

8><
>:

9>=
>;; (8:2:27)

(3) the ellipticity of the ellipse defined as the ratio of the lengths of the principal
axis is given by ffiffiffiffiffiffiffiffiffiffiffiffi

A0=C0
p

; (8:2:28)

where

A0 � A cos2 ηB þ B sin ηB cos ηB þ C sin2 ηB; (8:2:29)

C0 � A sin2 ηB � B sin ηB cos ηB þ C cos2 ηB; (8:2:30)

and

A � 1

D exp½�aBx1�H1 x3ð Þ cos S x3ð Þ½ �ð Þ2 ; (8:2:31)

B � 2

D exp½�aBx1�ð Þ2H1 x3ð ÞH3 x3ð Þ
sin S x3ð Þ½ �
cos S x3ð Þ½ �ð Þ2 ; (8:2:32)

C � 1

D exp½�aBx1�H3 x3ð Þ cos S x3ð Þ½ �ð Þ2 (8:2:33)

The characteristics of the particle motion described by Theorem (8.2.26) are derived
in Appendix 6.
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An additional parameter useful for describing characteristics of the particle motion
for a Rayleigh-Type surface wave as a function of depth is a parameter termed here
Axis Ratio. It is defined here for later reference as the reciprocal of the ellipticity with
the algebraic sign of cos S x3ð Þ½ � superimposed, specifically theAxis Ratio is defined by

Axis Ratio �
ffiffiffiffiffiffi
C 0pffiffiffiffiffi
A0p sign cos S x3ð Þ½ �½ �: (8:2:34)

Theorem (8.2.26) indicates that if the Axis Ratio is positive, negative or zero, then
the corresponding particle motion orbit is retrograde, prograde, or linear. Parameters
describing the particle motion ellipse as given by (8.2.18), (8.2.27), and (8.2.28) are
illustrated in Figure (8.2.35).

The definitions of the parameters in the parametric equations indicate that para-
metersH1 ¼ H1 x3ð Þ; H3 ¼ H3 x3ð Þ; and S ¼ S x3ð Þ are dependent on depth x3ð Þ.
This depth dependence together with (8.2.27) shows that for general viscoelastic
media the tilt of the particle motion ellipse varies with depth.
For an elastic half space,

gij ¼ 0; &j ¼
0 for Fj þ Gj40

π for Fj þ Gj50

( )
for i ¼ 1; 3 and j ¼ 1; 3;

S ¼ &3 � &1; ηB ¼ 0; A0 ¼ A; and C 0 ¼ C:

(8:2:36)

Hence, an immediate corollary of Theorem (8.2.26) for elastic media is

x3

x1

H1

H3

√C'

√A' 

ηB

Figure (8.2.35). Diagram illustrating parameters of particle motion ellipse for a
Rayleigh-Type surface wave (see text).
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Corollary (8.2.37). The motion of a particle as a function of time as described by
parametric equations (8.2.23) and (8.2.24) for a Rayleigh surface wave on an
elastic half space is an ellipse with characteristics that

(1) the direction in which the particle describes the ellipse with time is retro-
grade (counter clockwise) at the surface to a depth at which F1 þ G1 ¼ 0

and prograde for all depths below this depth,

(2) the tilt ηβ of the major axis of the ellipse with respect to the vertical axis is
zero for all depths, and

(3) the ellipticity of the ellipse defined as the ratio of the lengths of the principal
axis is given by

H3=H1 ¼ F3 þ G3ð Þ= F1 þ G1ð Þj j: (8:2:38)

An important distinction in the characteristics of the particle motions for a Rayleigh-
Type surface wave on an anelastic half space as compared to a Rayleigh wave on an
elastic half space is that for anelastic media the particle motion ellipse shows tilt with
respect to the vertical that varies with depth. For anelastic media tilt of the particle
motion ellipse can also be shown to vanish, but only at the free surface for the special
case of viscoelastic solids in which the amount of absorption for homogeneous P
waves equals that for homogeneous S waves, which is of course a class of viscoelastic
solids that includes elastic solids as a special case. Establishment of this result follows
from the following result.

Theorem (8.2.39). If Q�1
HS ¼ Q�1

HP for a HILV half space, then the tilt of the particle
motion ellipse of a Rayleigh-Type surface wave is zero at the free surface i.e. ηβ ¼ 0

at the free surface.

To prove this result assume Q�1
HS ¼ Q�1

HP, then Theorem (8.1.26) implies

gij ¼ 0 and Fj þ Gj40 for i ¼ 1; 3 and j ¼ 1; 3: (8:2:40)

Hence, definitions (8.2.17) and (8.2.25) imply the desired result that the tilt vanishes
at the free surface, that is ηβ ¼ 0 at the free surface.

8.2.4 Volumetric Strain

The volumetric strain associated with the passage of a Rayleigh-Type surface wave
must be due to that associated with the P component of the solution, because the
requirement that

Δ

. ~ψ ¼ 0 (3.1.2) immediately implies that the contribution due to
the SI component of the solution vanishes. Hence, the expression for the volumetric
strain of a Rayleigh-Type surface wave is given by (3.10.29), where k is interpreted
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as the root of equation (8.1.17). The desired expression for the volumetric strain
written in the form of (8.2.23) as initially derived by Borcherdt (1988) is

ΔR tð Þ ¼ Dj j exp½�aBx1�HΔ x3ð Þ sin #Δ tð Þ½ � (8:2:41)

where

HΔ x3ð Þ � c

β

				
				 βα
				
				 kPj j exp½�bαRx3�; (8:2:42)

#Δ tð Þ � ωtþ f1 x1ð Þ þ &Δ x3ð Þ; (8:2:43)

&Δ x3ð Þ � ψS � 2ψP þ arg
c

β


 �
� bαIx3 � π=2; (8:2:44)

D � kB2j j; f1 � �kRx1 þ arg kB2½ �; (8:2:45)

and c=β is the appropriate root of (8.1.18) for a Rayleigh-Type surface
wave.
Equation (8.2.41) shows that the volumetric strain for a Rayleigh-Type surface

wave on a viscoelastic half space is attenuated along the surface with absorption
coefficient aB and confined to the surface by HΔ. Comparison of (8.2.41) with
(8.2.23) shows that the volumetric strain may be represented as the radial compo-
nent of displacement with a depth-dependent scale factorH1 x3ð Þ=HΔ x3ð Þ and phase
shift #B tð Þ � #Δ tð Þ. Similarly, a depth-dependent scale factor and phase shift are
apparent for the vertical component of displacement. Equations (8.2.41) and
(8.2.23) provide a complete description of the volumetric strain and displacement
components for a Rayleigh-Type surface wave on a HILV half space as might be
inferred from corresponding collocated sensors.
The volumetric strain at depth, normalized by the maximum at the surface at time

tm, is given from (8.2.41) by

ΔR tmð Þ
ΔR0

tmð Þ ¼ exp½�bαRx3� cos bαIx3

� 

; (8:2:46)

showing that the normalized volumetric strain has an exponentially damped sinu-
soidal dependence on depth for anelastic media. This sinusoidal dependence for
anelastic media is associated with the inclination of the propagation and attenuation
vectors for the component P solution as can be easily seen by rewriting (8.2.46)
using definitions (8.2.7) and (8.2.9); that is,

ΔR tmð Þ
ΔR0

tmð Þ ¼ exp½�aBx3=tan df� cos � ω
vB

tan ef
� �

x3


 �
: (8:2:47)
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For elastic media bαI ¼ 0, so (8.2.46) shows that the volumetric strain has no
superimposed sinusoidal dependence on depth. In addition for elastic media,
(8.2.25) and (8.2.43) show that

#Δ tð Þ ¼ #B tð Þ � π=2 (8:2:48)

and

Sðx3Þ ¼ 0 if Fj þ Gj40
π if Fj þ Gj50

� �
for j ¼ 1; 3; (8:2:49)

so the phase of the volumetric strain lags the phase of the radial component of
displacement by π=2 down to a depth at which F1 þ G1 ¼ 0. The phase of the
volumetric strain lags the phase of the vertical component of displacement by π
down to a depth at which F3 þ G3 ¼ 0.

8.2.5 Media with Equal Complex Lamé Parameters (Λ=M)

The assumption of equal complex Lamé parameters provides considerable simpli-
fication in some of the formulae describing a Rayleigh-Type surface wave. The
simplification provides additional insight into characteristics of the surface wave on
anelastic media versus those of the wave on elastic media.
The assumption of equal complex Lamé parameters implies a number of identities

between the various material parameters and the parameters for P and S waves as
stated in (3.8.1) through (3.8.14). The identity β2=α2 ¼ 1=3, (3.8.5), when substituted
into (8.1.20) shows that coefficients of the equation for a Rayleigh-Type surface wave
are real. In fact, the resulting equation is the same as that for elastic media with
ΛR ¼ MR. Hence the roots of the equation are the same. Substitution of β2=α2 ¼ 1=3

into the general expressions for the roots of (8.1.21) in the complex field shows that
the roots are given by

yj ¼
4 for j ¼ 1
2þ 2=

ffiffiffi
3

p
for j ¼ 2

2� 2=
ffiffiffi
3

p
for j ¼ 3

8<
:

9=
;: (8:2:50)

These roots are the same as those derived for elastic media with equal real Lamé
parameters (see for example Bullen, 1965, p. 90). Substitution of each value of yj into
(8.1.17) or application of Lemma (8.1.25) shows that y3 ¼ 2� 2=

ffiffiffi
3

p ¼ 0:845 299 is
the desired root of the equation for a Rayleigh-Type surface wave. Substitution of this
root into (8.1.17) also shows that for solids with equal Lamé parameters

k2 ¼ 2� 2ffiffiffi
3

p
� ��1

k
S
2 ¼ 1:1830 k

S
2: (8:2:51)
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Hence, the magnitudes of the velocity and absorption coefficient for a Rayleigh-
Type surface wave are given in terms of those for corresponding homogeneous S
and P waves to four significant decimals by

vB ¼ ω
kR

¼ 0:9194 vHS ¼ 0:5308 vHP (8:2:52)

and

aB ¼ �kI ¼ 1:0877 aHS ¼ 1:8839 aHP; (8:2:53)

where aHS � j~AHSj and aHP � j~AHPj. These expressions show that the speed and
attenuation of a Rayleigh-Type surface wave along the surface of the given half space
are less and greater, respectively, than those for corresponding homogeneous S and P
waves.
Recalling

ffip
is interpreted herein to indicate the principal value of the square root

(8.2.51) implies

bα ¼ 0:9218 kS (8:2:54)

and

bβ ¼ 0:4278 kS: (8:2:55)

Hence, the expressions for the propagation and attenuation vectors for the compo-
nent P and SI solutions of a Rayleigh-Type surface wave may be expressed in terms
of those for a corresponding homogeneous S wave to four significant decimals as

~Pf2
¼ 1:0877 kSRx̂1 þ 0:9218 kSIx̂3; (8:2:56)

~Pψ2 ¼ 1:0877 kSRx̂1 þ 0:4278 kSIx̂3 (8:2:57)

and

~Af2
¼ �1:0877 kSIx̂1 þ 0:9218 kSRx̂3; (8:2:58)

~Aψ2 ¼ �1:0877 kSIx̂1 þ 0:4278 kSRx̂3; (8:2:59)

where kSI � 0 and kSR � 0 implies the propagation vectors are inclined toward the
surface and the attenuation vectors are inclined into the solid as intended.
The acute angles that the propagation and attenuation vectors for the component

solutions make with respect to the free surface and the vertical, respectively are
given from (8.2.7) through (8.2.10) by

tan ef ¼ �bαI=kR ¼ �0:8475 kSI=kSR ; (8:2:60)

tan eψ ¼ �bβI=kR ¼ �0:3933 kSI=kSR ; (8:2:61)
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tan df ¼ �kI=bαR ¼ �1:1800 kSI=kSR ; (8:2:62)

and

tan dψ ¼ �kI=bβR ¼ �2:5425 kSI=kSR : (8:2:63)

These relations show that the angles the propagation and attenuation vectors for the
component P and SI solutions of a Rayleigh-Type surface wavemakewith respect to
the surface and the vertical, respectively, are related by

tan ef ¼ 2:1547 tan eψ ¼ 0:7182 tan df ¼ 0:3333 tan dψ ¼ �0:8475 kSI=kSR :

(8:2:64)

Identities (3.6.13), (3.6.14), (3.6.22), and (3.6.25) imply

�kSI
kSR

¼ aHSvHS

ω
� 1: (8:2:65)

Hence, for anelastic media with kSI 6¼ 0 the acute angles specified in (8.2.64) must
satisfy

05 eψ 5 21:47�; 05 eψ 5 ef540:28�; (8:2:66)

and

05 df5 49:72�; 05 df5 dψ568:53�: (8:2:67)

For elastic media kSI ¼ 0, hence the acute angles are given by

eψ ¼ ef ¼ df ¼ dψ ¼ 0: (8:2:68)

With the angles between the corresponding propagation and attenuation vectors for
each of the component solutions given in terms of the acute angles by

γf ¼ π=2� df þ ef (8:2:69)

and

γψ ¼ π=2� dψ þ eψ; (8:2:70)

the inequalities (8.2.66) and (8.2.67) for the acute angles immediately imply for
anelastic media

γψ 5 γf5 π=2; (8:2:71)

40:28� 5 γf5 90�; (8:2:72)

21:47� 5 γψ 5 90�; (8:2:73)
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and for elastic media

γψ ¼ γf ¼ π=2: (8:2:74)

These results for anelastic media with equal Lamé parameters establish the relative
orientations of the propagation and attenuation vectors for the component solutions
of a Rayleigh-Type surface wave as illustrated in Figure (8.2.11). For anelastic
media they reconfirm that the propagation and attenuation vectors for the compo-
nent P and SI solutions cannot be parallel and perpendicular to the free surface as for
elastic media. They show that the angles the propagation vectors make with respect
to the free surface for the component P and SI solutions can be no larger than 40:28�

and 21.47°, respectively, for any anelastic solid with equal Lamé parameters. They
show the angles the attenuation vectors are inclined with respect to the vertical can
be no more than 68.53° and 49.72°, respectively. They show that for such solids the
degree of inhomogeneity γf of the component P solution exceeds the degree of
inhomogeneity γψ of the component SI solution. For anelastic media the degree of
inhomogeneity for the component P solution can be no smaller than 40.48° and that
for the component SI solution no smaller than 21.47°.
The complex amplitudes of the component P and SI solutions for a Rayleigh-

Type surface wave on a HILV half space are related upon substitution of (8.2.51),
(8.2.54), and (8.2.55) into (8.1.14) or (8.1.15) by

B2 ¼ �i 0:6812C22: (8:2:75)

Explicit expressions for the particle displacements and volumetric strain for
a Rayleigh-Type surface wave on a HILV half space with equal Lamé parameters
may be expressed in terms of those for a homogeneous S or a homogeneous P wave.
Substituting (8.2.51) into (8.2.13) and (8.2.14) then simplification with (3.6.13),
(3.6.16), and (3.6.22) yields the following expressions for components of the
particle motion in terms of those for a homogeneous S wave:

uRx1 ¼ 1:0877 B2j j ω
vHS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 χHS

1þ χHS

s
exp

�� 1:0877 aHSx1



exp �0:9218
ω
vHS

x3


 �

sin ωt� 1:0877
ω
vHS

x1 þ 0:9218 aHSx3 � ψS þ arg B2½ �

 �

�0:5773 exp �0:4278
ω
vHS

x3


 �

sin ωt� 1:0877
ω
vHS

x1 þ 0:4278 aHSx3 � ψS þ arg B2½ �

 �

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA

(8:2:76)
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uRx3 ¼ 1:0877 B2j j ω
vHS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 χHS

1þ χHS

s
exp½�1:0877 aHSx1�

�0:8475 exp 0:9218
ω
vHS

x3


 �

sin ωt� 1:0877
ω
vHS

x1 þ 0:9218 aHSx3 � ψS þ arg B2½ � þ π
2


 �

þ1:4679 exp �0:4278
ω
vHS

x3


 �

sin ωt� 1:0877
ω
vHS

x1 þ 0:4278 aHSx3 � ψS þ arg B2½ � þ π
2


 �

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA
;

(8:2:77)

where aHS ¼ �kSI ¼
ω
vHS

Q�1
HS

1þ χHS

:

Similarly, the expression for volumetric strain (8.2.41) of a Rayleigh-Type
surface wave on a half space with equal Lamé parameters may be written explicitly
in terms of the material parameters for a corresponding homogeneous shear
wave as

ΔR tð Þ ¼ 0:3333 B2j j 2ω
2

v 2HS

χHS

1þ χHS

exp �1:0877 aHSx1 exp� 0:9218
ω
vHS

x3


 �

sin ωt� 1:0877
ω
vHS

x1 þ 0:9218 aHSx3 � 2ψS þ arg B2½ � � π=2


 �
:

(8:2:78)

At the free surface the expressions for the components of the particle motions and
the volumetric strain simplify to

uRx1 ¼ 0:4597 B2j j ω
vHS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 χHS

1þ χHS

s
exp½�1:0877 aHSx1�

sin ωt� 1:0877
ω
vHS

x1 � ψS þ arg B2½ �

 �

;

(8:2:79)

uRx3 ¼ 0:6748 B2j j ω
vHS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 χHS

1þ χHS

s
exp½�1:0877 aHSx1�

sin ωt� 1:0877
ω
vHS

x1 � ψS þ arg B2½ � þ π
2


 �
;

(8:2:80)
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and

ΔR tð Þ ¼ 0:3333 B2j j 2ω
2

v 2HS

χHS

1þ χHS

exp½�1:0877aHSx1�

sin ωt� 1:0877
ω
vHS

x1 � 2ψS þ arg B2½ � � π 2=


 �
:

(8:2:81)

These expressions immediately imply that at the surface of a HILV half space
with equal Lamé parameters passage of a Rayleigh-Type surface wave implies

(1) particles at the free surface describe a retrograde elliptical orbit with time,
(2) the ratio of the major to minor axis of the ellipse is 1.4679,
(3) the vertical axis of the particle motion ellipse is perpendicular to the undisturbed

free surface, that is, there is no tilt of the particle motion ellipse at the free surface,
and

(4) the amplitude and phase of the volumetric strain are readily related to those of
the radial and vertical components of displacement as indicated.

The preceding results are valid for both elastic and anelastic solids with equal
Lamé parameters. For low-loss anelastic solids χHS 	 1, ψS 	 Q�1

HS=2, and
aHS 	 ωQ�1

HS= 2vHSð Þ. Substitution of these expressions into (8.2.76) through
(8.2.81) allows the expressions for the amplitude and phase of the particle motion
components and the volumetric strain to be simplified further.
For elastic media aHS ¼ Q�1

HS ¼ 0, so the components of the particle motion and
the volumetric strain simplify to

uRx1 ¼ B2j j1:0877 ω
vHS

exp �0:9218
ω
vHS

x3


 �
� 0:5773 exp �0:4278

ω
vHS

x3


 �� �

sin ωt� 1:0877
ω
vHS

x1 þ arg B2½ �

 �

;

(8:2:82)

uRx3 ¼ B2j j1:0877 ω
vHS

�0:8475 exp 0:9218
ω
vHS

x3


 �
þ 1:4679 exp �0:4278

ω
vHS

x3


 �� �

sin ωt� 1:0877
ω
vHS

x1 þ arg B2½ � þ π
2


 �
;

(8:2:83)

and

ΔR tð Þ ¼ 0:3333 B2j j ω
2

v 2
HS

exp �0:9218
ω

vHS

x3


 �
sin ωt� 1:0877

ω

vHS

x1 þ arg B2½ � � π 2=


 �
:

(8:2:84)

The expressions for the particle motion for elastic media agree with those presented
by Ewing, Jardetsky, and Press (1957, p. 33).
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8.3 Numerical Characteristics of Rayleigh-Type Surface Waves

Quantitative descriptions of the physical characteristics of a Rayleigh-Type surface
wave are readily deduced from the analytic expressions derived in the previous
section as a function of the appropriate root of the complex Rayleigh equation
(8.1.20) and the material parameters of the corresponding HILV half space. The
appropriate root of (8.1.20) is the one of the three roots described by (8.1.21) which
Lemma (8.1.25) implies must satisfy 05 jc2 β2

� j5 1.
In choosing parameters to characterize the response of thematerial it is desirable to

choose general parameters so that the results are applicable to any viscoelastic model
once the particular frequency dependence of their moduli is specified. Towards this
end consideration of (8.1.20) shows that the material response is characterized in the
equation by β2 α2

�
, which may be written from (3.5.8) through (3.5.11) as

β 2

α 2
¼ v 2

HS

v 2
HP

� � 1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ �2

HS

q
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ �2

HP

q 1� iQ �1
HP

1� iQ �1
HS

(8:3:1)

Hence, the material response could be characterized in terms of v 2HS=v
2
HP;

Q�1
HP; and Q�1

HS. Alternatively, defining a parameter corresponding to Poisson’s
ratio for elastic media, namely,

σ � 3KR � 2MR

2 3KR þMRð Þ (8:3:2)

and loss in shear and bulk as Q�1
HS � MI=MR and Q�1

K � KI=KR allows β2=α2 to be
written as

β 2

α 2
¼ 1þ iQ�1

HS

2

3

1þ σ
1� 2σ

� �
1þ iQ�1

K

� �þ 4

3
1þ iQ�1

HS

� � : (8:3:3)

This equation suggests computation of the roots and hence the physical char-
acteristics of a Rayleigh-Type surface wave as a function of the material parameters
σ; Q�1

HS; and Q�1
K : An additional useful relation involving the elastic Poisson’s

ratio in terms of the elastic P and S velocities as specified by (3.5.6) and (3.5.7) is

σ ¼ vHPe=vHSeð Þ2 � 2
� �.

2 vHPe=vHSeð Þ2�1
� �

: (8:3:4)

The Q�1 in bulk is related to that for homogeneous S and P waves in terms of σ by

Q�1
K ¼ 1� σ

1þ σ
3Q�1

HP � 2
1� 2σ

1� σ

� �
Q�1

HS

� �
: (8:3:5)
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For purposes of theoretical considerations there is no a priori reason to assume
behavior in bulk is related to behavior in shear. With parameters KR; KI;

MR; and MI defined on the interval 0;1½ Þ, the elastic Poisson’s ratio is defined
on the interval �1; 0:5½ Þ. Negative values of Poisson’s ratio are not excluded by
material-stability considerations as pointed out by Love (1944, p. 104), however,
Poisson’s ratio for most materials is non-negative.
Characteristics of the displacement field, particle motion, and volumetric strain

associated with a Rayleigh-Type surface wave as described by (8.2.13) through
(8.2.49) can be computed efficiently in terms of fractions of a wavelength along the
free surface defined by

λ � 2π
kR

: (8:3:6:)

To derive these expressions a basic term needed for computation of the quan-
tities defined in (8.2.16) is k kR= . This term is specified in terms of aB aHS= and
vB vHS= by

k

kR
¼ k

λ
2π

¼ 1� i
aB
aHS

vB
vHS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χHS � 1

χHS þ 1

s
; (8:3:7)

which in turn can be expressed in terms of the appropriate root of the complex
Rayleigh equation by (8.2.3) and (8.2.4). The desired characteristics of a Rayleigh-
Type surface wave (8.2.16) expressed in terms of (8.3.7) and fractions of a wave-
length λ are

F1 � exp � bαR
kR

2π
x3

λ


 �
; F3 � � bα=kRj j

k=kRj j exp � bαR
kR

2π
x3

λ


 �
¼ � bα=kRj j

k=kRj j F1;

(8:3:8)

G1 � �
ðk2 þ b2βÞ=k 2

R

			 			
2 k2=k 2

R

		 		 exp � bβR
kR

2π
x3

λ


 �
;

G3 �
ðk2 þ b2βÞ=k 2

R

			 			
2

k

kR

bβ
kR

				
				

exp � bβR
kR

2π
x3

λ


 �
¼� k=kRj j

bβ=kR
		 		G1;

(8:3:9)

f1 � �kRx1 þ arg kB2½ �; f3 � f1 þ π
2
; (8:3:10)

g11 � � bαI
kR

2π
x3
λ
; g13 � � bαI

kR
2π

x3

λ
þ arg

bα kR=

k kR=


 �
; (8:3:11)
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g31 � � bβI
kR

2π
x3

λ
þ arg

ðk2 þ b 2
β Þ=k 2

R

k2=k 2
R

" #
; g33 � � bβI

kR
2π

x3

λ
þ arg

ðk2 þ b 2
β Þ=k 2

R

k

kR

bβ
kR

2
664

3
775;

(8:3:12)

where

bβ
kR

¼ k

kR

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c2

β2

s
(8:3:13)

and

bα
kR

¼ k

kR

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c2

α2

s
: (8:3:14)

Setting x3 ¼ 0 in these expressions allows the properties of the waves to be
calculated at the surface.

8.3.1 Characteristics at the Free Surface

Ratios of the wave speeds and absorption coefficient for a Rayleigh-Type surface
wave on a HILV half space to the corresponding quantity for a homogeneous S wave
in the same material are readily calculated using (8.2.3), (8.2.4), and the root c 2 β 2

�
of the complex Rayleigh equation (8.1.20), which satisfies 05 jc 2 β 2 j5 1

�
.

Families of curves for wave speed and absorption coefficient computed over the
complete range of theoretically possible values for Poisson’s ratio are shown in
Figure (8.3.16). The curves are computed for materials with no loss in bulk,
Q�1

K ¼ 0 and for materials with significant loss in bulk Q�1
K ¼ 1.

For elastic and anelastic solids such that Q�1
K ¼ Q�1

HS, (8.3.5) implies
Q�1

K ¼ Q�1
HS ¼ Q�1

HP, from which Theorem (8.1.26) implies the appropriate root of
the complex Rayleigh equation is real and hence depends only on σ, but not on the
amount of absorption in the material. Consequently, (8.2.3) and (8.2.4) imply the wave-
speed ratio vB vHS= and the absorption coefficient ratio aB aHS= do not depend on the
amount of absorption. As a result the curves in Figure (8.3.16) corresponding to
Q�1

K ¼ Q�1
HS ¼ Q�1

HP are valid for both elastic solids and anelastic solids. Curves for
solids with small amounts of intrinsic absorption, sayQ�1

HS 5 0:1 for Q�1
K ¼ 0 cannot

be distinguished at the scale plotted from those for solids with Q�1
K ¼ Q�1

HS.
Tilt, ηβ, of the major axis of the particle motion ellipse for a Rayleigh-Type

surface wave is specified by (8.2.27). Corresponding families of curves computed as
a function of σ for various amounts of absorption in shear and bulk are shown in
Figure (8.3.17). The plots illustrate Corollary (8.2.39), which indicates that there is
no tilt of the particle motion ellipse at the free surface if Q�1

K ¼ Q�1
HS ¼ Q�1

HP. They
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also show that there is no tilt of the particle motion ellipse for values of
σ ¼ �1 and σ ¼ 0:5 regardless of the amounts of absorption in bulk and shear.
They indicate that the amount of tilt increases in the counter-clockwise direction as
the amount of loss in shear increases relative to that in bulk. They show that the
tilt increases in the clockwise direction as the amount of loss in bulk increases
with respect to that in shear. They indicate for materials with small amounts of
absorption, i.e. Q�1 5 0:1, that the magnitude of the tilt for materials with non-
negative elastic Poisson ratio is small and generally less than 2°.
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and indicated values of Q�1
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The ratio of the maximum horizontal (radial) displacement, H1 0ð Þ, to the max-
imum vertical displacement H3 0ð Þ as might be inferred from radial and vertical
measurements at the surface is specified by (8.2.18). Families of curves computed as
a function of the material parameters are shown in Figure (8.3.19). They indicate
that the ratio of maximum horizontal to vertical amplitude generally decreases
with increasing σ with the exception of cases in which the amount of absorption
in shear is much larger than that in bulk. They indicate that for solids such that
Q�1

K ¼ Q�1
HS ¼ Q�1

HP the ratio is independent of the amount of absorption and
depends only on σ. This result is also implied by definitions (8.2.18), Theorem
(8.1.26) and (8.3.5) from which it follows that
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Figure (8.3.17). Tilt of the major axis of the particle motion ellipse at the free
surface for a Rayleigh-Type surface wave as a function of σ for materials with the
indicated amounts of absorption in shear and bulk.
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H1ð0Þ
H3ð0Þ ¼

F1 þ G1j j
F3 þ G3j j ¼

1

2

c 2

β 2

				
				
,

2� c 2

β 2

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c 2

β 2

s �
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α 2
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(8:3:18)
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Type surface wave as a function of σ for materials with the indicated amounts of
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and that the ratio depends only on σ for this special class of viscoelastic solids. The
curves also show that for solids with no loss in bulk and low loss in shear
deviations of the ratios from that for elastic solids are indistinguishable at the
scale plotted.
Families of curves for the Axis Ratio at the free surface are shown as a function of

the material parameters in Figure (8.3.20). The curves indicate that for the material
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Figure (8.3.20). Axis Ratio for a Rayleigh-Type surface wave as a function of
σ for materials with the indicated amounts of absorption in shear and bulk.
Positive values of the ratio indicate that the elliptical particle motion orbit is
retrograde.
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parameters considered, the particle motion for a Rayleigh-Type surface wave at the
free surface is retrograde. As expected for media with Q�1

K ¼ Q�1
HS ¼ Q�1

HP from
Corollary (8.2.39), the curves are the same as the curves for the ratio of the
maximum horizontal to vertical displacement (Figure (8.3.19). Significant differ-
ences in the two sets of curves are apparent only for materials with large unequal
amounts of absorption in bulk and shear.

8.3.2 Characteristics Versus Depth

Physical properties of a Rayleigh-Type surface wave specified as a function of depth
in terms of fraction of a wavelength are specified by (8.3.7) through (8.3.14).
Families of curves, computed as a function of depth for fixed non-negative values
of σ, Q�1

K and Q�1
HS, provide useful insight into variations in the physical character-

istics with distance from the free surface.
Normalized maximum horizontal and vertical amplitude is specified as a function

of depth by (8.2.22). Corresponding families of curves computed as a function of
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Rayleigh-Type surface wave as a function of normalized depth for a range of non-
negative values of σ and for two fixed equal amounts of absorption in shear and bulk.
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normalized depth and material parameters are shown in Figures (8.3.21) through
(8.3.23). The amplitude distribution curves show

(1) the majority of both the vertical and horizontal amplitude for a Rayleigh-
Type surface wave is concentrated within one wavelength of the free
surface,

(2) for fixed values of σ increasing the amounts of absorption tends to concen-
trate the normalized horizontal and vertical disturbances for a Rayleigh-Type
surface wave toward the surface,

(3) the maximum vertical amplitude displacement increases to a maximum at a
depth between 5 and 20 percent of a wavelength,

(4) the maximum horizontal displacements decrease rapidly away from the free
surface assuming a zero value at depths between 10 and 20 percent of a
wavelength, then assume minimum negative values ranging from about 30 to
50 percent of a wavelength,
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(5) for fixed values of σ and large amounts of absorption (Q�1
HS41), the horizontal

amplitude distribution oscillates twice through zero within the distance of one
wavelength of the free surface illustrating that the amplitude distributions for
anelastic media exhibit a superimposed sinusoidal dependence on depth,

(6) the difference between corresponding amplitude distributions for low-loss
anelastic media (i.e.Q�1

HS 
 1; Q�1
K 
 1) and those for elastic media increase

with depth to a value less than 2 percent at a depth of two wavelengths,
(7) for elastic solids, the depth at which the normalized horizontal amplitude

becomes negative is the depth at which the orbit of the particle motion
changes from retrograde to prograde,

(8) for anelastic solids the particle motion changes from retrograde to prograde
when the length of the minor axis of the particle motion ellipse vanishes.

The Axis Ratio of the particle motion ellipse is specified as a function of normalized
depth by (8.2.34). Corresponding families of curves computed as a function of depth
for various values of material parameters are shown in Figures (8.3.24) through
(8.3.26). The curves show
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(1) the Axis Ratio decreases rapidly with depth below the free surface indicating
that the orbit of a particle changes from retrograde at the surface to linear then
prograde at depths ranging from 0:1λ to 0:4λ,

(2) for solids with equal amounts of absorption in shear and bulk Q�1
K ¼�

Q�1
HS ¼ Q�1

HPÞ, which includes elastic media, the curves in Figure (8.3.24))
indicate that the Axis Ratio at each depth does not depend on the amount of
absorption, only on σ,

(3) for low-loss solids (Q�1
HS 
 1; Q�1

HP 
 1; Q�1
K 
 1) the Axis Ratio is

approximately equal to that for corresponding elastic media,
(4) for the range of parameters considered, the orbit of particles as a function of

depth changes from retrograde to prograde only once in the depth interval of
two wavelengths,
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normalized depth for media with equal amounts of absorption in shear and bulk and
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8.3 Numerical characteristics 235



0
–0.6

–0.4

–0.2

0

0.2

0.4

0.6

0.5 1 1.5 2

Normalized Depth (x3 
/λ)

A
xi

s 
R

at
io

–0.4

–0.2

0

0.2

0.4

0 0.5 1 1.5 2
Normalized Depth (x3 

/λ)

Q
HS

 = 0, 0.1–1

Q
HS

 = 10–1

Q
HS

 = 1–1

Q
HS

 = 2–1

Q
HS

 = 0, 0.1–1

Q
HS

 = 10–1

Q
HS

 = 1–1

Q
HS

 = 2–1

σ = 0.25
Q    = 0K

–1
σ = 0.5
Q    = 0K

–1

(a) (b)

Figure (8.3.25). Axis Ratio as a function of normalized depth for a Rayleigh-
Type surface wave in media with no absorption in bulk (Q�1

K ¼ 0), various
amounts of absorption in shear (Q�1

HS ¼ 0; 0:1; 1; 2; 10), σ ¼ 0:25 and
σ ¼ 0:5.

0

–0.6

–0.4

–0.2

0

0.2

0.4

0.6

0.5 1 1.5 2
Normalized Depth (x3 

/λ)

A
xi

s 
R

at
io

–0.4

–0.2

0

0.2

0.4

0 0.5 1 1.5 2

Normalized Depth (x3 
/λ)

σ = 0.25
Q     = 1–1

K

σ = 0.5
Q     = 1–1

K

Q
HS

 = 0, 0.1–1

Q
HS

 = 2–1
Q

HS
 = 1–1

Q
HS

 = 10–1

(a) (b)

Q
HS

 = 0, 0.1–1

Q
HS

 = 10–1

Q
HS

 = 1–1

Q
HS

 = 2–1

Figure (8.3.26). Axis Ratio as a function of normalized depth for a Rayleigh-Type
surface wave in media with a moderate amount of absorption in bulk (Q�1

K ¼ 1),
various amounts of absorption in shear (Q�1

HS ¼ 0; 0:1; 1; 2; 10), σ ¼ 0:25, and
σ ¼ 0:5.



(5) for solids with σ ¼ 0:5 the Axis Ratio is independent of the amount of
absorption in shear and bulk (compare Figures (8.3.25) and (8.3.26).

The tilt ηβ of the particle motion ellipse with respect to the vertical is specified as
a function of depth by (8.2.27). Corresponding families of curves computed as a
function of normalized depth for various sets of material parameters are shown in
Figures (8.3.27) through (8.3.29). The curves show

(1) for anelastic media with equal amounts of absorption in bulk and shear
(Q�1

K ¼ Q�1
HS ¼ 0:1; Q�1

K ¼ Q�1
HS ¼ 1; see Figure (8.3.27)) the tilt of the

particle motion ellipse exhibits a well-defined dependence on depth below
the surface, σ, and the amount of absorption; the magnitude of the tilt rapidly
increases to a maximum value near the surface at depths between about 0:05λ
and 0.15λ for values of 0 � σ � 0:5,

(2) for elastic media the tilt of the particle motion ellipse is zero at each depth
regardless of the value of σ (see Figure (8.3.28)),
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Figure (8.3.27). Tilt of the major axis of the particle motion ellipse for a
Rayleigh-Type surface wave with respect to vertical versus normalized depth
for media with equal small (Q�1

K ¼ Q�1
HS ¼ 0:1) and moderate (Q�1

K ¼ Q�1
HS ¼ 1)

amounts of absorption in bulk and shear for the indicated values of
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(3) for anelastic media the direction of the tilt of the major axis of the ellipse is
counter clockwise with respect to the vertical if Q�1

K 5Q�1
HS and in the

clockwise direction if Q�1
HS5Q�1

K , unless σ ¼ 0:5, in which case the tilt
vanishes at all depths (see Figure (8.3.29),

(4) for anelastic media in which σ 6¼ 0:5 and the amounts of absorption in bulk
and shear are not equal, the tilt with respect to the vertical changes from
counter clockwise to clockwise or vice versa often within a depth of one
wavelength depending on the contrast in absorption between bulk and shear,

(5) for anelastic media with small amounts of absorption (Q�1
K 
 1; Q�1

HS 
 1)
the tilt of the particle motion ellipse reaches its maximum of less than 1.3° at a
depth near the surface of about 0:075λ.

The volumetric strain for a Rayleigh-Type surface wave for a fixed time as a
function of depth as normalized by the corresponding maximum value at the surface
is specified by (8.2.46).

–30

–20

–10

0

10

0 0.5 1 1.5 2

Normalized Depth (x3 
/λ)

0 0.5 1 1.5 2

Normalized Depth (x3 
/λ)

T
ilt

 (
η β , d

eg
re

es
)

–15

–10

–5

0

Q     = 0–1
K

σ = 0.25
Q     = 0–1

K

σ = 0.5

Q
HS

 = 0–1

Q
HS

 = 0.1–1

Q
HS

 = 1–1

Q
HS

 = 2–1

Q
HS

 = 0–1

Q
HS

 = 0.1–1

Q
HS

 = 1–1

Q
HS

 = 2–1

Q
HS

 = 10–1

Q
HS

 = 10–1

(a) (b)

Figure (8.3.28). Tilt of the major axis of the particle motion ellipse for a Rayleigh-
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with no absorption in bulk (Q�1
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Corresponding families of curves showing normalized volumetric strain as a
function of depth for various sets of material parameters are shown in Figures
(8.3.30) through (8.3.32). The curves show

(1) volumetric strain associated with a Rayleigh-Type surface wave is concen-
trated near the free surface for both elastic and anelastic media; the maximum
volumetric strain decreases by 50 percent within 0.1 wavelength (0:1λ) and
by 90 percent within 0.5 wavelength (0:5λ) of the free surface,

(2) the concentration of volumetric strain towards the surface increases with
increasing σ, and increasing absorption in shear (Q�1

HS) and or absorption in
bulk (Q�1

K ),
(3) for anelastic media with significant amounts of absorption the volumetric

strain may change from dilation to compression or vice versa within the
depth interval of about one-half of a wavelength (see Figures (8.3.31) and
(8.3.32)); these changes are indicative of the sinusoidal dependence of
volumetric strain on depth as indicated in (8.2.47).
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Particle displacements at a fixed time are illustrated for a Rayleigh-Type surface
wave propagating in the direction of the arrows in media with various amounts of
intrinsic absorption (Figures (8.3.33) and (8.3.34)). Positions of the grid-line inter-
sections illustrate particle positions computed from (8.2.23) and (8.2.24) as norma-
lized by the maximum vertical amplitude at the surface and scaled for purposes of
illustration by factors of 0.1 (Figures (8.3.33)a, b), 0.2 (Figure (8.3.34)a) and 0.3
(Figure (8.3.34)b).
For elastic media the particle positions (Figure (8.3.33)a) illustrate that the

maximum amplitude of the surface wave does not decrease in the direction of
phase propagation. For anelastic media, the particle positions (Figures (8.3.33)
b and (8.3.34)a, b) illustrate that the maximum amplitude does decrease in the
direction of phase propagation with the rate of decrease dependent on the
amount of intrinsic material absorption. The particle positions also illustrate
that particle motion amplitudes rapidly decay in amplitude with depth below
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the surface, which is consistent with quantitative results in Figures (8.3.21)
through (8.3.23). Curvature of the vertical grid lines for media with large
amounts of intrinsic absorption (Figures (8.3.34)a, b) is suggestive of the
superimposed sinusoidal dependence of the amplitudes on depth that occurs
for anelastic media, but not elastic media.

8.4 Problems

(1) Show that the propagation and attenuation vectors for the component P andType-I S
solutions of a Rayleigh-Type surface wave on a viscoelastic half space are not
parallel and perpendicular to the free surface unless the half space is elastic.

(2) Compare characteristics of the particle motion for a Rayleigh-Type surface wave
on a linear anelastic viscoelastic half space as stated in Theorem (8.2.26) with
those of a Rayleigh wave on an elastic half space as stated in Corollary (8.2.37).
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Figure (8.3.31). Normalized volumetric strain for a Rayleigh-Type surface wave
as a function of normalized depth for media with no absorption in bulk (QK
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(a) Elastic media

(b) Low-loss media (Pierre Shale)

Figure (8.3.33). Grid illustrating particle displacements at a fixed time for a
Rayleigh-Type surface wave on a half space comprised of (a) elastic media with
σ ¼ 0:25 and (b) low-loss media (Pierre Shale, σ ¼ 0:491, Q�1

HS ¼ 0:104,
Q�1

HP ¼ 0:031, Q�1
K ¼ 0:0147; McDonal et al., 1958).
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(a) Moderate-loss media (water-saturated sediments)

(b) High-loss media with equal amounts of absorption in shear and bulk

Figure (8.3.34). Grid illustrating particle displacements at a fixed time for a
Rayleigh-Type surface wave on a half space comprised of (a) moderate-
loss media (water-saturated sediments with σ ¼ 0:497, Q�1

HS ¼ 0:555,
Q�1

HP ¼ 0:00441, Q�1
K ¼ 0 (Hamilton et al., 1970) and (b) high-loss media with

σ ¼ 0:25 and Q�1
HS ¼ Q�1

K ¼ 1.
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(3) Derive the results of Theorem (8.2.26) pertaining to particle motion orbit and tilt
of the particle motion ellipse as a function of depth for viscoelastic media with
equal complex Lamé parameters, where vHP ¼ ffiffiffi

3
p

vHS and Q�1
HS ¼ Q�1

HP.
(4) Show that the ratio of β 2 α 2

�
may bewritten in terms of thewave speeds (vHS; vHP)

and reciprocal quality factors (Q�1
HS;Q

�1
HP) for homogeneous S and P waves as

β 2

α 2
¼ v 2HS

v 2HP

� �
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ

�2
HS

q
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ

�2
HP

q 1� iQ�1
HP

1� iQ�1
HS

and in terms σ and reciprocal quality factors for bulk and shear (Q�1
K ;Q�1

HS) as

β 2

α 2
¼ 1þ iQ�1

HS

2

3

1þ σ
1� 2σ

� �
1þ iQ�1

K

� �þ 4

3
1þ iQ�1

HS

� � :

(5) For a solid withQ�1
K ¼ 1 sketch the dependences of the normalized wave speed

and absorption coefficient of a Rayleigh-Type surface wave as a function of σ
and various amounts of intrinsic absorption in shear (Q�1

HS). Note that the curves
for normalized wave speed and absorption coefficient for elastic media are a
special case of the curves computed for viscoelastic media with Q�1

K ¼ Q�1
HS.

(6) Sketch curves for Rayleigh-Type surface waves as a function of normalized
depth for solids with Q�1

K ¼ 0, σ ¼ 0:25, and Q�1
HS ¼ 0; 1; 10 showing

(a) normalized horizontal and vertical amplitude,
(b) Axis Ratio,
(c) tilt of particle motion ellipse, and
(d) normalized volumetric strain.

Describe variations in each characteristic with increasing amounts of intrinsic
material absorption in shear.
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9

General SII Waves Incident on Multiple Layers
of Viscoelastic Media

The response of a stack of multiple layers of viscoelastic media to waves incident at
the base of the stack is of special interest in seismology. Solutions of the problem
for elastic media with incident homogeneous waves have proven useful in under-
standing the response of the Earth’s crust and near-surface soil and rock layers to
earthquake-induced ground shaking. Solutions are provided here for general (homo-
geneous or inhomogeneous) SII waves incident at the base of a stack of viscoelastic
layers. The derivations of solutions for the problems of incident general P and SI
waves are similar, but more cumbersome. The method for deducing solutions of the
incident P and SI wave problems will be illustrated by those developed here. The
results provided here for viscoelastic media include those derived for elastic media
(Haskell, 1953, 1960). The method used here to derive the solutions for viscoelastic
waves uses a matrix formulation similar to that initially used by Thompson (1950)
and implemented with the correct boundary condition for elastic media by Haskell
(1953).
To set up the mathematical framework for multilayered media consider a stack of

n− 1 parallel viscoelastic layers in welded contact underlain by a viscoelastic half
space. Spatial reference for the layers is provided by a rectangular coordinate system
designated by (x1, x2, x3) or (x, y, z) as shown in Figure (4.1.3) with the plane x3 = z = 0
chosen to correspond to the boundary at the free surface. The layers are indexed
sequentially with the index of each layer corresponding to that of its lower boundary
as indicated in Figure (9.1.1). Notation formaterial parameters and variouswave-field
parameters as introduced for single-boundary reflection–refraction problems in pre-
vious chapters is extended to the multilayer problem upon introduction of an addi-
tional subscript corresponding to that of the layer as illustrated for the parameters of
the incident waves in Figure (9.1.1). This extension of the notation convention used
for single-layer problems is simple to recall, because the first subscript indicates an
upgoing or downgoing solution ( j=1, 2) and the second subscript indicates the layer
(m=1,…, n).
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9.1 Analytic Solution (Multiple Layers)

The problem of a general SII wave incident at an arbitrary, but fixed, angle of
incidence at the base of a stack of viscoelastic layers is formulated by assuming
solutions for SII waves in each layer with directions of phase propagation toward
and away from the boundary as specified by (4.2.26) with wave parameters defined
by (4.2.28), (4.2.30), and (4.2.32). These solutions are distinguished for each layer
by attaching the corresponding layer index. Specification of the general SII wave
incident on the boundary of the viscoelastic half space is similar to that for the
problem of a general SII wave on a single boundary. The incident general SII wave
is specified by (4.2.26) through (4.2.32), where the layer index for the half space “n”
is attached to each of the wave parameters except the complex wave number k. As
for the single-boundary problem, application of the boundary conditions implies the
complex wave numbers k for the solutions in each of the layers are the same.
Solution of the multilayer problem is accomplished by using the boundary

conditions of continuity of displacement and stress at each of the welded boundaries
and vanishing stress at the free surface to infer the displacement fields at the free

Incident SII Reflected SII

z

x

z n – 1

z n – 2

z 2

z 1

z 0
ρ1 vHS1 vHP1 QHS1 QHP1

–1 –1

ρn vHSn vHPn QHSn QHPn
–1 –1

d1
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–1 –1

–1 –1
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ρn – 1 vHSn – 1 vHPn – 1 QHSn – 1 QHPn – 1 dn – 1

Au1n

→

Au2n

→

Pu1n

→

Pu2n

→

γu1n

γu2n

θu1n θu2n

Figure (9.1.1). Diagram illustrating notation for the problem of a general Type-II S
wave incident at the base of a stack of viscoelastic layers.
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surface and for the reflected wave in terms of the given amplitude, phase, angle of
incidence, degree of inhomogeneity of the incident general SII wave, and a given set
of material parameters.
The assumed complex steady-state displacement solution in themth layer is, from

(4.2.26), given by

~um zð Þ ¼ um zð Þ x̂2 ¼ ~u1m þ~u2m ¼
X2
j¼1

Djm exp i ωt� ~Kujm
.~r

� �h i
x̂2; (9:1:2)

where

~Kujm ¼ ~Pujm � i~Aujm ¼ kx̂1 þ �1ð Þ jdβmx̂3; (9:1:3)

~Pujm ¼ kRx̂1 þ �1ð Þ jdβmR
x̂3; (9:1:4)

~Aujm ¼ �kIx̂1 þ �1ð Þ jþ1dβmI
x̂3; (9:1:5)

dβm ¼ principal value
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2Sm

q
(9:1:6)

and the scalar components of the displacement solutions expressed in terms of the
depth variable, z, are defined as

um zð Þ � u1m zð Þ þ u2mðzÞ �
X2
j¼1

Djm exp �~Aujm
.~r

h i
exp i ωt� ~Pujm

.~r
� �h i

¼
X2
j¼1

Djm exp½i ωt� kx� ð�1Þ jdβmz
� ��; ð9:1:7Þ

where u1m (z) represents the upgoing solution and u2m (z) represents the down-
going solution and the physical displacement is given by the real part of the
corresponding complex displacement. The complex wave number k, expressed in
terms of parameters of the solutions and the material parameters of the mth layer is,
from (4.2.26), given by

k ¼ ω
vHSm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χSujm
1þ χHSm

s
sin θujm � i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ χSujm
1þ χHSm

s
sin θujm � γujm
h i0

@
1
A; (9:1:8)

where χSujm �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HSm sec2 γujm
q

and χHSm �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HSm

q
for j = 1, 2.

Shearing stress acting on planes parallel to the layering in the x̂2 direction in the
mth layer may be written, from (9.1.7), using complex notation for steady state in
terms of the assumed displacement solutions as
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p32m zð Þ ¼ pzym zð Þ ¼ Mm
@um
@z

¼ iMmd βm

X2
j¼1

Djm �1ð Þ jþ1 exp½i ωt� kx� �1ð Þ jd βm z
� ��

¼ iMmd βm u1m zð Þ � u2m zð Þð Þ: ð9:1:9Þ
These expressions imply that the complex displacement and shearing stress in the

mth layer at the m− 1 boundary, z = zm− 1, are given by

um zm�1ð Þ ¼ u1m zm�1ð Þ þ u2m zm�1ð Þ (9:1:10)

and
pzym zm�1ð Þ ¼ iMmd βm u1m zm�1ð Þ � u2m zm�1ð Þð Þ; (9:1:11)

and at the m boundary with z= zm = zm− 1 + dm, they are given by

um zmð Þ ¼
X2
j¼1

ujm zm�1ð Þ exp i �1ð Þ jþ1d βmdm
� �

(9:1:12)

and

pzym zmð Þ ¼ �iMmd βm

X2
j¼1

�1ð Þ jujm zm�1ð Þ exp i �1ð Þ jþ1d βm dm
� �

: (9:1:13)

For subsequent steps in the derivation it is expedient to recall that the cosine and sine
functions of a complex number c= a+ ib are given in terms of the real and imaginary
parts of the complex number by

cos c ¼ 1

2
e ic þ e�ic
� � ¼ cos a cosh b � i sin a sinh b;

sin c ¼ 1

2i
e ic � e�ic
� � ¼ sin a cosh b þ i cos a sinh b;

(9:1:14)

the complex hyperbolic functions are given by

cosh c ¼ cos½ic�;
sinh c ¼ �i sin½ic�; (9:1:15)

and Euler’s formula for an arbitrary complex argument c (Brand, 1960, p. 454) is
valid as specified by

e ic ¼ cos cþ i sin c: (9:1:16)

Euler’s formula implies that the complex stress and displacement at them boundarymay
be written in terms of complex trigonometric functions with a complex argument as

um zmð Þ ¼
X2
j¼1

ujm zm�1ð Þ
	
cos½d βmdm� þ i �1ð Þ jþ1sin½d βm dm�



(9:1:17)

and
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pzym zmð Þ ¼ �iMmdβm
X2
j¼1

�1ð Þ jujm zm�1ð Þ
	
cos½d βmdm� þ i �1ð Þ jþ1 sin½d βmdm�



:

(9:1:18)

Rearrangement of the terms in (9.1.17) and (9.1.18) shows that the complex
displacement and stress in layerm on them boundary is related to the corresponding
quantities on the m− 1 boundary by

um zmð Þ ¼ cos½d βm dm�um zm�1ð Þ þ sin½d βm dm� pzym zm�1ð Þ
Mmd βm

(9:1:19)

and

pzym zmð Þ ¼ �Mmd βm sin½d βm dm�um zm�1ð Þ þ cos½d βm dm� pzym zm�1ð Þ: (9:1:20)

In matrix notation these equations may be written as

um zmð Þ
pzym zmð Þ

	 

¼ fm

um zm�1ð Þ
pzym zm�1ð Þ

	 

; (9:1:21)

where fm is defined by

fm � cos½d βm dm� sin½d βm dm�
Mmd βm

�Mmd βm sin½d βmdm� cos½d βmdm�

0
B@

1
CA: (9:1:22)

In layer m− 1 the displacement and stress on the m− 1 boundary may be related to
those on them− 2 boundary by an analogous equation, where the indexm is replaced
by the index m− 1. The boundary conditions at the m− 1 boundary imply that the
displacement and stress at them boundary are related to those at them− 2 boundary by

um zmð Þ
pzym zmð Þ

 !
¼ fm

um zm�1ð Þ
pzym zm�1ð Þ

 !
¼ fm

um�1 zm�1ð Þ
pzym�1 zm�1ð Þ

 !

¼ fmfm�1
um�1 zm�2ð Þ
pzym�1 zm�2ð Þ

	 

: (9:1:23)

Continuing this procedure shows that the displacement and stress on the m− 1
boundary are related to those at the free surface by

um zm�1ð Þ
pzym zm�1ð Þ

	 

¼ fm�1fm�2:::f1

u1 z0ð Þ
pzy1 z0ð Þ

	 

: (9:1:24)

Defining

Fm�1¼ fm�1fm�2:::f1 (9:1:25)
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the elements of (9.1.24) may be written as

um zm�1ð Þ ¼ Fm�111u1 z0ð Þ þ Fm�112 pzy1 z0ð Þ;
pzym zm�1ð Þ ¼ Fm�121u1 z0ð Þ þ Fm�122 pzy1 z0ð Þ: (9:1:26)

Writing the complex displacement and stress at the m− 1 boundary in terms of the
displacements at the m− 1 boundary corresponding to the upgoing and downgoing
solutions (9.1.10) and (9.1.11) implies

u1m zm�1ð Þ þ u2m zm�1ð Þ ¼ Fm�111u1 z0ð Þ þ Fm�112 pzy1 z0ð Þ;
u1m zm�1ð Þ � u2m zm�1ð Þ ¼ �i

Mmdβm
Fm�121u1 z0ð Þ þ Fm�122 pzy1 z0ð Þ� �

:
(9:1:27)

The boundary condition of vanishing stress at the free surface, namely pzx1 (z0) = 0,
implies that (9.1.27) may be written in terms of the complex amplitudes of the
solutions in the mth layer as

D1m exp½idβm zm�1� þD2m exp½�idβm zm�1� ¼ Fm�111 D11 þD21ð Þ;

D1m exp½idβm zm�1� �D2m exp½�idβm zm�1� ¼ �iFm�121

Mm dβm
D11 þD21ð Þ:

(9:1:28)

Considering the case that the mth layer corresponds to the half space, that is m= n,
the preceding two equations readily permit the sum of the complex amplitudes of the
upgoing and downgoing waves at the free surface, D11 +D21, and the complex
amplitude of the reflected wave D2n to be expressed in terms of the complex
amplitude of the incident general SII wave, namely,

D11 þD21

D1n

¼ 2Mndβn
Fn�111Mn dβn � iFn�121

exp½idβn zn�1� (9:1:29)

and

D2n

D1n

¼ Fn�111Mndβn þ iFn�121

Fn�111Mndβn � iFn�121

exp½i 2dβn zn�1�; (9:1:30)

where (9.1.11) and the condition of vanishing stress at the free surface imply
the amplitudes of the upgoing and downgoing solutions in the top layer are equal,
that is

D11 ¼ D21: (9:1:31)

To show explicitly that (9.1.29) and (9.1.30) provide the desired solutions recall
that
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(1) k for the general SII wave incident in viscoelasticmedium n is given from (9.1.8)
by

k ¼ ω
vHSn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χSu1n
1þ χHSn

s
sin θu1n � i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ χSu1n
1þ χHSn

s
sin θu1n � γu1n
h i !

(9:1:32)

with χSu1n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HSn sec
2 γu1n

q
and χHSn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HSn

q
, which simplifies

for an elastic medium n to

k ¼ ω
vHSn

sin θu1n; (9:1:33)

(2) kSm from (3.6.13) and (3.6.14) is given by

kSm ¼ ω
vHSm

1� i
Q�1

HSm

1þ χHSm

	 

; (9:1:34)

(3) dβm from (4.2.10) is given by

dβm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2Sm � k2

q
; (9:1:35)

and
(4) the complex modulus Mm from (3.6.24) is given by

Mm ¼ ρmv
2
HSm

2

1þ χHSm

χ 2
HSm

1þ iQ�1
HSm

� �
(9:1:36)

for m= 1, …, n.

Substitution of the pertinent material parameters given for each layer, namely
vHSm, Q�1

HSm, ρm, dm, and the given parameters for the incident general SII wave,
namely θu1n, γu1n, and ω, into (9.1.32) through (9.1.36) implies that each of the
corresponding parameters, fm, as defined by (9.1.22) for each layer, and Fn − 1 = fn − 1
fn − 2…f1 are determined. Hence, (9.1.29) and (9.1.30) represent the desired solu-
tions for the complex amplitude at the free surface and the complex amplitude of the
general SII wave reflected at the base in terms of the complex amplitude (D1n) of the
incident general SII wave, its angle of incidence (θu1n), its degree of inhomogeneity
(γu1n), and the material parameters vHSm, Q�1

HSm, ρm, dm for each of the layers.
Equations (9.1.29) through (9.1.36) show that the amplitude and phase response

of the stack of viscoelastic layers depends explicitly on the intrinsic absorption
Q�1

HSmin each of the layers. In addition, they show that the response varies with angle
of incidence θu1n and the degree of inhomogeneity γu1n of the general SII wave
incident at the base of the stack of layers.
The solution as derived here for multilayered media is valid for any linear

viscoelastic solid. In particular, the solution is valid with the layers chosen to be
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any solid whose constitutive law may be expressed as a combination of springs and
dashpots in parallel and or in series with the type of viscoelastic solid not necessarily
being the same for each layer. A special case of the general solution derived here that
has been used in geotechnical engineering is that in which the incident SII wave is
assumed to be homogeneous and the material in each layer is modeled as a Voight
solid (Kanai, 1950; Kramer, 1996, pp. 268–269). The general solution derived here
may be written readily in terms of the parameters μm and ηm for the mth layer of a
stack of Voight solids (see Tables (1.3.29) and (1.3.30)) upon writing material
parameters Q�1

HSm and vHSm using (3.5.2) and (3.5.5) as

Q�1
HSm ¼ ωηm

μm
(9:1:37)

and

vHSm ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μm
ρm

2 1þ ωηm
μm

	 
2 !

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ωηm

μm

	 
2s
vuuuuuuut : (9:1:38)

Substitution of these expressions for the material parameters into the general
solutions (9.1.29) and (9.1.30) yields the solution for the special case of a stack of
viscoelastic Voight layers. With the additional assumption that the incident SII wave
is homogeneous the result is easily shown to agree with that derived by Kanai
(1950) and Kramer (1996).
For the case that the incident wave is assumed to be homogeneous, that is

γu1n ¼ 0, expression (9.1.32) for k simplifies to

k ¼ ω
vHSn

1� i
Q�1

HSn

1þ χHSn

	 

sin θu1n ¼ kSn sin θu1n (9:1:39)

so (9.1.35) for dβm may be written as

dβm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2Sm � k2

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2Sm � k2Sn sin

2 θu1n

q
: (9:1:40)

With the additional assumption that the media are elastic with Q�1
HSm ¼ 0, (9.1.39)

simplifies to the familiar expression for a homogeneous SII (SH) wave incident in
elastic media, namely

k ¼ kSn sin θu1n ¼
ω

vHSn

sin θu1n; (9:1:41)

with

Mm ¼ ρmv
2
HSm: (9:1:42)
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Substitution of (9.1.41) and (9.1.42) into (9.1.29) and (9.1.30) shows that the
equations derived for multilayered viscoelastic media simplify to the corresponding
equations derived for elastic media. (See e.g. equations 4 and 5 in Haskell (1960)
and equations 3.165 and 3.166 in Ben-Menehem and Singh (1981). Their equations
derived for an incident homogeneous SH wave incident on a stack of elastic layers
are easily shown to agree with those derived here in terms of displacement for elastic
media upon realizing that their matrix coefficients were defined for velocity and are
related by Fn�111 ¼ A11 and Fn�121 ¼ iA21k in notation used by Haskell.)

9.2 Analytic Solution (One Layer)

Consideration of a single viscoelastic layer with n= 2 and definitions (9.1.25) and
(9.1.22) imply

F1 ¼ f1 ¼
cos½dβ1d1� sin½dβ1d1�=M1dβ1

�M1dβ1 sin½dβ1d1� cos½dβ1d1�
	 


(9:2:1)

from which it follows that (9.1.29) and (9.1.30) simplify to

D11 þD21

D12

¼ 2 exp idβ2 d1
� �

½cos dβ1d1� þ i
M1dβ1
M2dβ2

sin½dβ1d1�
(9:2:2)

and

D22

D12

¼
cos dβ1d1
� �� i

M1dβ1
M2dβ2

sin½dβ1d1�

cos dβ1d1
� �þ i

M1dβ1
M2dβ2

sin½dβ1d1�
exp i 2dβ2 d1
� �

; (9:2:3)

where

k ¼ ω
vHS2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χSu12
1þ χHS2

s
sin θu12 � i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ χSu12
1þ χHS2

s
sin θu12 � γu12
h i !

;

kSm ¼ ω
vHSm

1� i
Q�1

HSm

1þ χHSm

 !
;

dβm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2Sm � k2

q
;

Mm ¼ ρmv
2
HSm

2

1þ χHSm

χ2HSm

1þ iQ�1
HSm

� �
;

χSujm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HSm sec2 γujm
q

;

χHSm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þQ�2

HSm

q
for m ¼ 1; 2 and j ¼ 1; 2:

(9:2:4)
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Substitution of (9.2.4) into (9.2.2) and (9.2.3) shows explicitly that the surface
response of the single layer and the complex amplitude of the reflected wave depend
on the angle of phase incidence (θu12) and degree of inhomogeneity ðγu12Þ of the
incident wave and the material parameters as specified by quality factors and wave
speeds for homogeneous waves and densities, namely Q�1

HSm;vHSm, and ρm, m=1, 2.

9.3 Numerical Response of Viscoelastic Layers (Elastic,
Earth’s Crust, Rock, Soil)

Equations (9.2.2) through (9.2.4) readily permit computation of the response of the
layer as a function of viscoelastic material parameters and the given parameters of
the incident general Type-II S wave. For purposes of computation it is convenient to
write d1dβm in terms of a frequency f0 as

d1dβm ¼ d1kS1R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2Sm
k2S1R

� k2

k2S1R

s
¼ π

2

f

f0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2Sm
k2S1R

� k2

k2S1R

s
; (9:3:1)

where f0 is defined as

f0 � vHS1

4d1
(9:3:2)

and the components of the complex wave numbers k and kSm m ¼ 1; 2ð Þ as normal-
ized by the real part of that for a homogeneous S wave are given by

kSm
kS1R

¼ vHS1

vHSm

1� i
Q�1

HSm

1þ χHSm

	 

for m ¼ 1; 2; (9:3:3)

kR
kS1R

¼ vHS1

vHS2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χSu12

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þχHS2

p
	 


sin θu12; (9:3:4)

and

kI
kS1R

¼ � vHS1

vHS2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1þ χSu12

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ χHS2

p
 !

sin θu12 � γu12
h i

: (9:3:5)

and the ratio of the complex moduli by

M1

M2

¼ ρ1
ρ2

v 2
HS1

v 2
HS2

1þ χHS1

1þ χHS2

1� iQ�1
HS2

1� iQ�1
HS1

: (9:3:6)

Expressions (9.3.1) through (9.3.6) when substituted into (9.2.2) and (9.2.3) provide
explicit expressions for the normalized response in terms of the parameters of
the incident wave, namely the angle of phase incidence θu12, the degree of
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inhomogeneity γu12, the normalized frequency f=f0, where f0 depends on the thick-
ness d1 and material wave speed of the first layer vHS1, and material parameters of
the viscoelastic media, namely the ratio of densities ρ1 ρ2= , ratio of material wave
speeds for homogeneous waves vHS1=vHS2, and the amounts of material intrinsic
absorption for homogeneous waves as expressed by Q�1

HS1 and Q�1
HS2.

For elastic media (9.3.3) through (9.3.6) reduce to

kSm
kS1R

¼ vHS1

vHSm

for m ¼ 1; 2; (9:3:7)

kR
kS1R

¼ vHS1

vHS2

sin θu12; (9:3:8)

kI
kS1R

¼ 0; (9:3:9)

and

M1

M2

¼ ρ1
ρ2

v 2HS1

v 2HS2

; (9:3:10)

where f0 ¼ vHS1=4d1 represents the lowest frequency of maximum response or the
fundamental frequency of the elastic layer.
To illustrate the influence of various parameters on the response of the layer, the

normalized response to incident SII waves (9.2.2) is calculated as a function of
normalized frequency and one other chosen parameter with the other parameters
held fixed. As a first example, the normalized response of the layer to a normally
incident homogeneous SII wave is shown as a function of the ratio of the material
wave speeds (vHS1=vHS2) and specified amounts of intrinsic absorption (Q�1

HS1,
Q�1

HS2) that range in the layer from near-elastic (Figure (9.3.11)a) to low-loss
amounts appropriate for a model of the Earth’s crust and near-surface soil–rock
layer (Figures (9.3.11)b, c) to non-low-loss amounts appropriate for soft soils
(Figure (9.3.11)d). Considering that variations in density are in part accounted for
by variations in material wave speeds, the ratio of densities for the models is chosen
fixed, ρ1 ρ2 ¼ 0:9:= The calculations illustrate that the amplitude response of the
layer to a normally incident homogeneous wave is frequency-dependent, with local
maxima occurring approximately at odd multiples of f0 ¼ vHS1= 4d1ð Þ for materials
with vHS1=vHS2 � 1 and approximately at even multiples for vHS1=vHS2 � 1. The
figures indicate that the amplitudes of the local maxima are approximately constant
as a function of frequency for media that are nearly elastic (Figure (9.3.11)a) and
that they decrease with frequency for increasing amounts of intrinsic absorption or
damping in the layer. They indicate that the response of the layer to a normally
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incident homogeneous wave decreases as the material wave-speed ratio vHS1=vHS2

tends toward unity and the amount of intrinsic absorption increases.
To consider the influence of inhomogeneity of the incident SII wave, the response

of the layer to a normally incident inhomogeneous SII wave is calculated for material
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Figure (9.3.11). Amplitude response of viscoelastic layers to normally incident
homogeneous Type-II S waves as a function of normalized frequency and the ratio
of material velocities for layers with increasing amounts of intrinsic absorption.
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parameters corresponding to near-elastic media (Figure (9.3.12)a), to low-loss media
(Figures (9.3.12)b, c), and to non-low-loss media (Figure (9.3.12)d). The plots
indicate that for a chosen large degree of inhomogeneity of γu12 ¼ 89:5� for the
normally incident wave, the response of the layer varies with material wave speed and
intrinsic absorption of the layer. The local maxima associated with the fundamental
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Figure (9.3.12). Amplitude response of viscoelastic layers to normally incident
inhomogeneous Type-II S waves as a function of normalized frequency and the
ratio of material velocities with increasing amounts of intrinsic absorption.
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mode and highermodes vary as the ratios ofmaterial wave speeds vHS1=vHS2 vary in a
manner not evident for the case of a normally incident homogeneous wave (compare
Figures (9.3.12) and (9.3.11)). However, similar plots (not shown) for smaller amounts
of inhomogeneity, say γu12 ¼ 80�, show that the response for the material parameters
considered is much more similar to that for a normally incident homogeneous wave.
Hence, for these material parameters the influence of inhomogeneity on the response
decreases rapidly with a decrease in the degree of inhomogeneity of the incident wave.
For the range of material parameters considered, the response of the viscoelastic
surface layer to a normally incident inhomogeneous wave shows a significant depen-
dence on inhomogeneity of the incident wave only for large values of inhomogeneity
with the dependence increasing with the amount of intrinsic absorption.
To further consider the influence of inhomogeneity as well as angle of incidence,

the response of the layer is calculated as a function of angle of incidence for low-loss
material parameters appropriate for a firm soil layer overlying rock for chosen
amounts of inhomogeneity of the incident wave of γu12 ¼ 0�; �60�; �80�; �86�

(Figures (9.3.13)a, b, c, d). Calculations of the angle between the direction of phase
propagation and energy flux for the incident waves indicate the angles are
ffð~Pu12; h~I u12iÞ ¼ 0�; 0:12�; 0:40�; 0:92�, respectively, for the incident waves
with γu12 ¼ 0�; �60�; �80�; �86�. Hence, to ensure that the energy flux asso-
ciated with the incident general SII waves is toward the boundary, as discussed in
Section 6.1.2, model results are calculated only for angles for which 0 ≤ θu12 < 90°,
89.88°, 89.60°, and 89.08°, respectively.
The response of the layer for each incident general SII wave (Figures (9.3.13)a, b,

c, d) reveals local maxima corresponding to the fundamental and higher modes with
the maximum response for each mode decreasing with increasing frequency. For the
example in which the incident wave is homogeneous (Figure (9.3.13)a), the
response of the layer for each normalized frequency decreases monotonically with
increasing angles of incidence. The response indicates that the vertical energy flux
across the boundary associated with the incident wave decreases as the angle of
incidence approaches grazing incidence for the energy flux of the incident wave.
For the examples in which the incident wave is inhomogeneous (Figures (9.3.13)

b, c, d), the response of the layer for each normalized frequency shows a distinct
difference from that for incident homogeneous waves. The response is similar to
that for an incident homogeneous wave (Figure (9.3.13)a) for a lower range in
angles of incidence, but for larger angles of incidence the response increases with
increasing angle of incidence. This important difference in the nature of the response
for incident inhomogeneous waves is explained by an increase in the vertical energy
flux across the boundary as the angle of incidence increases due to energy flow
associated with interaction of the velocity and stress fields of the incident and
reflected waves at the base of the layer (see Section 6.1.2 for additional discussion).
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Calculations (not shown) indicate that the influence of inhomogeneity of the
incident wave begins to be apparent for the chosen material parameters for degrees
of inhomogeneity of −60° and larger in magnitude (Figures (9.3.13)b, c, d). The
figures indicate that the influence of inhomogeneity increases as the magnitude of
inhomogeneity of the incident wave increases with a principal result being an
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Figure (9.3.13). Amplitude response of a viscoelastic layer as a function of
normalized frequency and angle of incidence for incident Type-II S waves with
degrees of inhomogeneity of γu12 ¼ 0�; �60�; �80�; �86� (a, b, c, d).
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increase in the response of the layer for each of the various modes as grazing
incidence for energy flux is approached. The range of angles of incidence over
which the increase in response occurs increases with the degree of inhomogeneity of
the incident wave. Additional calculations (not shown) also indicate that this range
of angles over which the increase occurs increases as the amount of intrinsic
absorption in the layer increases.

9.4 Problems

(1) Use the solution for the response of an arbitrary viscoelastic layer to an incident
inhomogeneous SII wave as specified by (9.2.2) and (9.2.3) to derive the
expressions for the corresponding response if the media are standard linear
viscoelastic solids.

(2) Find the classic solution for a stack of n elastic layers to an incident homo-
geneous SII wave using the general solutions (9.1.29) and (9.1.30) derived for
an arbitrary stack of n viscoelastic layers.

(3) Sketch curves from Figure (9.3.11) showing the response of a single layer as a
function of normalized frequency for vHS1=vHS2 	 0:1 to a vertically incident
homogeneous SII wave for near-elastic (Q�1

HS1 ¼ Q�1
HS2 ¼ 0:000 01), low-loss

(Q�1
HS1 ¼ 0:05;Q�1

HS2 ¼ 0:02) and non-low-loss media (Q�1
HS1 ¼ 0:2;Q�1

HS2 ¼
0:1). Describe the dependence of the response on the amount of intrinsic absorp-
tion in the layer.

(4) Sketch curves from Figure (9.3.13) showing the response of a single low-loss layer
as a function of normalized frequency for an incident SII wave at angles of
incidence of θu12 ¼ 0� and θu12 	 85� with degrees of inhomogeneity of
γu12 ¼ 0�, γu12 ¼ �60�, and γu12 ¼ �80�. Describe the dependences of the
response on angle of incidence and degree of inhomogeneity of the incident wave.
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Love-Type Surface Waves in Multilayered
Viscoelastic Media

In 1911 Love first established the solution for surface waves with horizontal particle
motions in elastic media comprised of a layer over a half space. He showed that
solutions for SII (SH) waves with attenuation perpendicular to the boundary could
be found that satisfy the boundary conditions. A solution is presented here for the
problem of multiple viscoelastic layers overlying a viscoelastic half space. The
solution for the postulated surface waves is found by showing that a complex wave
number k can be found such that assumed plane-wave solutions in each of the layers
and in the half space satisfy the boundary conditions at the free surface and at the
interfaces between the layers and the half space.

10.1 Analytic Solution (Multiple Layers)

To specify the problem consider n− 1 layers over a half space with notation
specifying the media and boundaries as shown in Figure (9.1.1) for the problem
of an incident SII wave on a stack of n− 1 layers. Without loss of generality,
solutions in each of the layers as specified by (9.1.2) through (9.1.7) are rewritten
in terms of

bβ � principal value
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � k2S

q
¼ idβ; (10:1:1)

where “principal value
ffip
” denotes the principal value (4.2.13) of the square root.

Assuming that the solutions in the mth layer are of this form implies that bβmR
� 0

and hence the direction of attenuation for the chosen solutions is unambiguously
specified with respect to the þx̂3 direction.
The plane-wave solution assumed for the mth layer (1 <m≤ n) written in terms of

bβm is
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~um zð Þ ¼ um zð Þx̂2 ¼
X2
j¼1

ujmx̂2 ¼
X2
j¼1

Djm exp i ωt� ~Kujm
.~r

� �h i
x̂2

¼
X2
j¼1

Djm exp i ωt� kx� ð�1Þ jþ1ibβmz
� �h i

x̂2;

(10:1:2)

where

~Kujm ¼ ~Pujm � i~Aujm ¼ kx̂1 þ i �1ð Þ jþ1bβmx̂3; (10:1:3)

~Pujm ¼ kRx̂1 þ �1ð Þ jbβmI
x̂3; (10:1:4)

~Aujm ¼ �kIx̂1 þ �1ð Þ jbβmR
x̂3; (10:1:5)

with the solution for the half space specified by m= n and D1n= 0. Choice of these
solutions assures that the attenuation vector for the solution in the half space is
directed in the þx̂3 direction into the half space away from the free surface.
Application of the boundary conditions of vanishing stress at the free surface and

continuity of stress and displacement at the boundaries allows the derivation used to
derive (9.1.28) to be repeated using the solutions assumed here. Hence, the complex
displacement at the boundary of the half space is related to that at the free surface by

D2n exp½�bβnzn�1� ¼ Fn�111 D11 þD21ð Þ (10:1:6)

and

D2n exp½�bβnzn�1� ¼ �Fn�121

Mnbβn
D11 þD21ð Þ; (10:1:7)

where the condition of vanishing stress at the free surface implies from (9.1.9),
(10.1.1), and (10.1.2) that

D11 ¼ D21: (10:1:8)

Hence, for non-trivial plane-wave solutions

Fn�111 ¼
�Fn�121

Mnbβn
; (10:1:9)

where Fn − 1 ≡ fn − 1 fn− 2 … f1 and

fm � cos½�i bβm dm�
sin½�i bβm dm�
�iMm bβm

iMm bβm sin½�i bβm dm� cos½�i bβm dm�

0
B@

1
CA: (10:1:10)
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Hence, if the postulated solutions are to satisfy the boundary conditions for the
posed problem, then the complex wave number k for the solutions must satisfy
(10.1.9). It turns out that an infinite number of values for the complex wave number
k exist that satisfy (10.1.9) with each value dependent on the given frequency of the
wave and the given set of layer thicknesses and viscoelastic material parameters.
The existence of these values establishes that the postulated solutions for a Love-
Type surface wave as specified by (10.1.2) through (10.1.5) satisfy the boundary
conditions as specified for a stack of n− 1 viscoelastic layers overlying a viscoelas-
tic half space. Hence, the solution for a Love-Type surface wave on a stack of n− 1
viscoelastic layers is established upon determining the real and imaginary compo-
nents of the complex wave number k that satisfies (10.1.9). A procedure for finding
the components of k will be presented in a subsequent section.
The magnitude of the phase velocity vL and the absorption coefficient aL for a

Love-Type surface wave of circular frequency ω are given in terms of the real and
imaginary parts of the complex wave number k by

vL ¼ ω
kR

(10:1:11)

and

aL ¼ �kI: (10:1:12)

These expressions indicate that the problem of finding the solution for a Love-Type
surface wave may also be stated as the problem of finding pairs of values for the
wave speed and absorption coefficient (vL, aL) that satisfy (10.1.9) for a given set of
viscoelastic material parameters characterizing each layer and the half space.
Definitions given for the propagation and attenuation vectors of the solutions in

each layer (10.1.4) and (10.1.5) imply that the angles the vectors make with respect
to the horizontal ðeujmÞ and the vertical ðdujmÞ are given by

tan eujm ¼ �1ð Þ j bβmI
=kR ¼ �1ð Þ j bβmI

vL
ω

(10:1:13)

and

tan dujm ¼ �1ð Þ jþ1 kI
bβmR

¼ �1ð Þ j aL
bβmR

: (10:1:14)

Hence, the existence of non-vanishing pairs of values (vL, aL) for a Love-Type
surface wave on anelastic media indicates the propagation and attenuation vectors
for the component solutions in each layer are inclined with respect to the horizontal
and vertical, respectively. Avanishing value of aL for elastic media indicates that the
attenuation vectors for the component solutions in each layer are perpendicular to
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the free surface and hence the corresponding propagation vectors are parallel to the
free surface, because the only type of inhomogeneous component solution that can
propagate in elastic media is one for which the vectors are perpendicular (see
Theorem (3.1.17)). The inclinations of these vectors for anelastic media imply the
characteristics of the physical displacement field in each layer are different from
those for elastic media.

10.2 Displacement (Multiple Layers)

Assuming that complex values of k can be found such that (10.1.9) can be satisfied,
solution of (9.1.28) rewritten for the problem of a Love-Type surface wave allows
the complex amplitudes of the upgoing and downgoing inhomogeneous solutions in
the mth layer to be written in terms of the complex amplitudes of the solutions at the
free surface, specifically

D1m ¼ Fm�111 þ
Fm�121

Mmbβm

� �
exp½�bβm zm�1�D11 (10:2:1)

and

D2m ¼ Fm�111 �
Fm�121

Mmbβm

� �
exp½bβm zm�1�D11; (10:2:2)

wherem> 1. Hence, the complex displacement in themth layer expressed in terms of
the complex amplitudes of the solutions at the free surface is given from (10.1.2)
through (10.1.5) by

~umðzÞ ¼ D11

X2
j¼1

Fm�111 �
ð�1Þ j Fm�121

2Mmbβm

� �
exp½ð�1Þ jþ1bβmðz� zm�1Þ�

exp½iðωt� kxÞ�x̂2: ð10:2:3Þ
This expression with m= n and (10.1.9) implies that the complex displacement in
the half space is

~un zð Þ ¼ 2D11Fn�111 exp½kIx� bβn z� zn�1ð Þ� exp½i ωt� kRxð Þ�x̂2: (10:2:4)

The complex displacement in the first layer, from (10.1.2) and (10.1.8) is

~u1 zð Þ ¼ 2D11 cos½ibβ1z� exp kIx½ � exp i ωt� kRxð Þ½ �x̂2: (10:2:5)

Hence, the normalized physical displacement in the half space as implied by the real
part of (10.2.4) is
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~unRðzÞ
D11j j ¼ 2 Fn�111

�� �� exp½kIx� bβnR z� zn�1ð Þ�

sin ωt� kRxþ π=2� bβnI z� zn�1ð Þ þ argD11 þ argFn�111

� 	
x̂2

(10:2:6)

and that at the free surface from (10.2.5), is

~u1R z ¼ z0ð Þ
D11j j ¼ 2 exp½kIx� sin ωt� kRxþ π=2þ argD11�x̂2:½ (10:2:7)

Expression (10.2.6) indicates that the physical displacement in the viscoelastic
half space shows superimposed a sinusoidal dependence on depth that decays
exponentially with distance from the interface. It indicates that the displacement
in the half space is out of phase with that at the surface (10.2.7) by an amount
that depends on the thickness of intervening layers and their viscoelastic mate-
rial parameters. It indicates that the physical displacement attenuates with
absorption coefficient aL =−kI along both the interface at depth and the free
surface.
The physical displacement field in the mth layer as inferred from the real part of

(10.1.2) in terms of the amplitudes of the upgoing and downgoing solutions is

~umR
zð Þ ¼

X2
j¼1

ujmR
x̂2 ¼

X2
j¼1

Djm

�� �� exp � �kIxþ �1ð Þ jbβmR
z


 �� 	
sin ωt� kRxþ �1ð Þ jbβmI

z

 �þ argDjm þ π=2

� 	
x̂2: ð10:2:8Þ

Upon introducing notation

Ejm � Djm

�� �� exp �1ð Þ jþ1bβmR
z

� 	
;

gjm � �1ð Þ jþ1bβmI
zþ argDjm;

(10:2:9)

for j = 1, 2, (10.2.8) may be written as

~umR
zð Þ ¼ exp kIx½ �

X2
j¼1

Ejm

�� �� sin ωt� kRxþ π=2þ gjm
� 	

x̂2 (10:2:10)

and further simplified to yield the desired expression for the physical displacement
in the mth layer, namely,

~umR
zð Þ ¼ exp kIx½ �Hm sin ωt� kRxþ π 2= þ δm½ �x̂2; (10:2:11)
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where

Hm �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E 2

1m þ E 2
2m þ 2E1mE2m cos g1m � g2m½ �

q
;

δm � arctan
E1m sin g1m½ � þ E2m sin g2m½ �
E1m cos g1m½ � þ E2m cos g2m½ �
� 


:
(10:2:12)

10.3 Analytic Solution and Displacement (One Layer)

Solutions of (10.1.9) for a Love-Type surface wave in viscoelastic media are most
readily considered for the case of a single layer overlying a half space. For the case
that n = 2 (10.1.9) simplifies using (10.1.10) to

cos½�ibβ1d1� ¼ �iM1bβ1 sin½�ibβ1d1�
M2bβ2

; (10:3:1)

or

tan½�ibβ1d1� ¼ �tan½ibβ1d1 � nπ� ¼ iM2bβ2
M1bβ1

; (10:3:2)

where for anelastic media the argument of the tangent and the right-hand side
of (10.3.2) are in general complex variables dependent on the intrinsic absorption
of the media. This dependence causes the equations to be more cumbersome to
solve than for elastic media. Using the inverse of the complex tangent function
and an identity in terms of the complex natural logarithm (Kreysig, 1967,
p. 559), (10.3.2) may be expressed in terms of circular frequency in two alternate
forms as

ω
d1
vL

¼ �i
kR
bβ1

arctan � iM2bβ2
M1bβ1

� 

� nπ

� �

¼ �i
kR
bβ1

i

2
ln 1�M2bβ2

M1bβ1

� ��
1þM2bβ2

M1bβ1

� �� 

� nπ

� �
:

(10:3:3)

Towards deriving solutions of (10.3.3) the right-hand side of the equation can be
expressed in terms of the ratios of wave speeds for a Love-Type surface wave and a
homogeneous shear wave in the first layer, namely vL=vHS1 and corresponding
ratios for the absorption coefficient, namely aL=aHS1 using (10.1.11) and (10.1.12).
To derive this result, k=kR may be written using (3.6.14) as

k

kR
¼ 1� i

aLvL
ω

¼ 1� i
aL
aHS1

vL
vHS1

Q�1
HS1

1þ χHS1

(10:3:4)
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and kSj=kR as

kSj
kR

¼ vL
vHS1

vHS1

vHSj

1� i
aHSjvHSj

ω

� �
¼ vL

vHS1

vHS1

vHSj

1� i
Q�1

HSj

1þ χHSj

 !
(10:3:5)

from which it follows that bβj=kR for j= 1, 2 may be written as

bβj
kR

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

k2R
� k2Sj

k2R

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�i

aL
aHS1

vL
vHS1

Q�1
HS1

1þ χHS1

� �2
� vL

vHS1

vHS1

vHSj

1� i
Q�1

HSj

1þ χHSj

 ! !2vuut :

(10:3:6)

Identities (3.5.11) and (3.5.9) show that the ratio of the complex shear moduli for the
two media may be written as

M2

M1

¼ ρ2
ρ1

v 2
HS2

v 2
HS1

1þ χHS2

1þ χHS1

1� iQ �1
HS1

1� iQ �1
HS2

: (10:3:7)

Hence, substituting (10.3.6) and (10.3.7) into (10.3.3) allows (10.3.3) to be written
as a function of the given material parameters and the ratio for the velocity and
absorption coefficient of a Love-Type surface wave as

ω
d1
vL

¼ F
ρ1
ρ2

;Q �1
HS1;Q

�1
HS2;

aL
aHS1

;
vL
vHS1

� 

; (10:3:8)

where the function F [ ] is defined by

F
ρ1
ρ2

;Q �1
HS1;Q

�1
HS2;

aL
aHS1

;
vL
vHS1

� 

� �i

1� i
aL
aHS1

vL

vHS1

Q �1
HS1

1þ χHS1

 !2

�
vL

vHS1

1� i
Q �1

HS1

1þ χHS1

 ! !2

0
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1
CCCCCA
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(10:3:9)

Hence, for a given set of material parameters ρ2=ρ1, vHS2=vHS1,Q�1
HS1, andQ

�1
HS2 and

a given value of n, (10.3.9) shows explicitly that pairs of values of vL=vHS1, and
aL=aHS1 that yield a non-negative real number for the right-hand side of (10.3.9)
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represent the solution of (10.3.8) for a Love-Type surface wave of circular fre-
quencyω and wave speed vL in viscoelastic media with a layer of thickness d1. For a
given set of material parameters the pair of values for vL=vHS1 and aL=aHS1 that
satisfy (10.3.8) depend on frequency. This dependence of the wave speed on
frequency is termed dispersion.
For elastic media with Q�1

HS1 ¼ Q�1
HS2 ¼ 0, (10.3.7), (10.3.6), and (10.3.5) imply

bβ1 ¼ i
ω
vL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v 2
L

v 2HS1

� 1

s
¼ ibβ1I ; bβ1R¼ 0;

bβ2 ¼ ω
vL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v 2L

v 2
HS2

s
¼ bβ2R ; bβ2I¼ 0:

(10:3:10)

Hence, the period equations (10.3.3) and (10.3.8) for viscoelastic media simplify to
the familiar period equation for elastic media, namely

ω
vL

d1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v 2
L

v 2
HS1

� 1

s !�1

arctan
ρ2
ρ1

v 2
HS2

v 2
HS1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v 2

L

v 2
HS2

s , ffiffiffiffiffiffiffiffiffiffi
v 2
L

v 2
HS1

s
� 1

" #
� nπ

 !
;

(10:3:11)

showing that for a given value of n, values of the wave speed vL=ω/k exist such that
the period equation (10.3.11) is satisfied for values of vL such that vHS15vL5vHS2.
The normalized physical displacement field in the viscoelastic half space is given

by (10.2.6) with n= 2 as

~u2R zð Þ
D11j j ¼ 2 F111

�� ��exp½kIx� bβ2R z� d1ð Þ�

sin ωt� kRxþ π=2� bβ2I z� d1ð Þ þ argD11 þ argF111

� 	
x̂2;

(10:3:12)

where F111 ¼ cos i bβ1d1
� 	

. The corresponding normalized displacement in the
viscoelastic layer is given by (10.2.11) with m= 1, as

~u1R zð Þ
D11j j ¼ exp kIx½ � H1

D11j j sin ωt� kRxþ π 2= þ δ1½ �x̂2; (10:3:13)

where

H1

D11j j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 cosh 2bβ1Rz

� 	þ 2 cos 2bβ1Iz
� 	q

; (10:3:14)

δ1 ¼ tan�1 exp bβ1Rz
� 	

sin g11½ � þ exp �bβ1Rz
� 	

sin g21½ �
exp bβ1Rz
� 	

cos g11½ � þ exp �bβ1Rz
� 	

cos g21½ �

" #
; (10:3:15)
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and

g j1 � �1ð Þ jþ1bβ1Izþ argD11 (10:3:16)

for j = 1, 2.
For elastic media with Q�1

HS1 ¼ Q�1
HS2 ¼ 0, (10.3.10) implies F111 ¼ cos bβ1Id1

� 	
,

so (10.3.12) yields the familiar expression for the displacement in the elastic half
space as

~u2R zð Þ
D11j j ¼ 2 cos

ω
vL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v 2
L

v 2
HS1

� 1

s
d1

" #
exp � ω

vL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v 2

L

v 2
HS2

s
z� d1ð Þ

" #

sin ωt� kRxþ π=2þ argD11½ �x̂2;
(10:3:17)

where vHS15vL5vHS2. Similarly, (10.3.10) and (10.3.13) yield the familiar expres-
sion for the displacement in the elastic layer as

~u1R zð Þ ¼ 2 D11j j cos bβ1I z
� 	

sin ωt� kRxþ π=2þ argD11½ �x̂2; (10:3:18)

where it can be readily shown that

H1 ¼ D11j j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 2 cos 2bβ1Iz

� 	q
¼ D11j j2 cos bβ1Iz

� 	
(10:3:19)

and

δ1 ¼ arctan
sin g11½ � þ sin g21½ �
cos g11½ � þ cos g21½ �
� 


¼ argD11: (10:3:20)

Comparison of (10.3.17) with (10.3.18) and (10.3.19) together with (10.3.10) shows
that the displacement is continuous across the boundary. In contrast to the situation
for anelastic media, (10.3.17) shows that the displacement in the elastic half space
shows no superimposed sinusoidal dependence with depth and that the displace-
ment at any depth is in phase with that at the surface.

10.4 Numerical Characteristics of Love-Type Surface Waves

Quantitative descriptions of the physical characteristics of a Love-Type surface
wave can be derived from solutions for pairs of values for wave speed vL and
absorption coefficient aL that satisfy (10.3.8) for a given set of viscoelastic material
parameters and chosen frequency for the wave. If pairs of values of vL and aL are
solutions of (10.3.8) for a Love-Type surface wave, then the imaginary part of F( ) as
defined in (10.3.9) must vanish and the real part must be positive, that is

Im F
ρ1
ρ2

;Q�1
HS1;Q

�1
HS2;

aL
aHS1

;
vL
vHS1

� �� 

¼ 0 (10:4:1)
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and

Re F
ρ1
ρ2

;Q�1
HS1;Q

�1
HS2;

aL
aHS1

;
vL
vHS1

� �� 

40: (10:4:2)

These conditions suggest an approach towards determining the desired pairs of
vL and aL for a given set of material parameters. They indicate that upon specifica-
tion of an appropriate wave-speed ratio vL=vHS1 the corresponding absorption-
coefficient ratio aL=aHS1 can be determined by finding the root of (10.4.1) that
satisfies (10.4.2). Numerical calculations that use the secant method inMathematica
(Wolfram, 1999) to locate the roots of (10.4.1) show that this approach yields the
desired pairs of vL and aL values for a wide range of viscoelastic materials as a
function of frequency and thickness of the layer.
Quantitative estimates of the absorption coefficient ratio aL=aHS1 as a function

of the wave-speed ratio vL=vHS1 for values of the ratio that satisfy
15vL=vHS15vHS2=vHS1 are shown for a given set of viscoelastic material para-
meters for the fundamental mode of a Love-Type surface wave in Figure (10.4.6).
Values chosen for the material parameters needed to solve (10.4.1) are
ρ2=ρ1 ¼ 1:283, vHS2=vHS1 ¼ 1:297, Q�1

HS2 ¼ 0:01, and a set of values for intrinsic
absorption in the layer as indicated in the figure ranging from low loss
(Q�1

HS1 ¼ 0:01) to significant loss Q�1
HS1 ¼ 0:5


 �
. The curves indicate that the

dependence of the absorption-coefficient ratio on the wave-speed ratio varies
significantly as the amount of intrinsic absorption in the layer increases.
Dispersion curves corresponding to the absorption curves in Figure (10.4.6) are

shown in Figure (10.4.7) for the fundamental mode of Love-Type surface waves.
The plots indicate that for the chosen material parameters, variations in the curves
due to variations in the amount of intrinsic absorption in the layer are most evident
for amounts of intrinsic absorption Q�1

HS1 � 0:1. For low-loss amounts of intrinsic
absorption in the layer with Q�1

HS15 0:1 the deviations in the curves from those for
an elastic solid are small and less discernible at the scale plotted. The curve
computed for the special case of elastic media agrees with that previously published
(see e.g. Ewing, Jardetsky, and Press, 1957, p. 213).
The distribution of physical displacement with depth as specified by (10.3.12) and

(10.3.13) can be computed efficiently as a function of depth in units of fractions of a
wavelength along the surface. With the wavelength along the surface defined by
λ � 2π=kR the normalized maximum amplitude of a Love-Type surface wave,
expressed as a function of depth in terms of fractions of a wavelength, z=λ, is given in
the half space by

max
~u2R zð Þ
D11j j

� 

¼ 2 cos i

bβ1
kR

2π
d1
λ

� 
����
����exp �aLx� 2π

bβ2R
kR

z

λ
� d1

λ

� �� 

(10:4:3)
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and in the layer from (10.3.13) as

max½~u1R zð Þ�
D11j j ¼ exp �aLx½ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 cosh 4π

bβ1R
kR

z

λ

� 

þ 2 cos 4π

bβ1I
kR

z

λ

� 
s
: (10:4:4)

For purposes of calculation, fractions of a wavelength, z/λ, may be expressed in
terms of ωd1=vL as

z

λ
¼ z

kR
2π

¼ 1

2π

z

d1

ω d1
vL

: (10:4:5)

Hence, a given pair of values of vL=vHS1 and aL=aHS1 that satisfy (10.4.1) and
(10.4.2) when substituted into (10.3.8) yield estimates of ωd1=vL and in turn
estimates of d1=λ ¼ ωd1=vL. As a result the amplitude distribution in the half
space (10.4.3) when specified in units of fractions of a wavelengthmay be computed
without an explicit specification of the thickness d1.
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Figure (10.4.6). Normalized absorption coefficient as a function of normalized
wave speed for the fundamental mode of a Love-Type surface wave in viscoelastic
media with material parameters as indicated.
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Figure (10.4.7). Dispersion curves showing the correspondence between
normalized wave speed and ωd1=vL for the fundamental mode of a Love-Type
surface wave in viscoelastic media with material parameters as indicated.

The normalized maximum physical amplitude of a Love-Type surface wave is
shown as a function of depth for various amounts of intrinsic absorption in the layer
in Figure (10.4.8). The amplitude distribution corresponding to each value of Q�1

HS1

is that for which the wave-speed ratio vL=vHS1 ¼ 1:25 and the viscoelastic material
parameters are as indicated.
The curves in Figure (10.4.8) indicate that for the chosen material parameters,

the amplitudes decrease by about 25 percent within a depth of about 17 percent of a
wavelength below the surface. The curves indicate that deviations in the amplitude
distributions due to increases in intrinsic absorption in the layer begin to become
apparent for depths greater than about 20 percent of a wavelength and values of
Q�1

HS140:1. For depths greater than about 20 percent, the decrease in amplitude with
depth increases with an increase in intrinsic absorption. For the material parameters
chosen, the dependence of the normalized amplitude distribution on depth for
low-loss media (Q�1

HS150:1) is nearly indistinguishable at the scale plotted from
that for corresponding elastic media.
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Figure (10.4.8). Normalized amplitude distribution for the fundamental mode of a
Love-Type surface wave in viscoelastic media with material parameters as indicated.

Normalized absorption, dispersion, and normalized amplitude distribution
curves are shown for the first higher mode (n= 1) of a Love-Type surface wave in
Figures (10.4.9), (10.4.10), and (10.4.15). These curves for the first higher mode are
computed for the same set of viscoelastic material parameters as in corresponding
Figures (10.4.6), (10.4.7), and (10.4.8) for the fundamental mode.
The curves for the first higher mode in Figures (10.4.9) and (10.4.10) indicate

that for the material parameters chosen, the range of wave-speed ratios vL=vHS1 for
which valid roots of (10.4.1) can be determined, that is valid absorption coefficients
ratios can be determined, is restricted to large amounts of intrinsic absorption
(Q�1

HS1 � 0:4 ) compared with the corresponding range for the fundamental mode.
The normalized absorption coefficient for the first higher mode shows a strong

dependence on Q�1
HS1 in the layer (Figure (10.4.9)). The corresponding dispersion

curve (Figure (10.4.10)) shows a distinguishable dependence on Q�1
HS1 for media

with Q�1
HS1 � 0:1. The dispersion curve for an equal amount of absorption in the

layer and the half space (Q�1
HS1 ¼ Q�1

HS2 ¼ 0:01) is indistinguishable from the
corresponding curve for elastic media.
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The normalized amplitude distribution for the first higher mode (Figure (10.4.15))
indicates that at a depth of about 33 percent of a wavelength the amplitude of a
Love-Type surface wave vanishes for elastic media but does not for anelastic media.
For the parameters chosen, distinguishable dependences on Q�1

HS1 are apparent for
depths near the minimum and maximum values in the distribution at depths near 33
and 66 percent of a wavelength. The largest dependences on Q�1

HS1 are apparent at
depths near and greater than a wavelength.
The procedure used here to derive quantitative estimates of the physical character-

istics of Love-Type surface waves on an arbitrary viscoelastic media with general
material parameters vHSj;Q

�1
HSj; ρj for j ¼ 1; 2 can be readily extended to any particu-

lar viscoelastic solid as might be characterized by combinations of springs and dash-
pots. As an example, if the viscoelastic model for the layer is chosen as a Standard
Linear solidwithmaterial parameters τp, τe,Mr and ρ1 and themodel for the half space is
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Figure (10.4.9). Normalized absorption coefficient as a function of normalized
wave speed for the first higher mode (n = 1) of a Love-Type surface wave in
viscoelastic media with material parameters as indicated.
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Figure (10.4.10). Dispersion curves showing the correspondence between
normalized wave speed and ωd1=vL for the first higher mode (n= 1) of a
Love-Type surface wave in viscoelastic media with material parameters as indicated.

chosen as a Maxwell solid with material parameters μ, η, and ρ2, then specification of
circular frequencyω and thesematerial parameters impliesQ�1

HSj and vHSj for j ¼ 1; 2

are given in the layer from Table (1.3.30) using (3.5.2) and (3.5.5) by

Q�1
HS1 ¼

ω τe � τp

 �

1þ ω2τpτe
(10:4:11)

and

vHS1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Mr

ρ1

1þ ω2τeτp
1þ ω2τ2p

2 1þ ω τe � τp

 �

1þ ω2τeτp

 �

 !20
@

1
A

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ω τe � τp


 �
1þ ω2τeτp

 �
 !2

vuut

vuuuuuuuuut
(10:4:12)
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and in the half space by

Q�1
HS2 ¼

μ
ωη

(10:4:13)

and

vHS2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ
ρ2

ω2η2

μ2 þ ω2η2
2 1þ μ

ωη

� �2 !,
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ μ

ωη

� �2s0
@

1
A:

vuuut (10:4:14)

Hence, specification of the material parameters for these particular viscoelastic models
together with frequency ω allows the general material parameters vHS2=vHS1; ρ2=ρ1;
and Q�1

HSj for j ¼ 1; 2 to be determined, fromwhich curves similar to those in Figures
(10.4.6) through (10.4.15) for a Love-Type surface wave can be readily derived.
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Figure (10.4.15). Normalized amplitude distribution for the first higher mode
(n= 1) of a Love-Type surface wave in viscoelastic media with material
parameters as indicated.
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10.5 Problems

(1) Use the period equation for a Love-Type surface wave propagating in a layer
over a half space of arbitrary viscoelastic media as specified by (10.3.8) and
(10.3.9) to derive the period equation for elastic media (10.3.11). Similarly, find
the period equation if the media are Voight solids.

(2) Use the period equation for a Love-Type surface wave specified in terms of the
complex shear moduli by (10.3.3) to derive the period equation as expressed in
terms of the wave-speed and absorption-coefficient ratios vL=vHS1 and aL=aHS1

and material parameters ρ2=ρ1, vHS2=vHS1, Q�1
HS1, and Q�1

HS2 as specified by
(10.3.8) and (10.3.9).

(3) Describe each of the steps used to solve the complex period equation as
specified by (10.3.8) and (10.3.9) for a Love-Type surface wave in a viscoelas-
tic layer over a half space.

(4) Sketch curves showing pairs of values for the absorption coefficient ratio and
wave-speed ratio aL=aHS1; vL=vHS1ð Þ that satisfy the complex period equation
as specified by (10.3.8) and (10.3.9) for viscoelastic layers with increasing
amounts of intrinsic absorption, that is Q�1

HS1 ¼ 0:01, Q�1
HS1 ¼ 0:02,

Q�1
HS1 ¼ 0:1, andQ�1

HS1 ¼ 0:5 for the fundamental mode of a Love-Type surface
wave using the curves in Figure (10.4.6).

(5) Plot values for the absorption-coefficient ratio versus values of Q�1
HS1 ¼ 0:01;

0:02; 0:05; 0:1; 0:2; 0:3; 0:4; 0:5 for a fixed value of the wave-speed ratio of
vL=vHS1 ¼ 1:2 for the fundamental mode of a Love-Type surface wave using
Figure (10.4.6). Describe how the absorption coefficient ratio as plotted in Figure
(10.4.6) varies with increasing amounts of intrinsic absorption in shear of the layer.

(6) Sketch dispersion curves for the fundamental mode of a Love-Type surface
wave showing the correspondence between normalized wave speed vL=vHS1

and ωd1=vL for viscoelastic layers with Q�1
HS1 ¼ 0:01, Q�1

HS1 ¼ 0:02,
Q�1

HS1 ¼ 0:1, and Q�1
HS1 ¼ 0:5 using Figure (10.4.7). Describe the influence of

increasing intrinsic absorption in the layer on the dispersion curve.
(7) Sketch curves showing the normalized amplitude distribution versus normal-

ized depth for the fundamental mode of a Love-Type surface wave for viscoe-
lastic layers with Q�1

HS1 ¼ 0, Q�1
HS1 ¼ 0:1, and Q�1

HS1 ¼ 0:5, using Figure
(10.4.8). Describe the influence of increasing intrinsic absorption in the layer
on the normalized amplitude distribution in the half space.

(8) Compare curves for the fundamental mode of a Love-Type surface wave in
Figures (10.4.6), (10.4.7), and (10.4.8) with corresponding curves for the first
higher mode, namely (10.4.9), (10.4.10), and (10.4.15). Comment on differences
observed in the curves.
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11

Appendices

11.1 Appendix 1 – Properties of Riemann–Stieltjes Convolution Integral

Useful properties of the Riemann–Stieltjes convolution integral as proved by Gurtin
and Sternberg (1962, pp. 298–299) are as follows.
Theorem (11.1.1) If f (t) is continuous on 0;1½ �, the first derivatives of g (t) and h(t)
exist on 0;1½ �, and f tð Þ ¼ g tð Þ ¼ h tð Þ ¼ 0 for t < 0, then

f � dg ¼ g � df; (11:1:2)

f � d g � hð Þ ¼ f � dgð Þ � dh ¼ f � dg � dh; (11:1:3)

f � d gþ hð Þ ¼ f � dgþ f � dh; (11:1:4)

f � d gð Þ ¼ 0 implies f ¼ 0 or g ¼ 0; (11:1:5)

f � d gð Þ ¼ g 0ð Þf tð Þ þ
Z 1

0

f t� τð Þ dg τð Þ
dτ

dτ for 0 � t51: (11:1:6)

11.2 Appendix 2 – Vector and Displacement-Potential Identities

This appendix provides identities for scalar and vector products and identities for
displacement potentials.

11.2.1 Vector Identities

Useful vector identities are

(1) scalar triple product,

~A . ~B� ~C
� �

¼ ~B . ~C� ~A
� �

¼ ~C . ~A� ~B
� �

; (11:2:1)
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(2) vector triple product,

~A� ~B� ~C
� �

¼ ~B ~A . ~C
� �

� ~C ~A . ~B
� �

; (11:2:2)

(3) vector quadruple product,

~A� ~B
� �

. ~C� ~D
� �

¼ ~A . ~C
� �

~B . ~D
� �

� ~A . ~D
� �

~B . ~C
� �

; (11:2:3)

~A� ~B
� �2

¼ ~A . ~A
� �

~B . ~B
� �

� ~A . ~B
� �

~B . ~A
� �

¼ ~A 2~B 2 � ~A . ~BÞ2:
�

(11:2:4)

11.2.2 Displacement-Potential Identities

Useful displacement-potential identities for the scalar potential

f ¼ G0 exp �~A .~r
h i

exp i ωt� ~P .~r
� �h i

¼ G0 exp i ωt� ~K .~r
� �h i

(11:2:5)

are

Δ

f ¼ �ð~Aþ i~PÞf ¼ �i~Kf (11:2:6)

and
Δ2f ¼ ð~Aþ i~PÞ . ð~Aþ i~PÞf ¼ �~K . ~Kf: (11:2:7)

Useful identities for the vector potential (Cowan, 1968, p. 226)

~ψ ¼ ~G0 exp �~A .~r
h i

exp i ωt� ~P .~r
� �h i

¼ ~G0 exp i ωt� ~K .~r
� �h i

(11:2:8)

are

Δ

. ~ψ ¼ �ið~P� i~AÞ . ~ψ ¼ �i~K . ~ψ; (11:2:9)

Δ�~ψ ¼ �ið~P� i~AÞ �~ψ ¼ �i~K�~ψ; (11:2:10)

and

Δ2~ψ ¼ �ð~P� i~AÞ . ð~P� i~AÞ~ψ ¼ �~K . ~K~ψ: (11:2:11)

11.3 Appendix 3 – Solution of the Helmholtz Equation

This appendix uses the method of separation of variables to derive solutions of the
scalar Helmholtz equation. The derivation provides additional insight regarding the
nature of the solutions used to describe P, S, and surface waves.
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For two-dimensional wave-propagation problems in layered media it is sufficient
to assume that particle motions along any line parallel to one of the coordinates are
equal. This assumption, applied to the x2 axis of an assumed Cartesian coordinate
system x1;x2; x3ð Þ, is shown in Chapter 4 to imply that the Helmholtz equations
governing the propagation of P, S, and surface waves can be reduced to three scalar
equations involving the scalar potential Φ, the scalar potential Ψ2 as the x2 compo-
nent of the vector potential ~C, and the scalar displacement U2 as the x2 component
of the displacement field ~U2. The resulting scalar Helmholtz equations are

Δ2Φþ k2PΦ ¼ 0; (11:3:1)

Δ2C2 þ k2SC2 ¼ 0; (11:3:2)

and

Δ2U2 þ k2SU2 ¼ 0: (11:3:3)

The solution to each of these equations may be found using the method known as
separation of variables. To apply the method, consider (11.3.1) governing P wave
solutions and suppose the solution forΦmay be written so that the dependences on
the two spatial variables may be separated into the product of two functions, each
dependent on only one spatial coordinate as

Φ ¼ X1 x1ð ÞX3 x3ð Þ: (11:3:4)

Substitution of this expression into (11.3.1) yields

X1;11 x1ð Þ
X1 x1ð Þ ¼ � X3;33 x3ð Þ

X3 x3ð Þ þ k2P

� �
; (11:3:5)

where Xj,ii denotes @ 2Xj=@x
2
i . Each side of (11.3.5) depends on a different spatial

coordinate. Hence, each side of the equation must be independent of the spatial
coordinates and equal to some arbitrary, but fixed constant, say −b. As a conse-
quence, two second-order linear differential equations are to be solved, namely,

X1;11 þ bX1 ¼ 0 (11:3:6)

and

X3;33 þ k2P � b
� �

X3 ¼ 0: (11:3:7)

The auxiliary equation for (11.3.6) namely,

m2 þ b ¼ 0; (11:3:8)

implies a solution of (11.3.6) involving the x1 spatial variable is

X1 ¼ D1 exp½�ikf x1� þD2 exp½ikf x1�; (11:3:9)
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where �kf are roots of the auxiliary equation (11.3.8) defined as

kf � principal value
ffiffiffi
b

p
: (11:3:10)

Use of the principal value of the square root as defined in Chapter 4 to define kf
implies kfR

	 0. Writing the root kf of the auxiliary equation in this form ensures a
known direction of propagation with respect to the x1 axis for each term in (11.3.9)
with the term needed to consider propagation in the positive x1 direction being

X1 ¼ D1 exp½�ikfx1�: (11:3:11)

Substitution of the solution (11.3.9) into (11.3.5) reconfirms that the complex
amplitudes for the terms in the solution, namely D1 and D2, are constants indepen-
dent of the spatial coordinates.
Similarly, a solution to (11.3.7) involving the x3 spatial coordinate is

X3 ¼ E1 exp½idαx3� þ E2 exp½�idαx3�; (11:3:12)

where the auxiliary equation is

m2 ¼ k2f � k2P: (11:3:13)

Writing roots of the auxiliary equation in the form of

dα � principal value
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2P � k2f

q
(11:3:14)

implies dαR 	 0, whichwill ensure a known direction of propagationwith respect to the
x3 axis for each term in (11.3.12). Writing roots of the auxiliary equation in the form of

bα � principal value
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2f � k2P

q
¼ �i dα (11:3:15)

implies bαR 	 0 and hence dαI 	 0, which ensures a known direction of attenuation
with respect to the x3 axis for each term in (11.3.12). Choice of the expression for the
root to ensure a known direction of propagation along the x3 axis is convenient for
consideration of reflection–refraction problems. Choice of the expression for the
root to ensure a known direction for attenuation along the x3 axis is convenient for
consideration of the problem of a Rayleigh-Type surface wave.
Combining the solutions (11.3.11) and (11.3.12) implies the desired solution for

the Helmholtz equation for P wave solutions may be written as

Φ ¼ X1 x1ð ÞX3 x3ð Þ ¼ B1 exp½�ikfx1 þ idαx3� þ B2 exp½�ikfx1 � idαx3�;
(11:3:16)

which upon separation of the real and imaginary parts of the exponents allows the
solution of the corresponding wave equation to be written in terms of propagation
and attenuation vectors as
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f ¼ B1 exp i ωt� ~Pf1
� i~Af1

� �
.~r

� �h i
þ B2 exp i ωt � ~Pf2

� i~Af2

� �
.~r

� �h i
;

(11:3:17)

where

~Pfj
� kfR

x̂1 þ �1ð Þ jdαRx̂3 for j ¼ 1; 2 (11:3:18)

and

~Afj
� �kfI

x̂1 þ �1ð Þ jþ1dαI x̂3 for j ¼ 1; 2: (11:3:19)

With the expression for dα chosen as in (11.3.14) ~Pf1
and ~Pf2

are directed in the − x3
and + x3 directions, respectively. With the expression for dα chosen as in (11.3.15)
~Af 1

and ~Af 2
are directed in the + x3 and − x3 directions, respectively.

Similarly, solutions of equations (11.3.2) and (11.3.3) for propagation in the + x1
direction with Ψ≡Ψ2 and U=U2 are given by

C ¼ C12 exp �ikψx1 þ idβx3

	 
þ C22 exp �ikψx1 � idβx3

	 

;

ψ tð Þ ¼ C12 exp i ωt� ~Pψ1�i~Aψ1

� �
.~r

� �h i
þ C22 exp i ωt� ~Pψ2 � i~Aψ2

� �
.~r

� �h i
;

(11:3:20)

and

U ¼ D1 exp �ikux1 þ idβx3

	 
þD2 exp �ikux1 � idβx3
	 


;

u tð Þ ¼ C12 exp i ωt� ~Pu1�i~Au1

� �
.~r

� �h i
þ C22 exp i ωt� ~Pu2 � i~Au2

� �
.~r

� �h i
;

(11:3:21)

where

(1) kψ and ku are chosen such that kψR 	 0 and kuR 	 0,
(2) dβ and du are defined either by

dβ � principal value
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2S � k 2

ψ

q
(11:3:22)

and

du � principal value
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2S � k 2

u

q
(11:3:23)

for known directions of propagation with respect to the x3 axis or by

dβ � i principal value
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2ψ � k 2

S

q
(11:3:24)
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and

du � i principal value
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k 2
u � k 2

S

q
(11:3:25)

for known directions of maximum attenuation with respect to the x3 axis,
(3) the propagation and attenuation vectors are defined by

~Pψj � kψRx̂1 þ �1ð Þ jdβRx̂3 for j ¼ 1; 2; (11:3:26)

~Puj � kuRx̂1 þ �1ð Þ jdβRx̂3 for j ¼ 1; 2; (11:3:27)

and

~Aψj � �kψI x̂1 þ �1ð Þ jþ1dβI x̂3 for j ¼ 1; 2 (11:3:28)

~Auj � �kuI x̂1 þ �1ð Þ jþ1dβI x̂3 for j ¼ 1; 2; (11:3:29)

(4) and the complex amplitudes Cj2 and Dj for j ¼ 1; 2 are constants indepen-
dent of the spatial coordinates.

For purposes of generality, distinct complex wave numbers are assumed for the
solutions to each scaler Helmholtz equation, that is, kf, kψ, and ku are not necessarily
assumed to be the same arbitrary, but fixed, constant. However, consideration of various
reflection–refraction and surface-wave problems shows that upon application of the
boundary conditions to the solutions derived here, the complex wave number used in
the various solutions must be the same. Hence, for purposes of brevity, the distinction
between the complex wave numbers as specified by the subscript is often neglected.

11.4 Appendix 4 – Roots of Squared Complex Rayleigh Equation

This appendix derives explicit expressions for the roots of the squared complex
Rayleigh equation (8.1.20) for a HILV half space.
The square of the complex Rayleigh equation, namely

c 2

β 2

� �3
� 8

c 2

β 2

� �2
þ 24� 16

β 2

α 2

� �
c 2

β 2

� �
� 16 1� β 2

α 2

� �
¼ 0; (11:4:1)

is a cubic polynomial with coefficients in the complex field. The Fundamental
Theorem of Algebra implies the equation has three roots not all of which may be
distinct. The technique for finding the roots of such an equation is well known in
mathematics (see for example, Birkoff and MacLane, 1953, p. 112). To derive
explicit expressions for the roots, define

a � �8; b � 24� 16
β 2

α 2
; and c � �16 1� β 2

α 2

� �
; (11:4:2)
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then the equation may be written as

y 3 þ ay 2 þ byþ c ¼ 0; (11:4:3)

where

y � c 2

β 2
: (11:4:4)

Equation (11.4.3) may be put in reduced form with no second-order term upon
introduction of the transformation y ¼ z� a=3, resulting in

z 3 þ pzþ q ¼ 0; (11:4:5)

where

p � � a 2

3
þ b; q � 2

27
a 3 � ab

3
þ c: (11:4:6)

Introduction of a second transformation allows the equation to be reduced to a
quadratic equation, namely, let

z ¼ w� p

3w
; (11:4:7)

then substitution of (11.4.7) into (11.4.5) yields the desired quadratic equation

w 3
� �2þ q w3

� �� �
p

3

�3
¼ 0: (11:4:8)

With v � w 3 roots of the quadratic equation are

vþ � �q

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
q

2

�2
þ
�
p

3

�3s
(11:4:9)

and

v� � �q

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
q

2

�2
þ
�
p

3

�3s
: (11:4:10)

Roots of the original equation (11.4.3) are found by tracing the roots (11.4.9) and
(11.4.10) through the three successive transformations which yields a total of six
roots. Defining the principal value of the cube root of a complex number as

p:v: z1=3
� � � ffiffiffiffiffi

jzj3
p

exp½i arg z½ �=3�; (11:4:11)

where �π5 arg z½ � � π allows the six roots to be written as

Appendix 4 285



zþn � wþ
0 un�1 � p

3w0
þ un�1

n ¼ 1; 2; 3ð Þ (11:4:12)

and

z�n � w�
0 u

n�1 � p

3w0
� un�1

n ¼ 1; 2; 3ð Þ; (11:4:13)

where

wþ
0 � p:v: vþð Þ1=3; (11:4:14)

w�
0 � p:v: v�ð Þ1=3; (11:4:15)

and

u � exp 2πi=3½ �: (11:4:16)

Each of the roots zþn can be quickly shown to be equal to one of the corresponding
roots z�n for n ¼ 1; 2; 3. Hence, the three roots of the original equation are

yn � z�n � a

3
for n ¼ 1; 2; 3; (11:4:17)

which when expressed in terms of β2=α2 yield the desired roots as specified in (8.1.21)

11.5 Appendix 5 – Complex Root for a Rayleigh-Type Surface Wave

This appendix provides the proof of Lemma (8.1.25) restated here for convenience.

Lemma (8.1.25). If yj ¼ c 2=β 2 as given by (8.1.21) is a root of the squared complex
Rayleigh equation (8.1.20) and yj

�� ��51, then yj ¼ c 2=β 2 is a root of the complex
Rayleigh equation (8.1.18) and in turn a solution for a Rayleigh-Type surface wave
on a HILV half space.

To initiate the proof, (8.1.18) is rewritten here in terms of the complex velocities as

4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c2

β2

s ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c2

α2

r
¼ 2� c2

β2

� �2
; (11:5:1)

where each of the square roots is interpreted as the principal value. Denoting the left-
hand side of (11.5.1) by “f ” and the right-hand side by “g”, (11.5.1)may be expressed as

f ¼ g: (11:5:2)

Hence, in this notation if by assumption c 2=β 2 is a root of (8.1.20), then c 2=β 2 is a
root of
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f 2 ¼ g 2; (11:5:3)

which implies either

f� g ¼ 0; (11:5:4)

in which case c 2=β 2 is the desired root of the complex Rayleigh equation (11.5.1)
and the desired result is obtained, or

fþ g ¼ 0: (11:5:5)

The condition that 05 c 2=β 2
�� ��5 1 will be used to show that this second option as

stated in (11.5.5) is not possible, because the algebraic signs of the real parts of f and
g and their imaginary parts are the same. To show this result, define

eα �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c 2

α 2

r
and eβ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c 2

β 2

s
; (11:5:6)

then the real part of f may be written as

fR ¼ Re 4eαeβ
	 
 ¼ 4 eαReβR � eαIeβI

� �
(11:5:7)

and the real part of g as

gR ¼
�
1�

�
Im eβ

2
	 
�2�þ 2 Re e 2

β

h i
þ
�
Re e 2β

h i�2
: (11:5:8)

The condition that 05 c 2=β 2
�� ��51 implies

Re e 2
β

h i
¼ Re 1� c 2

β 2

� 

40 (11:5:9)

and

Im e 2
β

h i� � 2

¼ Im � c 2

β 2

� 
� �2
51: (11:5:10)

These inequalities together with (11.5.8) show that the algebraic sign of gR is
positive. Definitions (3.1.7) and (3.1.8) for α and β imply

β 2
�� ��
α 2j j5

3

4
: (11:5:11)

Hence, it follows that

Re e 2α
	 
 ¼ Re 1� β 2

α 2

c 2

β 2

� 

4

1

4
40: (11:5:12)
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In addition, definition (11.4.11) for principal values and (4.2.13) imply

eαR ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2α
�� ��þRe e2α

	 

2

s
;

eαI
�� �� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2α
�� ���Re e2α

	 

2

s (11:5:13)

and

eβR ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2β

��� ���þRe e2β

h i
2

vuut
;

eβI
�� �� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2β

��� ����Re e2β

h i
2

vuut
;

(11:5:14)

from which inequalities (11.5.9) and (11.5.12) imply

eαR 	 eαI
�� �� and eβR 	 eβI

�� ��: (11:5:15)

These inequalities together with (11.5.7) imply that the algebraic sign of fR is
positive and the same as that of gR. By assumption (11.5.3) is valid, hence the
imaginary parts of each side of the equation imply

fR fI ¼ gR gI; (11:5:16)

from which it follows that positive algebraic signs for fR and gR imply the algebraic
signs of fI and gI are the same, which completes the proof.

11.6 Appendix 6 – Particle-Motion Characteristics for a Rayleigh-Type
Surface Wave

This appendix provides an explicit derivation of the characteristics of the particle
motion for a Rayleigh-Type surface wave on a HILV half space as stated in Theorem
(8.2.26).
Parametric equations (8.2.23) and (8.2.24) describing the motion of a particle are

restated here for convenience. They are

uRx1 ¼ D exp½�aBx1�H1 x3ð Þ sin½#B tð Þ� (11:6:1)

and

uRx3 ¼ D exp½�aBx1�H3 x3ð Þ cos #B tð Þ þ S x3ð Þ½ �; (11:6:2)
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where

#B tð Þ � ωtþ f1 x1ð Þ þ &1 x3ð Þ and S x3ð Þ � &3 x3ð Þ � &1 x3ð Þ (11:6:3)

and the additional parameters are defined in (8.2.16), (8.2.18), and (8.2.19).
To show that these parametric equations represent the equation of an ellipse as a

function of time consider the trigonometric identity for the cosine of the sum of two
angles. It implies that (11.6.2) may be written as

uRx3 ¼ D exp½�aBx1�H3 x3ð Þ cos #B tð Þ½ � cos S x3ð Þ½ � � sin #B tð Þ½ � sin S x3ð Þ½ �ð Þ:
(11:6:4)

Substitution of (11.6.1) into (11.6.4) and simplification yields

cos #B tð Þ½ � ¼ D exp½�aBx1� cos½Sðx3Þ�ð Þ�1 uRx3
H3 x3ð Þ þ uRx1

H1 x3ð Þ sin S x3ð Þ½ �
� �

:

(11:6:5)

Substitution of (11.6.1) and (11.6.5) into the trigonometric identity

cos2 #B tð Þ½ � þ sin2 #B tð Þ½ � ¼ 1 (11:6:6)

yields the desired second-degree equation

A uRx1
� �2þBuRx1uRx3 þ C uRx3

� �2 � 1 ¼ 0; (11:6:7)

where

A � 1

D exp½�aBx1�H1 x3ð Þ cos S x3ð Þ½ �ð Þ2 ; (11:6:8)

B � 2

D exp½�aBx1�ð Þ2H1 x3ð ÞH3 x3ð Þ
sin S x3ð Þ½ �
cos S x3ð Þ½ �ð Þ2 ; (11:6:9)

and

C � 1

D exp½�aBx1�H3 x3ð Þ cos S x3ð Þ½ �ð Þ2 : (11:6:10)

For a given particle the coefficients A; B; and C are constant with respect to time.
The discriminant of (11.6.7) is

B2 � 4AC ¼ 4
sin S x3ð Þ½ �ð Þ2�1

D exp½�aBx1�ð Þ2H1 x3ð ÞH3 x3ð Þ cos S x3ð Þ½ �ð Þ2
� �2

: (11:6:11)

For S x3ð Þ 6¼ π=2, the discriminant is negative, indicating that (11.6.7) describes an
ellipse as a function of time.
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To determine the direction in which a given particle describes an ellipse with time
consider the polar angle θ defined as

θ � arctan uRx3=uRx1
	 


; (11:6:12)

whose partial derivative with respect to time is given by

@θ
@t

¼ �H3 x3ð Þ
H1 x3ð Þ

u 2
Rx1

u 2
Rx1

þ u 2
Rx3

cos S x3ð Þ½ �
sin #B tð Þ½ �ð Þ2 : (11:6:13)

This equation implies that if cos S x3ð Þ½ �50, then θ increases with time and the
elliptical motion of the particle is clockwise or prograde. If cos S x3ð Þ½ �40, θ
decreases with time and the elliptical motion of the particle is counter clockwise
or retrograde. If cos S x3ð Þ½ � ¼ 0, then θ is not changing with respect to time and the
motion of the particle is linear as a degenerate case of elliptical motion.
Additional properties of the elliptical orbit of a particle can be derived by defining

a suitable rotation of coordinates, such that (11.6.7) reduces to standard form. Such a
rotation is given by

uRx1 ¼ u 0
x1

cos ηB � u 0
x3
sin ηB (11:6:14)

and

uRx3 ¼ u 0
x1
sin ηB þ u 0

x3
cos ηB; (11:6:15)

where the angle of rotation ηβ is given by

tan 2ηB½ � ¼ B=ðA� CÞ for A 6¼ C
π=4 for A ¼ C

� �
: (11:6:16)

Substitution of the rotation defined by (11.6.14) and (11.6.15) into (11.6.7) yields
the desired standard form of the equation

u 02
x1

A0�1
þ u 02

x3

C 0�1
¼ 1; (11:6:17)

where

A0 ¼ A cos2 ηB þ B sin ηB cos ηB þ C sin 2 ηB (11:6:18)

and

C 0 ¼ A sin2 ηB � B sin ηB cos ηB þ C cos2 ηB: (11:6:19)

Equation (11.6.17) represents an ellipse whose ellipticity is given byffiffiffiffiffi
A0pffiffiffiffiffiffi
C 0p : (11:6:20)
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The angle of rotation ηβ specifies the tilt of the particle motion ellipse with respect to
the vertical. The tilt as specified by (11.6.16) may be rewritten using (11.6.8)
through (11.6.10) as

tan 2ηB½ � ¼

2 sin S x3ð Þ½ �
H3 x3ð Þ
H1 x3ð Þ �

H1 x3ð Þ
H3 x3ð Þ

for H1 x3ð Þ 6¼ H3 x3ð Þ

π=4 for H1 x3ð Þ ¼ H3 x3ð Þ

8>>><
>>>:

9>>>=
>>>;
: (11:6:21)
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Index

absorption coefficient
Love-Type surface wave, 264, 266–8, 270–2, 274
low-loss error percentages, 79
one dimensional wave, 17
P wave, inhomogeneous, homogeneous, 64, 106
Rayleigh-Type surface wave, 210–1, 218, 220,

227–8
S waves, inhomogeneous, homogeneous, 64

absorption curves, Love-Type surface wave, 271–2, 275
amplitude distribution
Love-Type surface wave, 274, 277
Rayleigh-Type surface wave, 214, 233–4

amplitude modulation factors, vertical and radial
displacement components, general waves

P, 89, 90
Type-I S, 89, 90

amplitude reflection, transmission coefficients
incident general SI wave, 179–80, 188
incident homogeneous P wave, 161, 164, 166–7,

199–201
incident homogeneous SII wave, 148
incident inhomogeneous SII wave, 154
see also energy reflection, transmission, interaction

coefficients
anelastic media, response, 1, 5–7, 17, 26, 34–6
angle between attenuation vector and vertical, 87
angle between propagation and attenuation vectors

(gamma), degree of inhomogeneity 34–6, 60–1
see also incident general P; incident general Type-I S;

incident general Type-II S
angle of incidence for propagation vector, incident

general waves
P, 87, 94–5, 103
Type-I S, 89, 103
Type-II S, 103

apparent attenuation, incident general waves
P, 126
SI, 113
SII, 132

apparent phase velocity, incident general waves
P, 126
SI, 113
SII, 132

attenuation, maximum
general waves

P, 34–7, 60, 76
Type-I S, 34–7, 61, 76, 80–2
Type-II S, 34–7, 61, 76, 80–2

homogeneous waves
P, 37, 60, 76, 80
S, 37, 61, 76, 80

low-loss error-percentages, 79–82
one dimensional wave, 17

attenuation vector
general P, Type-I S, and Type-II S

waves, 33–7
incident, reflected, and transmitted waves

for incident general
P, 100–4, 124–5, 156, 193–4
Type-I S, 100–4, 109–10, 112–13, 172
Type-II S, 100–4, 130–2, 145, 147,
153, 203–4

Love-Type surface wave, 258–59
Rayleigh-Type surface wave, 207, 211–12,

220–1
axis ratio, 216, 231–2, 234–7

body waves, 59, 118–9, 165
see also general P; general Type-I S; general Type-II S

Boltzmann, Ludwig (1844–1906), 1
Boltzmann’s superposition principle, 2–3
boundary conditions

half space, free surface, 170
multiple layers, 246
welded boundary, 107

boundary, specification of
anelastic Earth, 118–19
anelastic-viscoelastic, 129
elastic-anelastic, 129
ocean-solid-Earth, 165
sediment 1-sediment 2, 144–5
viscoelastic, 98–9
water-stainless-steel, 156–7
welded, 99

bulk modulus, complex, 24, 59
see also modulus
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causality, principle of, 2, 19–20
compliance, complex, defined, 4

elastic, 14
Generalized Maxwell, 14
Generalized Voight, 12, 14
Maxwell, 10,14
Standard Linear, 11, 14
viscoelastic, 4, 6, 8–9
viscous, 14
Voight, 10,14

conservation of energy
see energy conservation; energy balance

constitutive law
one-dimensional viscoelasticity, 2–5, 7–8
three-dimensional viscoelasticity, 19–20, 24

convolution integral, operator, 2–3, 20, 279
see also Riemann–Stieltjes integral

correspondence principle, 25–6,
119–20

creep function, defined, 2
elastic, 8, 13
Generalized Maxwell, 13
Generalized Voight, 11, 13
Maxwell, 9–10,13
Standard Linear, 11, 13
tensorial, 20
viscous, 9, 13
Voight, 10, 13

critical angle, defined, 120
critical angles, conditions for

P waves, incident in
anelastic media, 129
elastic media, 129

SI waves, incident in
anelastic media, 122, 174–5
elastic media, 121–2, 174–5

SII waves, incident in
anelastic media, 134, 142
elastic media, 135, 142

damping ratio, 7, 18
dashpot, viscous, 7–9
degree of inhomogeneity (gamma)

see angle between propagation and attenuation
vectors

dilatometer, 93
Dirac-delta function, 9
dispersion

Love-Type surface waves, 269, 271,
274, 276

S waves, in
Standard Linear solid, 85
Standard Linear solid, low loss, 86

displacement
equation of motion
one dimension, 15–17
three dimensions, 25

equivoluminal, 33
irrotational, 33
Love-Type surface wave, 265–70
P wave, general, 38–40, 86–92

Rayleigh-Type surface wave, 212–17,
222–3

S waves, general, 41–6, 87–92
vector, 25
see also physical displacement field; amplitude

reflection, transmission coefficients
displacement potential
see vector displacement potential; scalar

displacement potential
displacement-potential identities, 279–80

eccentricity, particle motion ellipse, 40, 44,
65–7, 162

see also general P; general Type-I S;
Rayleigh-Type

elastic model, 7–8, 13–14
see also compliance; modulus; creep function;

relaxation function
elliptical particle motion, inhomogeneous waves
P, 39–40, 64–7, 76, 92, 162, 186
Rayleigh-Type, 214–15, 288–91
Type-I S, 43–5, 64–7, 77
see also particle motion

elliptical S wave, 42–3
see also general Type-I S; particle motion ellipse

emergence angle, 146–7, 152–3, 157–8,
183–4, 197

energy balance, three-dimensional viscoelasticity,
26–31

energy conservation at boundaries, 138–41, 148
energy density
see kinetic; potential; energy density loss; energy

dissipation; total energy
energy density loss per cycle, general waves
P, 55
Type-I S, 55
Type-II S, 55

energy density peak per cycle
see potential energy density, maximum

energy dissipation rate per unit volume, 27–30
energy dissipation rate per unit volume, mean
general waves

P, 54, 70–1, 78
Type-I S, 54, 70–1, 78
Type-II S, 54, 70–1, 78

homogeneous waves
P, 55, 67–8, 71
S, 55, 67–8, 71

energy intensity (flux), 27–30
energy intensity (flux), mean
general waves

P, 47, 69, 77
Type-I S, 47, 69, 77
Type-II S, 47, 49, 69, 77

homogeneous waves
P, 48, 67–8
S, 48, 67–8

energy interaction coefficients, incident, reflected,
transmitted waves, 136–41, 148, 150, 154–5,
159–60, 185–7, 198

energy partition curves, 139
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energy reflection, transmission, interaction coefficients
for incident waves

general P, 140–1
general Type-I S, 140–1
general Type-II S, 138–9
homogeneous P, 159, 198
homogeneous SI, 187
homogeneous SII, 138, 148, 150
inhomogeneous SII, 154–5
see also amplitude reflection, transmission

coefficients
energy speed
homogeneous waves

P, 68
S, 68

reflected, transmitted waves for incident
P, 157
Type-I S, 183
Type-II S, 146, 152

energy velocity, defined, 53
general waves

P, 53, 71
Type-I S, 53, 71
Type-II S, 53, 71

homogeneous waves
P, 54
S, 54

equation of motion
one-dimensional viscoelasticity, 15–16

solution, 16–17
three-dimensional viscoelasticity, 23–5

solutions, 32–7, 40–3
equivoluminal displacement field, 33
Euler’s formula, 249

free surface, viscoelastic half space, 170
Fundamental Theorem of Algebra, 209, 284

gamma (angle between propagation and attenuation
vectors), 34–7

Gauss’ theorem, 29
general wave, defined, 34
general P wave, 33
absorption coefficient, 64
angle between propagation and attenuation vectors

(gamma), 34–7, 60–1
attenuation, maximum, 17, 34–5, 60–3
attenuation vector, 33–8
characteristics in

low-loss viscoelastic media, 75–82
media with equal complex Lamé parameters, 82–4
Standard Linear solids, 84–6

displacement field
complex, 38
components, radial, vertical, 88–92
physical (real), 38, 86

displacement potential solutions, general P waves,
incident, reflected, transmitted, 99–101

energy flux, mean, 47–8, 67–9, 77
energy velocity, 53–4, 71
homogeneous, 34–5

inhomogeneous, 34–5
kinetic energy density, mean, 50, 67–70, 78
particle motion, 37–40, 65–6, 76
phase velocity (speed), 34, 58, 60–1, 64
potential energy density, mean, 51, 67–70, 78
potential (strain) energy density, maximum, 68,

70–1, 78
propagation vector, 33–4, 36–8
rate of energy dissipation per unit volume, mean,

54–5, 70, 78
reciprocal quality factor (QP

�1), 56–8, 70, 78
total energy density, mean, 52, 67–70, 78
volumetric strain, 92–3
see also homogeneous P

general Type-I S (SI) wave, defined, 42
absorption coefficient, 64
angle between propagation and attenuation vectors

(gamma), 34–7, 60–1
attenuation, maximum, 34–5, 61–3
attenuation vector, 33–8, 41–5
characteristics in

low-loss viscoelastic media, 75–82
media with equal complex Lamé parameters, 82–4
Standard Linear solids, 84–6

displacement field
complex, 41–2
components, radial, vertical, 88–92
physical (real), 43, 87

displacement potential solutions, general SI waves,
incident, reflected, transmitted, 99–101

energy flux, mean, 47–8, 67–9, 77
energy velocity, 53–4, 71
homogeneous, 34–5
inhomogeneous, 34–5
kinetic energy density, mean, 50, 67–70, 78
particle motion, 43–4, 65–6, 77
phase velocity (speed), 34, 58, 60–1, 64
potential (strain) energy density, maximum, 68,

70–1, 78
potential energy density, mean, 51, 67–70, 78
propagation vector, 33–3, 36–7
rate energy dissipation per unit volume, mean, 54–5,

67–70, 78
reciprocal quality factor (QSI

�1), 56–8, 70,
72–3, 79

total energy density, mean, 52, 67–70, 78
see also homogeneous S

general Type-II S (SII) wave, defined, 45
absorption coefficient, 64
angle between propagation and attenuation vectors

(gamma), 34–7, 60–1
attenuation, maximum, 34–5, 61–3
attenuation vector, 33–8, 45–6
characteristics in

low-loss viscoelastic media, 75–82
media with equal complex Lamé parameters,
82–4

Standard Linear solids, 84–6
displacement field

complex, 41–2, 45
physical (real), 45
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displacement solutions, SII waves, general, incident,
reflected, transmitted, 103

displacement potential solutions, general SII waves,
incident, reflected, transmitted, 99–101

energy flux, mean, 47–8, 67–9, 77
energy velocity, 53–4, 71
homogeneous, 34–5
inhomogeneous, 34–5
kinetic energy density, mean, 49–50, 67–70, 78
particle motion, 45–6, 77
phase velocity (speed), 34, 58, 60–1, 64
potential (strain) energy density, maximum, 68,

70–1, 78
potential energy density, mean, 51, 67–70, 78
propagation vectors, 33–4, 36–7
rate energy dissipation per unit volume, mean, 54–5,

67–70, 78
reciprocal quality factor (QSII

�1), 56–8, 71–3, 79
total energy density, mean, 52, 67–70, 78
see also homogeneous S

Generalized Maxwell model, 8–9, 12–14
see also compliance; modulus; creep function;

relaxation function
Generalized Snell’s Law for incident general waves

P, 125–7, 194
Type-I S, 112–14, 118–19, 174
Type-II S, 132–3, 204

Generalized Voight model, 8–9, 11–14
see also compliance; modulus; creep function;

relaxation function
granite, weathered, 182

Heaviside function, 3
Helmholtz equation, 32–3

solutions
general P wave, 32–4, 280–4
general S waves, 32–4, 42–4, 96, 280–4

Helmholtz theorem, 32
HILV continuum

see homogeneous isotropic linear viscoelastic
continuum

hll (homogeneous low-loss) model, defined, 144
homogeneous isotropic linear viscoelastic (HILV)

continuum, defined, 20
equation of motion, 23
Lamé parameters, equal, 82–4
low-loss media, 62, 75–82
see also one-dimensional viscoelasticity;

three-dimensional viscoelasticity
homogeneous linear viscoelastic continuum, 19
homogeneous P wave, 34–5

attenuation, maximum, 37, 61, 76
attenuation vector, 34–5, 40
energy intensity (flux), mean, 48
energy speed, 68
energy velocity, 54
existence conditions, HILV continum, 34–5
kinetic energy density, mean, 67–8, 78
mean intensity, magnitude of, 67–8
particle motion, 40, 66–7
phase (wave) speed, 37, 58, 62, 64, 75, 84–5

potential energy density, maximum, 68, 78
potential energy density, mean, 51, 67–8, 78
propagation vector, 34–5, 37, 40
rate of energy density dissipation, mean, 55,

67–8, 78
reciprocal Q, 57–8, 74–5, 78
total energy density, mean, 52, 67–8, 78
viscoelastic material parameters, phase speed,

reciprocal Q, 57–9
wave number, complex, 32, 37, 40, 99
see also general P

homogeneous S wave, 34–5
attenuation, maximum, 37, 61, 76
attenuation vector, 34–5, 44–6
energy speed, 68
energy velocity, 54
existence conditions, HILV continum, 34–5
energy intensity (flux), mean, 48
kinetic energy density, mean, 67–8, 78
mean intensity, magnitude of, 67–8
particle motion, 44–6, 66–7
phase (wave) speed, 37, 58–9, 62, 64, 75, 84–5
potential energy density, maximum, 68, 78
potential energy density, mean, 51, 67–8, 78
propagation vector, 34–5, 37, 44–6
rate of energy density dissipation, mean, 55,

67–8, 78
total energy density, mean, 52–3, 67–8, 78
reciprocal Q, 57–9, 74–5, 79, 84–5
viscoelastic material parameters, phase speed,

reciprocal Q, 57–9
wave number, complex, 32, 37, 44–5
see also general Type-I S; general Type-II S

homogeneous wave, defined, 34
see also homogeneous P; homogeneous S

Hooke, Robert (1635–1703), 7
Hooke’s Law, 1

incident general P wave, viscoelastic boundary
apparent attenuation, 126
apparent phase velocity, 126
boundary-condition equations, 108, 126–7
Generalized Snell’s Law, 126
incident wave, specification of

amplitude, complex, 124
angle of incidence, 124
attenuation vector 124
degree of inhomogeneity, 124
propagation vector, 124

ocean-solid-Earth boundaries, numerical results
amplitude reflection coefficients, 166–7
material parameters, 165
minimum reflection amplitude in SI’ transition
window, 168

phase reflection coefficients, 166–7
reflected, transmitted P, SI waves

complex amplitude equations, 127
critical angles, conditions for, 129–30
directions of propagation and attenuation
vectors, 126

homogeneity, inhomogeneity, conditions for, 128
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incident general P wave, viscoelastic boundary (cont.)
water-stainless-steel boundary, numerical results

amplitude reflection, transmission coefficients, 161
emergence angles, 156–8
energy reflection, transmission, interaction

coefficients, 159
energy speed, 157
inhomogeneity, transmitted waves, 157
material parameters, 157
maximum attenuation, 158
particle motion eccentricity, 162
phase shifts, 162
phase speed, 157
reciprocal Q, 158
SI’ transition window, 162

wave interaction coefficients, incident, reflected,
transmitted, 141

wave number, complex, 126
incident general P wave, viscoelastic free surface
boundary-condition equations, 171, 193–4
Generalized Snell’s Law, 194
incident wave, specification of

amplitude, complex, 193
angle of incidence, 194
attenuation vector 194
degree of inhomogeneity, 194
propagation vector, 194

low-loss (Pierre Shale) boundary, numerical results
amplitude reflection coefficients, 199
emergence angles, 197
energy coefficients, reflection, interaction, 198
inhomogeneity, reflected SI, 197
material parameters, 182
phase shifts, reflected P, SI, 200–1

reflected, transmitted P, SI waves
complex amplitude equations, 193–4
critical angles, conditions for, 195
directions of propagation and attenuation vectors, 194
displacement components, radial, vertical, 195
homogeneity, inhomogeneity, conditions for, 195

volumetric strain, 196
incident general SI wave, viscoelastic boundary
apparent attenuation, 113
apparent phase velocity, 113
boundary-condition equations, 108, 114–15
Generalized Snell’s Law, 113
incident wave, specification of

amplitude, complex, 109
angle of incidence, 109, 112
attenuation vector 109–10, 112
degree of inhomogeneity, 109–10
propagation vector, 109–10, 112

reflected, transmitted P, SI waves
complex amplitude equations, 120
critical angles, conditions for, 121–3
directions of propagation and attenuation vectors,

112–13
homogeneity, inhomogeneity, conditions for, 114–20

wave interaction coefficients, incident, reflected,
transmitted, 141

wave number, complex, 112–13

incident general SI wave, viscoelastic free surface
amplitude reflection coefficients, reflected P

maximum displacement, 179
displacement components, 179–80
volumetric strain, 181

boundary-condition equations, 171
Generalized Snell’s Law, 173–4
incident wave, specification of

amplitude, complex, 171–3
angle of incidence, 172
attenuation vector 172
degree of inhomogeneity, 173
propagation vector, 172

phase coefficients, reflected P
maximum displacement, 179
displacement components, 180
volumetric strain, 181

reflected, transmitted P, SI waves
complex amplitude equations, 172–3
critical angles, conditions for, 174–5
directions of propagation and attenuation
vectors, 174

displacement components, radial, vertical, 176–7
homogeneity, inhomogeneity, conditions for, 174

low-loss (weathered granite) boundary, numerical
results

amplitude reflection coefficients, 188, 190
attenuation in direction of propagation, 184
emergence angles, maximum attenuation, energy
flux, phase propagation, 183–4

energy reflection, interaction coefficients, 187
energy speeed, 183
inhomogeneity, reflected P, 183
P transition window, 182
particle motion ellipse, tilt, ratio of minor to major
axis, 186

phase speed, 183
phase shifts, 189, 191
reciprocal Q, 184

volumetric strain, reflected P, 178
incident general SII wave, multilayered viscoelastic

media
analytic solution, multiple layers

viscoelastic media, 251–2
Voight media, 253
Elastic media, 253–4

analytic solution, single layer, 254–5
boundary-conditions, 247
displacement solutions, mth layer, 248

attenuation vectors, 248
propagation vectors, 248
wave number, complex, 248, 252

notation, multilayered viscoelastic media, 246–7
displacement amplitude response, numerical results

normally incident homogeneous SII wave,
near-elastic, low-loss, moderate-loss
layers, 257

normally incident inhomogeneous SII wave,
near-elastic, low-loss, moderate-loss layers, 258

incident homogenous and inhomogeneous SII
waves, low-loss layer, 260
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reflected SII wave in half space, solution for
multiple layers, 251
single layer, 254

surface amplitude, complex, solution for
multiple layers, 251–2
single layer, 254

viscoelastic material parameters, mth layer, 252, 255–6
wave number, complex, mth layer, 248

incident general SII wave, viscoelastic boundary
apparent attenuation, 133
apparent phase velocity, 132
boundary-condition equations, 108, 133
Generalized Snell’s Law, 132–3
incident wave, specification of
amplitude, complex, 130
angle of incidence, 130
attenuation vector 130, 132,
degree of inhomogeneity, 130
propagation vector, 130, 132

energy flux due to wave interaction, mean, 135–8
energy dissipation rate due to interaction, mean, 140
energy interaction coefficients, incident, reflected,

transmitted waves, 138–41
moderate loss (sediment) boundary, incident

homogeneous SII wave, numerical results
amplitude reflection, transmission coefficients, 148
directions of propagation, attenuation, and energy

flux vectors, 145
emergence angles, 146–7
energy reflection, transmission, interaction

coefficients, 148
energy speeds, 146
inhomogeneity, transmitted SII, 146
material parameters, 145
maximum attenuation, transmitted SII, 147
phase speeds, 146
phase coefficients, reflection, transmission, 148
reciprocal Q, transmitted SII, 147
SII’ transition window, defined, 147

moderate loss (sediment) boundary, incident
inhomogeneous SII wave, numerical results

amplitude reflection, transmission coefficients, 154
directions of propagation, attenuation, and energy

flux vectors, 152
emergence angles, 152–3
energy reflection, transmission, interaction

coefficients, 154
energy speeds, 152
inhomogeneity, reflected, transmitted SII, 152
material parameters, 145
maximum attenuation, reflected, transmitted SII, 153
phase coefficients, reflection, transmission, 154
phase speeds, 152
reciprocal Q, reflected, transmitted SII, 153

reflected, transmitted SII waves
complex amplitude equations, 133
critical angles, conditions for, 135
directions of propagation and attenuation vectors, 174
energy reflection, transmission coefficients, 138–9
homogeneity, inhomogeneity, conditions for, 134

wave number, complex, 131

incident general SII wave, viscoelastic free surface,
203–4

see also incident general SII wave, viscoelastic
boundary

identities
displacement-potential, 280
P, SI, SII waves, general, 62–3
vector, 279–80

inhomogeneity, degree of
see angle between propagation and attenuation

vectors
inhomogeneous wave, defined, 34
see also general P; general Type-I S; general Type-II

S; Rayleigh-Type; Love-Type
irrotational displacement field, 33

kinetic energy density, 27–30
kinetic energy density, mean
general waves

P, 50, 69, 71, 78
Type-I S, 50, 69, 71, 78
Type-II S, 50, 70–1, 78

homogeneous waves
P, 67, 71
S, 67, 71

Kronecker delta, 20

Lamé’s parameters, complex, 24–5
Lamé parameters, equal, characteristics of

general P waves, 82–4
general SI waves, 82–4
general SII waves, 82–4
Rayleigh-Type surface waves, 219–24

linear momentum, conservation law, 15, 23
linear S wave, 45
see also general Type-II S wave, particle motion

linear superposition, 2–3
linear viscoelasticity
see one-dimensional viscoelasticity;

three-dimensional viscoelasticity
linear viscoelastic models
see viscoelastic models

Love, Augustus Edward Hough (1863–1940), 262
Love-Type surface wave
absorption coefficient, 264, 266–7, 270–1
analytic solution

viscoelastic media, 263–4, 267–70
elastic media, 270

attenuation vectors, 263–4
boundary conditions, 263
dispersion defined, 269
displacement solution mth layer, assumed, 262–3
notation, multilayered viscoelastic media, 246–7, 262
numerical model, viscoelastic layer

absorption coefficient, normalized, 267–9, 271
absorption curves, 272, 275
amplitude distribution curves, 274, 277
dispersion curves, 271, 273,
material parameters, 272
modes, fundamental,1st higher, 271–7
wave speed, normalized, 267–9, 217
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Love-Type surface wave (cont.)
period equation

elastic media, 269
viscoelastic media, 268

phase velocity magnitude, phase speed, 264,
267, 269

physical displacements in layer, half space, 266, 269
propagation vectors, 263–4
Standard Linear layer overMaxwell half space, 275–7
wave number, complex, 264, 267–8

low-loss viscoelastic media, defined, 62
see also physical characteristics general P, SI, SII

waves in low-loss viscoelastic media
LV (linear viscoelastic) media
see one-dimensional viscoelasticity;

three-dimensional viscoelasticity

material parameters
see three-dimensional viscoelasticity

Maxwell model, 8–10, 13–14
Love-Type surface wave, 275–7
Wave speed, reciprocal Q for P, SI, SII waves, 96
see also compliance; modulus; creep function;

relaxation function; Generalized Maxwell
model

mechanical energy-balance equations, 27–8
moderate-loss viscoelastic boundary
material parameters, water-saturated sediments,

144–5
modulus, complex, defined 4
bulk, 24, 59
elastic, 14, 17
Generalized Maxwell, 12, 14
Generalized Voight, 12, 14
Maxwell, 10, 14
real, 17
relaxed elastic, 11, 84
shear, 24, 59
Standard Linear, 11, 14, 84
Viscous, 9, 14, 15
Voight, 10, 14
Young’s, 24

multilayered viscoelastic media
specification of, notation, 246–7
Voight layers, 253
elastic layers, 253–4
see also incident general SII wave, multilayered

viscoelastic media; Love-Type surface wave

ocean-solid-Earth boundary
material parameters, 165
amplitude reflection coefficients, 166–7
phase shifts, 166–7
see also incident general P wave

one-dimensional viscoelasticity, 1–18
constitutive equations, 2–5
compliance, complex, 4
creep function, 2–3
energy in harmonic oscillation, 5–7

fractional energy loss per cycle, 6
maximum potential energy, 6

potential energy, time rate of change of, 6
rate of dissipated energy, 6
reciprocal quality factor, 6–7

equation of motion, 16
absorption coefficient, 17
phase speed, 17
steady-state solution, 16

damping ratio, 7
models

elastic, 7–8, 13–14
Generalized Maxwell, 8, 12–14
Generalized Voight, 8, 12–14
Maxwell, 8, 10, 13–14
Standard Linear, 8, 11, 13–14
Viscous, 8, 13–4
Voight, 8, 10, 13–4

modulus, complex, 4
phase angle, 5
relaxation function, 2–3

P transition window, 182, 185
see also transition window, defined

P’ transition window, 156–7
see also transition window, defined

P wave
see general P wave; homogeneous P wave

particle motion
Love-Type surface wave, 266–7, 269–70
P wave

homogeneous, 40
inhomogeneous, 38–40, 64–6, 76

Rayleigh-Type surfacewave, 215–17, 222–4, 226–32,
234–9, 288–91

Type-I S wave
homogeneous, 44–5
inhomogeneous, 43–4, 65–6, 77

Type-II S wave, 45–6, 48, 102
period equation, 267–8

see also Love-Type surface wave
phase coefficients, reflection, transmission (phase shifts),

148, 154, 162, 164, 166–7, 189, 191, 200, 202
phase shift, measured reflection coefficient,

water-stainless steel boundary, 164
phase speed

general P wave, 60–1, 63–4
general SI wave, 60–1, 63–4
general SII wave, 60–1, 63–4
homogeneous waves

one-dimensional wave, 17
P, 37, 58, 68
S, 37, 58, 68

Love-Type wave, 264, 267, 269
Rayleigh-Type wave, 207, 217, 224–5
reflected, transmitted waves for incident
P, 157
Type-I S, 183
Type-II S, 146, 152

phase terms, vertical and radial displacement
components, general waves

P, 89, 91
Type-I S, 89, 91
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phase velocity
general waves
P, 34
Type-I S, 34
Type-II S, 34

homogeneous waves
P, 37
S, 37

physical characteristics general P, SI, SII waves in
low-loss viscoelastic media, 75–82

attenuations, maximum, 76
energy fluxes, mean, 77
error percentages, maximum attenuations, phase

speeds, 80–2
kinetic energy densities, mean, 78
low-loss media, defined, 62, 75
particle motions, P, Type-I S, 76–7
phase speeds, 75–6
potential energy densities
maximum, 78
mean, 78

rates of energy dissipation per unit volume, mean, 78
reciprocal quality factors, 78–9
total energy densities, mean, 78
see also general P; general Type-I S; general Type-II S

physical displacement field
Love-Type surface wave, 266, 269–70
one dimensional wave, 16–7
P wave
general, 38–9, 86–8
homogeneous, 88

Rayleigh-Type surface wave, 212–15
S wave
homogeneous, 89
Type-I S, general, 43, 87–9
Type-II S, general 45–6

viscoelastic continuum, 23, 28–9
physical models, one-dimensional viscoelasticity, 7–14
physical stress tensor, 49–50
Pierre Shale

material parameters, 182
potential energy density, 27–30
potential energy density, mean

general waves
P, 51, 70–1, 78
Type-I S, 51, 70–1, 78
Type-II S, 51, 70–1, 78

homogeneous waves
P, 51, 67–8, 71
S, 51, 67–8, 71

potential energy density per cycle, maximum
general waves
P, 56, 70, 78
Type-I S, 56, 70, 78
Type-II S, 56, 70, 78

homogeneous waves
P, 68
S, 68

principal value
square root of, defined, 101
cube root of, defined, 285

propagation vectors
general P, Type-I S, and Type-II S waves, 33–7
incident, reflected, transmitted waves for incident

general
P, 100–4, 124–5, 156, 193–4
Type-I S, 100–4, 109–10, 112–3, 172
Type-II S, 100–4, 130–2, 145, 152, 203, 247

Love-Type surface wave, 263
Rayleigh-Type surface wave, 207, 211–2, 220–2

Q (quality factor)
see reciprocal quality factor

Rayleigh equation,
see Rayleigh-Type surface wave

Rayleigh, John Strutt, 3rd Baron Rayleigh
(1842–1919), 206

Rayleigh-Type surface wave
absorption coefficient, 210–1, 214, 218, 227–8
analytic solution, 206–10
attenuation vectors, component solutions 207, 212
boundary condition equations, 207–8
displacement potential, component solutions, 206–7
equal complex Lamé parameters, viscoelastic media

219–24
absorption coefficient, 220
acute angles, attenuation, propagation vectors,
vertical, horizontal, 220–1

attenuation vectors, 220
displacement, horizontal, vertical, 222–4
particle motion orbit, 222–4
propagation vectors, 220
Rayleigh equation, real coefficients, 219
Rayleigh equation, roots, real, 219
velocity, magnitude (speed), 220
volumetric strain, 223–4

numerical characteristics, surface, depth
absorption coefficient ratio, 228
amplitude distribution curves, horizontal, vertical
231–4

axes ratio curves, particle motion ellipse, 231,
235–6

material parameters, 225–7
maximum displacement ratio curves, radial,
vertical, 229–30

tilt curves, particle motion ellipse, 229, 237–9
volumetric strain distribution curves, 240–1
wave speed ratio, 228

particle motion, elliptical orbit
amplitude distributions, normalized, 214,
229–30

axis ratio, 216
direction, prograde, retrograde, 215–17, 223–4,
290

displacement grid, fixed time, 243–4
elastic media, 216–17
ellipticity, 215–17, 291
tilt, major axis, 215–17, 224, 227–9, 237–9, 291
viscoelastic media, 215–17

physical displacement, 212–15
propagation vectors, component solutions 207, 212
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Rayleigh-Type surface wave (cont.)
Rayleigh equation, complex coefficients, 208–9,

284–7
Rayleigh equation, roots

conditions for, 209–10, 286
elastic media, 209–10
viscoelastic media, 209
viscoelastic media, equal Lame parameters, 219

velocity, magnitude (speed), 210–11, 220, 227–8
volumetric strain, 217–19, 224, 240–1

Rayleigh window
see transition windows, defined

reciprocal quality factor (1/Q)
general waves

P, 56, 70, 74, 78, 83
Type-I S, 56, 70, 72–3, 79, 83, 85
Type-II S, 56, 71–3, 79, 83, 85

homogeneous waves
P, 57–8, 74
S, 57–8, 72–3

one dimensional model, defined, 6
elastic, 14
Generalized Maxwell, 12, 14
Generalized Voight, 12, 14
Maxwell, 10, 14
Standard linear, 11, 14
viscous, , 14
Voight, 10, 14

reciprocal Q
see reciprocal quality factor

reflected viscoelastic waves
see incident general P; incident general

Type I-S; incident general Type-II S
refracted (transmitted) viscoelastic waves
see incident general P; incident general Type I-S;

incident general Type II S
relaxation function, defined, 2
elastic, 8
Generalized Maxwell, 12, 13
Maxwell, 10, 13
Standard Linear, 11, 13
tensorial, 19–20
viscous, 9, 13
Voight, 10, 13

relaxed elastic modulus, 11
Riemann–Stieltjes integral, convolution, 2–3, 20, 279

scalar displacement potential, 32–3
see also general P wave; Rayleigh-Type surface

wave
scalar displacement potential identities, 280
scalar triple product, 279
sediments, water-saturated, 144–5
see also moderate-loss viscoelastic boundary

separation of variables, method of, 279–84
shear modulus, complex, 24, 58–9
see also modulus

SI’ transition window, 156, 159–63, 168
see also transition window, defined

SI wave
see general Type-I S wave

SII’ transition window, 147, 149–50
see also transition window, defined

SII wave
see general Type-II S wave

simultaneous measurements, displacement and
volumetric strain, 93–6

single-boundary reflection–refraction problems
framework, 98–105

Snell’s Law
see Generalized Snell’s Law

spring, 7–8
squared complex Rayleigh equation, roots,

284–5
stainless steel, material parameters, 157
Standard Linear model, 8–11, 13–4

Love-Type surface wave, 275–7
P, SI, SII waves, 84–6
SII wave incident on layer, 261
see also compliance; modulus; creep function;

relaxation function
steady-state motion,

one-dimensional viscoelasticity 16–7
HILV continuum, 23–4

steady-state viscoelastic radiation field, 49, 50
stored energy, 5–6, 9, 12, 27, 29, 55

see also potential energy density, mean; potential
energy density per cycle, maximum

strain tensor, 19, 21–2, 108
stress–strain notation, three-dimensional

viscoelasticity, 20–3
stress tensor, 19, 21, 108, 170

physical, 49–50
surface waves

see Love-Type; Rayleigh-Type
SH wave, elastic, 253
SV wave, elastic, 37, 121, 129
S wave

see general Type-I S; general Type-II S;
homogeneous S

tensorial creep function, 20
tensorial relaxation function, 19–20
three-dimensional viscoelasticity

constitutive equations, 19–20, 24
correspondence principle, 25–6
energy, harmonic oscillation

energy balance, 26–9
energy intensity (flux), 27–9
kinetic energy density, 27–9
potential energy density, 27–9
rate of energy dissipated per unit
volume, 27–9

equation of motion, 23–5
solutions, 32–7
See also Helmholtz equation; scalar displacement
potential; vector displacement potential

material parameters
bulk modulus, complex, 24
density, 23
Lame parameters, complex, 24
Poisson’s ratio, complex, 24
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reciprocal quality factors, homogeneous P wave;
homogeneous S wave, 57–9

shear modulus, complex, 24
velocities, complex, 33
wave speeds, homogeneous P wave;

homogeneous S wave, 57–9
Young’s modulus, complex, 24

stress–strain notation, 20–3
viscoelastic waves

see general P; general Type-I S; general Type-II S;
Love-Type; Rayleigh-Type

total energy density, mean
general waves
P, 52, 70–1, 78
Type-I S, 52, 70–1, 78
Type-II S, 52, 70–1, 78

homogeneous waves
P, 52, 67–8, 71
S, 52, 67–8, 71

transition window, defined, 147
P, 182, 185
P’, 156–7
SI’, 156, 159–63, 168
SII’, 147, 149–50

transmitted (refracted) viscoelastic waves
see incident general P; incident general Type I-S;

incident general Type II S
Type-I S wave, (SI wave)

see general Type-I S wave
Type-II S wave, (SII wave)

see general Type-II S wave

vector, complex, 41–3, 45, 101–2
velocity, complex, 16
velocity field, complex, 38, 42
vector displacement potential, 32–4

general Type-I S wave, 41–3,
100–2

general Type-II S wave, 41–2
see also general Type-I S wave; general

Type-II S wave
vector displacement potential identities, 280
vector quadruple product, 280
vector identities, 279–80
vector triple product, 280
velocity

see phase velocity; energy velocity
viscoelastic material parameters

see three-dimensional viscoelasticity
viscoelastic models

elastic, 7–8, 13–4
Generalized Maxwell, 9, 11–4
Generalized Voight, 9, 11–4
Maxwell, 9–10, 13–4
Standard Linear, 9–11, 13–4
viscoelastic, general, 2, 4, 19–20, 24
viscous, 8–9, 13–4
Voight, 9–10, 13–4

viscoelastic waves, defined
general waves, 34
homogenous waves, 34
inhomogeneous waves, 34
see also general P; general Type-I S; general

Type-II S; Love-Type; Rayleigh-Type
viscoelastic wave propagation theory, experimental

evidence, 163–5
viscoelasticity
see one-dimensional viscoelasticity;

three-dimensional viscoelasticity
viscous dashpots, 7–12
viscous model, 8–9, 13–14
see also compliance; modulus; creep function;

relaxation function; Generalized Voight model
Voight model, 8–10, 13–14
incident SII waves, multiple layers, 253
period equation, Love-type surface wave, 269
see also compliance; modulus; creep function;

relaxation function; Generalized Voight model
volumetric strain, defined, 33
amplitude reflection coefficient, free surface

incident general P wave, 196, 199
incident general SI wave, 181, 188

general P wave, 38, 92–3
maximum per cycle, 94–5
phase reflection coefficient (phase shift), free surface

incident general P wave, 196, 200
incident general SI wave, 181, 189

Rayleigh-Type surface wave, 217–19, 224,
240–1

water-stainless-steel boundary, material
parameters, 157

wave number, complex
general P, SI, SII waves, 32, 36, 59
homogeneous P, S waves, 37, 97,99
incident general waves

P, 105, 131, 194
SI, 105, 110, 173
SII, 105, 130–1

Love-Type surface wave, 264
one dimensional wave, 16
Rayleigh-Type surface wave, 210–1
reflected, transmitted waves, 105, 112–13, 118, 126,

132, 174, 194, 204
see also Generalized Snell’s Law

wave propagation
see viscoelastic waves

wave speed
see phase speed

wave vector, complex
P wave, general, 38, 100
S wave, general, 41, 100

WAVES (computer code), 143, 156, 198
welded boundary, 107, 112, 124–5, 130–5

Young’s modulus, 24
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